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On-Line Maintenance of Triconnected Components
with SPQR-Trees

G. Di Battist# and R. Tamassia

Abstract. We consider the problem of maintaining on-line the triconnected components of a@rajei

n be the current number of vertices®f We present ai® (n)-space data structure that supports insertions of
vertices and edges, and queries of the type “Are there three vertex-disjoint paths betweenweatickes ?”

A sequence ok operations takes tim®(k - a(k, n)) if G is biconnectedd(k, n) denotes the well-known
Ackermann’s function inverse), and tim@(nlogn + k) if G is not biconnected. Note that the bounds do
not depend on the number of edges®fWe use the&SPQR-treea versatile data structure that represents the
decomposition of a biconnected graph with respect to its triconnected components, &tiilee which
represents the decomposition of a connected graph with respect to its biconnected components.

Key Words. Vertex connectivity, Dynamic algorithm, Dynamic data structure, Graph decomposition, Tri-
connected components, Network reliability.

1. Introduction. The development of dynamic algorithms for graph problems has
acquired increasing theoretical interest in the last years and is motivated by many impor-
tant applications in network optimization, VLSI layout, computational geometry, and
distributed computing. The existing literature includes work on connected components,
biconnected components, transitive closure, shortest paths, minimum spanning trees,
and planarity testing (for a survey, se®)[

An on-line graph problentonsists of performing a sequence of query and update
operations on a graph, such that each operation is completed before the next one is
processed and future operations are not known in advance. We consider on-line graph
problems where the updates are insertions of vertices and edges. Such problems are
also referred to as semidynamic or incremental. Specifically, we consider the following
update operations:

InsertEdgév;, v2): Add an edge between verticesandvs.
InsertVertexw, v1, vp): Split edge(vy, v2) into two edgegvy, v) and(v, v,) by insert-
ing vertexuv.
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AttachVertekv, u): Add vertexv and connect it to verten by means of an edge.
MakeVertexv): Add an isolated vertex.

Any graph can be easily constructed with operatibfekeVertexand InsertEdge
A connected graph can be constructed by using éutachVertexand InsertEdgeso
that all the intermediate graphs are connected. Similarly, a biconnected graph can be
constructed using onlinsertVertexandInsertEdgeso that all the intermediate graphs
are biconnected. From now amandm denote the number of vertices and edges of the
graph being considered.

In this paper we investigate the problem of maintaining on-line the triconnected
components of a grafgh. Namely, we wantto support arepertory of operations consisting
of the aforementioned updates and of the following query operation:

ThreePathév,, v,): Determine whether three vertex-disjoint paths between vertices
v, andv, exist.

After a review of basic definitions in Sectidh in Section3 we study the problem
of maintaining the triconnected components of a biconnected graph. First, we present a
versatile data structure, called tB®QR-treewhich essentially represents the decom-
position of a biconnected graph with respect to its triconnected components. A first
application of SPQR-trees to on-line planarity testing of biconnected graphs has been
given in [1] and [2]. In this paper SPQR-trees are defined without reference to pla-
narity. We show that, in a static environment, SPQR-trees support opefatieaPaths
in O(1) time usingO(n) space. Next, we consider update operatimsert\Vertexand
InsertEdge and show that the SPQR-tree can be maintained with a constant amortized
number of elementary tree operations and set operations per update. Using a combination
of fast union-find and split-find data structures stored at the nodes of the SPQR-tree, we
obtain anO(n)-space data structure that supports operatidimeePathsinsertVertex
andlInsertEdgein O(a(k, n)) amortized timek being the total number of operations
performed &(k, n) denotes the well-known Ackermann’s function inverse).

Previously, Kanevsky7] has provided an implicit static representation of the separa-
tion pairs of a biconnected graph that u§®@) space, but did not consider queries nor
updates. Westbrook and Tarjal] have presented a technique for the on-line mainte-
nance of biconnected components that supports queries and updates in amortized time
O(a(k, n)). The on-line maintenance of triconnected components is explicitly men-
tioned as an open problem ihd]. Note that the static computation of the triconnected
components of a graph can be done sequentialy(im+ m) time [5], and on a CRCW
PRAM in O(logn) time with (n + m) «(m, n) processorsd].

In Section4 we present another data structure, Be-tree that represents the ar-
rangement of the biconnected components of a connected graph. The BC-tree contains
as a secondary structure the SPQR-trees of each biconnected component. We show that
the BC-tree can be maintained with a constant amortized number of elementary tree
operations and set operations, plugxtog n)-time overhead per vertex update. Graphs
that are not connected are representedBg dorest Using the BC-forest, we show how
to maintain on-line the triconnected components of a general graph witi{r@aspace
data structure that supports a sequendeagerations in timed (nlogn + k).
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2. Preliminaries. We recall some basic definitions on connectivity. A graph, or multi-
graph,G is k-connected if there ark vertex-disjoint paths between any two vertices
of G. 1-connected, 2-connected, and 3-connected graphs are usually called connected,
biconnected, and triconnected, respectively. It is well known @ k-connected if
there is no set df — 1 elements, each a vertex or an edge, whose removal discoects
Such a set is called a separatifg— 1)-set. Separating 1-sets and 2-sets of vertices are
called cutvertices and separation pairs, respectively.

The biconnected components of a connected graph (also called blocks) are:

(a) Its maximal biconnected subgraphs.
(b) Its separating edges together with their endpoints (trivial blocks).

The triconnected components of a biconnected g@apire defined as follows],
[12]. If G is triconnected, the itself is the unique triconnected component@f
Otherwise, lef(u, v) be a separation pair @b. We partition the edges db into two
disjoint subset&; andE; (|E,|, |E2| > 2), such that the subgrapfds andG, induced
by them have only verticasandv in common. We continue the decomposition process
recursively onG; = G + (u,v) andG, = G, + (u, v) until no decomposition is
possible. The resulting graphs are each either a triconnected simple graph, or a set of
three multiple edgegr{ple bond), or a cycle of length threer{angle). Thetriconnected
componentsf G are obtained from such graphs by merging the triple bonds into maximal
sets of multiple edgebond9y, and the triangles into maximal simple cyclpslfygons.
The triconnected components @fare unique. See] and [L2] for further details.

In the description of time bounds we use standard concepts of amortized complexity
[20.

3. Biconnected Graphs. In this section we consider the problem of performing on a
biconnected graph a sequencelbfeePathsinsertVertexandinsertEdgeoperations.

3.1. SPQR-Tree LetG be a biconnected graph.gplit pair of G is either a separation
pair or a pair of adjacent vertices.shlit componentf a split pair{u, v} is either an edge
(u, v) or a maximal subgrap@ of G such thafu, v} is not a split pair ofC. Let {s, t}
be a split pair ofG. A maximal split pair{u, v} of G with respect tds, t} is such that,
for any other split paifu’, v'}, verticesu, v, s, andt are in the same split component.

In the example of Figuré(a) the split pairs includév,, vs} and{vs, v}, the subgraph
induced byu,, vs, vg, v7, andug is a split componentus, v7} is a split pair that is not
maximal with respect t¢v1, v14}.

Letebe an edge of between verticesandt, called thereference edgérhe SPQR-
tree7 of G with respect tcee describes a recursive decomposition®fnduced by its
split pairs. Tree/ is a rooted ordered tree whose nodes are of four types: S, P, Q, and R.
Each nodex of 7 has an associated biconnected multigraph, calledkbietorof .,
and denoted bgkeletorik). Tree7 is recursively defined as follows (see Figl)e

Trivial Case If G consists of exactly two parallel edges betwaeandt, then7
consists of a single Q-node whose skeleto@ igself.
Parallel Case If the split pair{s, t} has at least three split componef@s, . .., Gk
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7

(b)

Fig. 1.(a) A biconnected grapB. (b) SPQR-tre€ of G with respect to reference ed@a, v14) and skeletons
of the P-, S-, and R-nodes.

(k = 3), the root of 7 is a P-nodeu. Graphskeletoriu) consists ok parallel
edges betweesandt, denoteds;, . . ., &, withe; = e.

Series CaseOtherwise, the split paifs, t} has exactly two split components, one of
them is the reference edgeand we denote the other split componen@iylf G’
has cutvertices;, ..., c_1 (K > 2) that partitionG into its blocksGgy, ..., Gy,
in this order froms to t, the root of 7 is an S-nodev. Graphskeletoriu) is the
cycleey, ey, ..., &, Wheregg = e, ¢y = S, ¢k = t, ande connects _; with ¢
i=1,...,k).

Rigid Caself none of the above cases applies,{&t t1}, ..., {, tk} be the maximal
split pairs ofG with respect tds, t} (k > 1), and, fori =1, ..., K, letG; be the
union of all the split components ¢§, t;} but the one containing the reference
edgee. The root of 7 is an R-nodeu. Graphskeletoriu) is obtained fronc by
replacing each subgrah with the edges betweers andt;.
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Except for the trivial casey has childrenus, .. ., uk in this order, such that; is
the root of the SPQR-tree of (multi) gra® U g with respect to reference edge
(i =1,...,k. The endpoints of edge are called thepolesof nodey;. The tree so
obtained has a Q-node associated with each ed@e except the reference edgeWe
complete the SPQR-tree by adding another Q-node, representing the refereneg edge
and making it the parent @f so that it becomes the root.

An example of the SPQR-tree is shown in FiglireThe maximal split pairs with
respect to reference edge, vi4) are:

e Edgesvi, va), (v1, v2), (v2, v4), (v1, v3), (Va, v3), (V2, V3), (V1, Vg), (V3, Vg), (V3, V12),
(v12, vg), (v12, v14). Each such edge is associated with a Q-node child of R-pode

e {uvg4, vg}, which are the poles of the R-node childof

e {vg, v14}, Which are the poles of a P-node childof

e {vy, v12}, Which are the poles of the other P-node chilgof

The next lemmas follow directly from the above definitions:

LEMMA 1. Two S-nodes cannot be adjacentZn Two P-nodes cannot be adjacent
in7.

LEMMA 2. Letu be a node of7. We have

e If u is an R-nodethen skeletofu) is a triconnected graph

o If 1 is an S-nodgthen skeletofw) is a cycle

e If i is a P-nodethen skeletofu) is a triconnected multigraph consisting of a bundle
of multiple edges

e If 1 is a Q-nodethen skeletofu) is a biconnected multigraph consisting of two
multiple edges

LEmMmA 3. The skeletons of the nodesbfare homeomorphic to subgraphs of 8so,
the union of the sets of split-pairs of the skeletons of the nod&sisfequal to the set
of split-pairs of G

Let v be a vertex of5. Theallocation node®f v are the nodes of whose skeleton
containsv. The following property is immediate:

LEMMA 4. Two vertices have a common allocation P-node if and only if they have more
than two common allocation nodes

The least common ancestorof the allocation nodes af is itself an allocation node
of v and s called theroperallocation node of, denoteq: = proper(v). Inthe example
of Figurel, vertexu, is allocated at the two R-nodes, and has proper allocationodle
v = sorv =t (the endpoints of the reference edge) we conventionally dpfoper(v)
as the unique child of the root of (recall that the root of7 is the Q-node of the
reference edge). if # s, t, nodeu = propen(v) is either an R-node or an S-node; also,
w is the only allocation node afsuch thaw is not a pole ofx. The set of vertices with
proper allocation nodg is denotegropersetw). If 1 is a (proper) allocation node of
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we say thav is (properly) allocated at. Note that ifu is an S- or R-nodegroperseti)
is not empty, while ifu is a P- or Q-nodepropersetw) is empty unlesg is the unique
child of the root.

It is possible to show that SPQR-trees of the same graph with respect to different
reference edges are isomorphic and are obtained one from the other by selecting a
different Q-node as theroot. SPQR-trees are closely related to the classical decomposition
of biconnected graphs into triconnected componesjtg§ 12]. Namely, the triconnected
components of a biconnected graplare in one-to-one correspondence with the internal
nodes of the SPQR-tree: the R-nodes correspond to triconnected graphs, the S-nodes to
polygons, and the P-nodes to bonds. Also, the SPQR-tree extends the notion of tree of
triconnected component& ] by introducing the concepts of poles, allocation nodes,
and proper allocation nodes, which are crucial to the developments of this paper. Note
that our definitions are simpler than the ones originally given by Tatk SPQR-trees
of planar directed graphs were introduced i §nd applied to the problem of on-
line planarity testing. In this paper we extend the concept of SPQR-trees to nonplanar
undirected graphs.

LEMMA 5. The SPQR-tre& of G has m Q-nodes and(@) S-, P-, and R-nodesAlsq,
the total number of vertices of the skeletons stored at the nodés®fO(n).

ProoFE Clearly, there aren Q-nodes. For each S- or R-nodewe consider a vertex of
propersetu). Such vertices are all distinct, so that there are at m&tand R-nodes.

Also, there are at most+ 1 P-nodes because the parent of a P-node is either an S-node,
an R-node, or the Q-node at the root. Finally, since exactly two vertices of the skeleton
of a node (the poles) are not properly allocated at that node, the total number of vertices
of the skeletons stored at the nodes7ofs O(n). O

3.2. Queries

LEMMA 6. OperationThreePath@s, v,) returnstrueif and only if there is a P-node
or an R-nodey such thatv; and v, are both allocated a.

ProoOF (If) By Lemmaz2, skeletordy) is triconnected and hence contains three vertex-
disjoint paths betweemn; and v,. By Lemma3, skeletoiiy) is homeomorphic to a
subgraph of5, and thusG contains three vertex-disjoint paths betwegmandv..

(Only-If) Assume that there is no P- or R-node where hagthndv, are allocated.
We show that; andv, are separated by a pair of vertices or by a vertex and an edge.
We consider two cases:

e \erticesv; andw; are both allocated at an S-node
If v1 andv, are not adjacent iskeletoiiw), then they are separated@by the pair
of vertices neighbor of; (or vy) in skeletoriw). Else,v; andv, are both allocated at
a Q-node associated with an edgef G between them, and they are separate@ by
and by any other vertex akeletoriy) distinct fromwv; andv,.

e There are no nodes whevg andv, are both allocated.
Let ;1 = proper(vy) andu, = proper(vy), and denote witls andt; the poles ofu;
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(i =1,2). If uy is a descendant gf,, thenv; andv, are separated bjg,, t1}. If u»
is a descendant qf;, thenv; andwv, are separated bjs,, t,}. Otherwisey; andv,
are separated by eithésy, t;} or {s, t5}. O

The following lemma shows that the condition of Lemfean be efficiently tested
if the proper allocation nodes of the vertices are known. It is easily proved by means of
a case analysis.

LEMMA 7. Verticesv; and v, are allocated at the same P- or R-nogéf and only if
one of the following conditions is satisfied

e proper(vy) = proper(vy) = x (in this casey is an R-node or the unique child of the
root).

e vy is a pole ofy, with x = proper(v,) (in this casey is an R-nodg

e vy is a pole ofy, with x = proper(vy) (in this casey is an R-nodg

e v; and v, are the poles ofy, and the parenty’ of x is an S-nodg(in this case
propenvi) = x’ or propenvy) = x').

In a static environment operatidrhreePathscan be efficiently supported with the
following data structure:

e The SPQR-tree oG without the Q-nodes children of R-nodes, where each node
stores its type, its poles (but not its skeleton), and a pointer to its parent, called the
parent-pointer The removal of Q-nodes children of R-nodes eliminates redundant
information and reduces the space requireme @o).

e For each vertex, a pointer to its proper allocation node. Such pointers are called
proper-pointers

e For each vertex properly allocated at an S-node pointers to the (at most two)
children ofu of which v is a pole. Such pointers are call8épointers

By Lemmab, this data structure used(n) space. Also, it can be constructed in
O(n+m) time using a variation of the algorithm given ][ The algorithm for operation
ThreePathsonsists of testing the conditions of Lemm& his is done by accessing nodes
proper(vi), propenvz), and their parents by using the proper-pointers;adndv,, and
the parent-pointers ifi. Also, if propern(v;) is an S-node, we use the S-pointerspfo
verify the last condition of Lemm@, and similarly forv,. The correctness follows from
Lemmas6. We obtain:

THEOREM1. Let G be a biconnected graph with n vertices and m edfesre is an
O(n)-space data structure for G that supports operatidireePathé O(1) time and
can be constructed in M + m) time

Note that by storing at each node of the SPQR-tree its distance from root, we can
also return a separation pair or a vertex-edge pair whose removal disconn&cts
v, whenever operatiomhreePathévs, vo) returnsfalse(see the proof of Lemm@). We
detect the case whevg andv, are adjacent and allocated at the same S-pdoleusing
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the S-pointers of; andws,. In this case two such S-pointers point to the same Q-node,
associated with edge1, v2). The performance bounds are the same as in Thetirem

3.3. Updates Our dynamic environment for biconnected graphs consists of perform-
ing a sequence of intermixédhreePathsinsertEdge andinsertVertexoperations. This
repertory of operations is complete for the class of biconnected graphs, since any bicon-
nected grapl® with n vertices andn edges can be assembled starting from the triangle
graph (a graph consisting of a cycle with three vertices and edges) with a sequence
of n — 3 InsertVertexandm — 3 InsertEdgeoperations. Also, such a sequence can be
computed inO(n + m) time [2]. Note that if the vertices o6 are labeled, the above
assembly is performed starting from a triangle graph with properly chosen vertex labels.

The effect ofinsertVertexv, v, v2) on the structure of the SPQR-tree is to replace
the Q-node of edgév;, v2) with an S-node having children Q-nodesande;,. If the
new S-node is a child of an S-node, it is absorbed into its parent. If, before operation
InsertVertexw, v1, vy), edge(vy, vp) is the reference edge, then after the operation the
reference edge becomes undefined. In this case we clieg$ as the new reference
edge.

In the example of Figurg, vertexvss is inserted on the reference edae, v14), and
the new reference edge beconges v;s).

The restructuring of the SPQR-tree causedrisertEdgév,, vz) is more complex
(see the example in FiguB. We describe the restructuring with respect to a nonrooted
version of 7. Note that the skeletons of the nodes, and hence the allocation nodes of a
vertex, do not depend on the choice of root node. By Lerfijmaly the vertices of the
skeletons are used to answer operalibreePathsHence, we do not need to discuss the
updates to the skeleton edges.

Two fundamental restructuring primitives anergingR-nodes andplitting S-nodes.
Merging two R-nodes consists of identifying the nodes and unioning their sets of neigh-
bors and skeleton vertices. Splitting an S-node is defined below.

Letu bean S-nodeandlgh, .. ., uk—1 (k > 3) be the circular sequence of neighbors
of . Note that, by Lemma, nodesu, .. ., uk_1 are not S-nodes. Also, leg, . .., vk_1
be the vertices o$keletoriw), where(vi, vi;1) is an edge obkeletoriu). Splitting 1
betweeru; and u; consists of replacing with two new S-nodesy; andv,, with the
circular sequence of neighbors giveny;s - - - pj—1 andpuj 1 - - - ui—1, respectively. If
v has no neighbors, then itis remové&glitting between; andv; consists of replacing
w with two new S-nodesy; andv,, with the circular sequence of neighbors given by
Wi - - pj—1 and p; - - - wi—1, respectively. Ify; has no neighbors, then it is removed.
Splitting 1 betweeru; andv; is similarly defined.

Now we are ready to describe the restructuring of the (unrooted) SPQR-tree in con-
sequence of operatidnsertEdgév;, v2). Let A be a new Q-node, associated with the
new edgdvi, v2). We distinguish five cases:

1. v; andv, have exactly one common allocation nqdewhich is an R-node.
We simply add a tree edge betweeandu.

2. v; andv, have exactly one common allocation ngdewhich is an S-node.
We split u betweenv; andwv,, yielding nodes; andv,, and replace it with a new
P-nodev adjacent to\, v1, andvy.
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(b)

Fig. 2. Example of restructuring of the SPQR-tree in operatimsertVertexwhen the new vertex is inserted
on the reference edge: (a) befonsertVertex (b) afterinsertVertex

3. v1 andv; have a common allocation P-nodgsuch a P-node is unique).
We simply add a tree edge betweeand ..

4. vy andv, have exactly two common allocation nodesand ;.
Nodesu; and u, are adjacent i7 . We replace the tree edggi, 12) with a new
P-nodev adjacent to\, 1, andus.

5. v1 andv, do not have common allocation nodes.
Let IT be the minimal path i whose extreme nodes andu, are allocation nodes
of v; andvs, respectively.
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(b)

Fig. 3. Example of restructuring of the SPQR-tree in operatiwsertEdge (a) beforelnsertEdge (b) after
InsertEdge

(a) Remove all the edges of.

(b) Split every S-node. of IT between its neighbors ifl, or betweery; and the
unique neighbor oft in I if uw = w; (i = 1 or 2).

(c) Merge all the R-nodes dt into a new R-node, whose skeleton vertices are the
union of all the vertices of the skeletons of the R-nodes and P-nodés fis
v1 andws,.

(d) Connect tay, by means of new tree edges, Q-nddehe former P-nodes dfl,
and the new nodes created in Stp).

(e) Absorb the degree-2 S- and P-nodes neighbordrtb edges.

In the example of Figurd we illustrate operatiomsertEdgév;, vyp). Part (a) shows
the SPQR-tree before the insertion, with patldrawn with thick lines. Part (b) shows
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the SPQR-tree after the insertion. Note the split of the S-node and the absorption of the
P-node that are on patflf.

By Lemmad4, the above five cases are exhaustive. Concerning the correctness of
Caseb, observe that the split pairs associated with the edges ofpatxcept those
associated with P-nodes, are no longer split pairs after the insertion.

In the rooted version of the SPQR-trée the above restructuring corresponds to
performing a sequence of merge and split operations on the sets of children and sets of
properly allocated vertices for selected R- and S-nodes.dflence, the circular split of
an S-node reduces (1) standard splits of a linear sequence. The action takes place
along a subpath of the path @f betweenu; = propervi) andu, = propen(vy).

We measure the complexity of the restructuring in terms of the number of the following
elementary operationsccess to the parent of a node, merge of two sets (of children
or of properly allocated vertices), and split of a set (of children or of properly allocated
vertices). Inthe following lemma, the amortization refers to a sequence of updates starting
from the triangle graph.

LEMMA 8. The SPQR-tree can be maintained witkl®elementary operations per up-
date(InsertVertexor InsertEdge)The bound is worst case forsertVertexand amortized
for InsertEdge.

PrOOF The bound fotnsertVertexs immediate from the above description. Regarding
InsertEdgethe nontrivial case is when andv, do not have common allocation nodes,
and the number of elementary operations cafie) in the worst case. However, their
amortized number i©(1) as the following analysis shows.

We define theotential® of 7 as

®=c-|Rl+c- ) degu),

neP

where|R| is the number of R-nodeg® is the set of P-nodesleg 1) is the number of
children of nodeu, andc is a constant to be determined later.
By Lemma5, ® = O(n). Let N be the number of elementary operations performed in
anlnsertEdgeoperation, and leA = N + A® be the corresponding amortized quantity.
A constant number of elementary operations is performed at each ndtiesofthat
N < a-| + b, wherel is the length of pathil, anda andb are constants.

Let Ry and Py be the sets of R- and P-nodes on pathrespectively. Since, by
Lemmal, there are no two consecutive S-nodedlinwe have thatRy| + |Pr| >
(I — 1)/2. Since all R-nodes dfl are merged and the degree of all P-node$laf
decreased by one, we have tihab = —c - (|Rq| — 1+ |Pp|) < —c- (I — 3)/2.

Hence, the amortized number of elementary operations is

As(a—g)~l+b+%.

By choosingc = 2a, we have tha’A = O(1). O
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(®)
R}

union-find split-find

Fig. 4. Representation of the nodes of the SPQR-tree in the dynamic data structure.

We use the following dynamic data structure:

e The SPQR-tred of G without the Q-nodes children of R-nodes.
e For each node of 7, depending on the type of, we represent the set of children of
u and the set of properly allocated verticpgmperse{u), as follows (see Figuré):
— For an R-node we use tlwendensible nodstructure of 3], wherepropersetuw)
is a union-find data structure with amortized time complegtyr (k, n)) [11] per
operation ¢(k, n) denotes the well-known Ackermann’s function inverse). Also,
each child ofu has a pointer to an elementmfopersefu).
— For an S-node we represent the children and proper vertices (which form a sorted
sequence) as a split-find data structure that supports insert, split, and find operations
in O(1) amortized time4], [6].
— Finally, we use direct pointers for the children of a P-node, whosgrepersefu)
is empty.

THEOREMZ2. A data structure for biconnected graphs exists that supports a sequence of
k operationseach aThreePaths, InsertEdgey, InsertVertex starting from the triangle
graph in time Ok - «(k, n)), where n is the number dfisertVertexoperations At any

time the space requirement is linear in the current number of vertices

PrOOF  With the above data structure, finding the proper allocation node of a vertex and
accessing a parent R- or S-node needs a preliminary find operation an@tak&sn))
amortized time. Our analysis of the split and merge operations in the restructuring of
the SPQR-tre¢Z” shows that split operations are performed only on S-nodes, while
union operations are performed only on R-nodes (see Figuigansfers of children or
properly allocated vertices between nodes happens only through insertions and deletions
of individual elements (see, e.g., Figli@)).

Hence, the lack of interaction between the union-find and split-find data structures
implies anO(x(k, n)) amortized time bound for each elementary operation performed
in the restructuring of7 . By Lemmas, we conclude that a sequencekobperations,
each aTrhreePathsInsertEdge or InsertVertex starting from the triangle graph, takes
total timeO(k - a(k, n)). O
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@

(b)

Fig. 5. Examples of merge and split operations: (a) Merge of R-nodes. (b) Split of an S-node. Note that the
poles of the R-node, formerly in the proper allocation set of the S-node, are transfered to the proper allocation
set of the R-node.

4. General Graphs. In this section we extend our techniques to general (nonbicon-
nected) graphs. First, we consider connected graphs, and then nonconnected graphs.

4.1. BC-Tree LetG be a connected graph withvertices. TheBC-treeB of G has a
B-node for each block (biconnected componentspfind a C-node for each cutvertex
of G. Edges inB connect each B-node to the C-nodes associated with the cutvertices
in the block ofu. The BC-tree is rooted at an arbitrary B-node. Also, the B-node of each
nontrivial block B stores the SPQR-tree &. Observe that the number of blocks Gf

is O(n), and the total number of vertices in the block€is O(n) as well.

The BC-tree is a variation of the data structures for maintaining biconnected compo-
nents described ir®] and [13]. The innovation introduced here is attaching an SPQR-tree
at each B-node.

If vertex v is a cutvertexpcpropeKv) denotes the C-node associated wittOther-
wise,bcproperv) denotes the B-node of the unique block containinty is easy to see
that, knowingu; = bcpropeKv;) andu, = bcpropelv,), we can determine i® (1)



On-Line Maintenance of Triconnected Components with SPQR-Trees 315

time whethemw; andv, are in the same block @ [9]: namely the block associated with
nodeu contains vertices; andu; if and only if the undirected path d$ betweenu;
andu, containsu but no other B-node. This is equivalent to testing whether one of the
following eight mutually exclusive conditions is verified:

u = pu1 = w2 (neithervy nor v, are cutvertices).

u = p1 andug is the parent ofe (vy is not a cutvertex, and; is a cutvertex).
= u andu, is the parent ofc (v1 is a cutvertex, and, is not a cutvertex).
u = p1 andu is the parent ofe, (vy is not a cutvertex, and, is a cutvertex).
u = up andu is the parent oft; (vy is a cutvertex, ands is not a cutvertex).
u is the parent oft; andu, (bothvy, andv, are cutvertices).

wu is the parent ofiq, andu, is the parent of: (bothv, andv, are cutvertices).
wu is the parent ofi,, andpu is the parent ofr (bothv; andv, are cutvertices).

4.2. Updates We add to our repertory of updates, operattachVertexThe restruc-
turing of the BC-tree in consequence of operatidtachVertexv, u) consists of adding
a new B-node for the trivial blocku, v), and a new C-node for vertexif it was not
formerly a cutvertex.

We now examine the structural changes of the BC-tree when operation
InsertEdgév,, vy) is performed onG. If v; and v, are in the same blocB of G,
then the primary structure of the BC-tree stays unchanged, and we process the inser-
tion in the secondary structure (SPQR-tree) of the B-nodB.dDtherwise, the effect
of InsertEdgeis to merge the “old blocks” corresponding to the B-nodes on the path
T between nodeg; = bcpropevi) andu, = bepropelv,) into a “new block.” The
primary structure oB is updated by means of a sequence of merge operations. To update
the secondary structure, we need to construct efficiently the SPQR-tree of the new block
from the SPQR-trees of the old blocks, as follows:

1. Create a new Q-nodefor the newly inserted edge, vy).

2. For each B-nodg of I1, let B be the block ofu (B is an old block), and lett and
v be the vertices oB associated with the C-nodes neighborgwdh IT1. If u = i,
then letu = v;, and letv be the vertex associated with the unique neighbor C-node
of winII (i = 1,2). We add a fictitious edges betweeru andv in B, and update
the SPQR-tree oB accordingly. Letug be the Q-node of the fictitious edgs.

3. Let B* be the old block of maximum size (number of vertices). For each old block
B # B*, we reroot the SPQR-tree & at Q-nodeus.

4. Replace Q-nodgg: with a new S-node, and connect it to. and to nodeug for
each old blockB # B*. The order of the children af is given by the sequence of
B-nodes alondl.

5. Absorb into tree edges the degree-2 Q-nodes of the fictitious edges.

Informally speaking, the correctness of the above algorithm is justified by the fact
that the old blocks plus the newly inserted edge form a “ring,” which is represented by
an S-node. The reason for rerooting all the old blocks but the largest one is that each
vertex is involved in no more than a logarithmic number of rerootings, since after each
rerooting the size of its block at least doubles.

Rerooting the SPQR-tree of a blo&k can be easily done in time proportional to
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the number of vertices dB. Clearly, the number of R-nodes and the degrees of the P-
nodes is not affected by the rerooting so that the potential of the SPQR-tree ofthlock
as defined in the proof of Lemn&a stays unchanged. Note that although the allocation
nodes of each vertex remain the same, the proper allocation node of each vertexin general
changes. This implies a rebuilding of the union-find and split-find data structures, which
can also be done in time proportional to the number of verticds. of

In the following we determine the time complexity of maintaining the BC-tree in
a sequence of hreePathsInsertEdge InsertVertex and AttachVertexoperations. We
perform a separate amortized analysis for the nunhbef elementary operations per-
formed, and the timéto rebuild the SPQR-trees of the blocks.

We denote the old blocks witBy, ..., Bk, whereBy = B*, and letn; + 1 be the
number of vertices of blocB;. Note that the new block haEik:1 n; + 1 vertices.

The numbem of elementary operations performed in operalizsertEdges

k
N =2Ni,
i=1

whereN; is the number of elementary operations performed in bBck
Let &g be the potential of the SPQR-tree of bloBk, as defined in the proof of
Lemmas8. By the proof of Lemma3, we have

whered is a constant.
We define potential functiop; for graphG as follows:

®;= >  ®g+dBl

all blocks B

where|B| denotes the number of edges of the BC-tfe@nd ® 3 is the potential of the
SPQR-tree of blocIB, as defined in the proof of Lemn&a Note that®; = O(n).

Sincek — 1 edges of the BC-tre8 are contracted as a consequence of operation
InsertEdge we conclude that the amortized numb&rof elementary operations per-
formed inInsertEdges

A=T+Ad; = O(1).

The amortized analysis of the remaining operations is straightforward. Thus, in a
sequence of ThreePathsInsertEdge InsertVertex and AttachVertexoperationsO(l)
elementary operations are performed.

Now we turn to the amortized analysis of the rebuilding time. We define the potential
function ®, of G as

1
o, = nglog —,
all t%::ksB ? Ne
whereng + 1 is the number of vertices of blod&.
We have thatb, < 0 and|®;,| = O(nlogn). With an appropriate choice of the time
unit, the rebuilding time in operationinsertEdgés given by

t=2N1+ -+ Nk_1).
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The variation of potential caused bysertEdges given by
AdPy=(N1+---+nylo = Xk:n-lo 1
2=(Mm k 9n1+“.+nk 2 i gni-

LEMMA 9. Consider the function &) = xlog(1/x), and letl < x; < --- < x. We
have

fxa+-+x)— (FX) + -+ (X)) < —2(X1 + -+ - + Xk—1).

PrOOFE By induction ork. The base casgk = 2) is easy to prove by a simple analysis
of the binary entropy functioh(x) = f (x) + f(1—x) for 0 < x < 1. For the inductive
step, we have

1) fxa+- 4+ x0 = (Fx) + -+ F(x0)
=foa+0e+ - +x) — fOe+ - +x)+ f+-+X)

2) = (f(x) + -+ F(x)
=(fxa+ 0+ +x)) = (Fx) + FO+ -+ %))
() + (Foe+-+x)—(Fx)+ -+ F(x))
(4) < —2X1 —2(Xp + -+ + X_1)
= —2(Xp + -+ Xk-1). o

By Lemma9, we have that the amortized rebuilding timef operationinsertEdge

is
a=t+Ad,=0.

The remaining operations can only decrease the potebgiaHence, recalling that
—&, = O(nlogn), we have that in a sequencd dhreePathsinsertEdgelnsertVertex
andAttachVerteoperations, the total rebuilding time @(n logn). We conclude that a
sequence df operations, each BhreePathsinsertEdgeInsertVertexor AttachVertex
takes timeO(nlogn + ka(k, n)) = O(nlogn + k).

THEOREM3. A data structure for connected graphs exists that supports a sequence
of k operationseach aThreePaths, InsertEdge, InsertVertex AttachVertex starting

from a single vertexin time O(nlogn + k), where n is the number dhsertVertex
andAttachVertexoperations At any time the space requirement is linear in the current
number of vertices

4.3. Nonconnected Graphs For graphs that are not connected, we ElikeVertexo

the repertory of update operations, and considemBieforest which is the forest of

the BC-trees of the connected components. WhemsaertEdgeoperation joins two
components, we rebuild the BC-tree of the connected component of smaller size, so that
it becomes a subtree of the BC-tree of the larger component. We can charge the rebuilding
time to the vertices of the graph. Each time a vertex is involved in a rebuilding operation,
the size of its connected component at least doubles. Hence, the total rebuilding time is
O(nlogn). Recalling Theoren3, we obtain:
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THEOREM4. A data structure for general graphs exists that supports a sequence of k
operationseach aThreePaths, InsertEdge, InsertVertex, AttachVemeiMakeVertex,
starting from the empty graptin time O(nlogn + k), where n is the number of
InsertVertex, AttachVertexand MakeVertexoperations At any time the space require-
ment is linear in the current number of vertices

Very recently La Poutrhas shown that the time bound of Theoréoan be reduced
to O(k - a(k, n)) [8].
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