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Evaluating Signs of Determinants Using
Single-Precision Arithmetict

F. Avnaim? J.-D. Boissonnat,O. Devillers? F. P. Preparatdand M. Yvine¢

Abstract. We propose a method of evaluating signs ef2and 3x 3 determinants with-bit integer entries

using onlyb and(b + 1)-bit arithmetic, respectively. This algorithm has numerous applications in geometric
computation and provides a general and practical approach to robustness. The algorithm has been implemented
and compared with other exact computation methods.
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1. Introduction. Most decisions in geometric algorithms are based on signs of deter-
minants. For example, deciding if a point belongs to a given half-space or a given ball
reduces to evaluating the sign of a determinant. Moreover, such evaluations are often
the only numerical parts of the entire algorithm. Therefore, it is crucial to have reliable
answers to such tests.

This observation relates to the very model of Computational Geometry, whose as-
sumption is that geometric parameters are real numbers and that arithmetic operations
are performed with infinite precision. Obviously, such assumption does not hold when
algorithms are translated into computer programs, where the parameters are represented
either as integers or as floating-point numbers. Floating-pointimplementations, although
naively areasonable approach to real-number arithmetic, have been shown to have serious
shortcomings, since they may cause not only numerical errors but also fatal membership
errors (such as inclusion of a point in an interval to which it does not belong, etc.).

This difficulty has received some deserved attention in recent years (see, e.g., [Forl],
[GY], [HHK], [Mil1], [Mil2], [Mil3], [GSS], and [SI]) and several approaches have been
proposed on how to obviate the shortcoming. The common objective is to promuce
bustalgorithms, namely algorithms whose answer is a (small) perturbation of the correct
answer (as produced by the infinite-precision algorithm). As noted by Fortune [For1],
there are basically two categories of approaches to this objective: The most common one
resorts to approximate (i.e., rounded) computations, and uses properties of the assumed
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primitives to establish the topological correctness of the results (i.e., robustness) (see,
e.g., [Forl], [For2], [FM], [HHK], and [GSS]). The other uses exact (i.e., integer) com-
putations but, since multiprecision integer arithmetic is requidefb(d for a dimension

d determinant), a straightforward implementation of this approach has a large perfor-
mance penalty (see [FV1] for a detailed analysis). Significant improvements over the
naive method have been recently obtained. In particular, a promissing approach consists
in combining multiprecision integer (or rational) arithmetic and a floating-point filter
based on interval analysis [KLN], [FV1], [BIMM].

Our approach falls in the exact integer arithmetic category and our objective is to use
as few bits as possible to evaluate signs of determinants. Typically, we use no more bits
than the numbeb of bits used to code the entries. This implies that we would not do
multiplications of the entries and, fortiori, we would not compute any determinants
when we evaluate the signs.

To the best of our knowledge, the only related attempt has been made by Clarkson
[Cla]. Clarkson uses an adaptation of the Gram—Schmidt procedure for computing an
orthogonal basis, and employs approximate arithmetic. Fbixad determinant with
b-bit integer entries, Clarkson’s algorithm runs in tird&d®b) and uses  + 1.5d
bits to represent the values. Our algorithm is quite different. It is limited to 2
and 3x 3 determinants and its asymptotic worst-case complexity is worse than that of
Clarkson. However, it is simpler, it uses respectivielgnd (b + 1)-bit representations,
and extensive simulations have shown that it performs well in practice. Since the most
common applications are two- and three-dimensional, our method is competitive in this
range of parameters.

The paper is organized as follows. In Section 2 we discuss the two-dimensional case
in detail, both because it provides insights for the three-dimensional case and because
it is used to resolve the determination of the sign of a three-dimensional determinant in
Section 3. In Section 4 we present some significant applications of the outlined technique
in computational geometry. In Section 5 we present and discuss experimental results
and compare our algorithm with the straightforward computation using floating-point
arithmetic or other exact arithmetics.

2. Two-Dimensional Case

2.1. The Algorithm Let

X1 Y1
X2 Y2

be a 2x 2 determinant whose entries drit integers.

If one of the four entries is zer@ reduces to the product of two integers and the sign
of D follows from the sign of the two integers. In the rest of this section we assume that
all four entries are nonzero.

Without loss of generality, we may assume that all the entries are strictly positive.
Indeed, if an odd number of entries are negative, then the signisfrivially obtained.
If two entries are negative, either they belong to the same row or the same column, in
which case changing their sign changes the sigb obr they belong to a diagonal, in
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which case changing their sign does not chabgéf all entries are negative, changing
their sign does not chande.

Furthermore, we may assume without loss of generality¢hat x; andy, > y;. The
case where, < x; andy, < y; can be transformed to the previous one by exchanging
the two rows of the matrix, which yields a change of the sigiboin the other cases
the sign ofD can be obtained readily; specificallyxf < x, andy, < y;, D < 0, and,
if X; > xpandy, > y;, D > 0.

Under the above assumptions, we can write

Xo = X1k + % with k; e N and 0<x <X
and define
Yo = Yo — Kiyi.
Then
D— X1 Y1 _ X1 Y1 _Xr )
X2 Y2 Xo —KiXy Yo —Kiy1 X Y|

If y; > 2°/kq, theny, cannot be computed, but in that cagds certainly negative
and thusD < 0 otherwisey, can be computed. If it is outside the rangey] the sign
of D can be obtained too: iy < 0, thenD < 0 and ify; > y;, thenD > 0. Moreover,
if X < X1/2 andy; > y;/2,thenD > 0, and ifx, > X1/2 andy; < y1/2,thenD < 0.
Otherwise we rewritd as follows:

. X X

if x < 71 and vy < % then D = x,l irl ,

. X1 Y1 X1 Y1

if X — and —, then D = .
r>2 Yr>2 X1—=X Y1—W

In both cases we get a new determinant where both entries of the second row have been
divided by at least two, and we can iterate the computation.

In conclusion, at each iteration, using only comparisons and euclidean divisions,
either the algorithm stops or it iterates on a reduced problem, where a row is replaced by
one whose entries are less than half the size of the original ones. Hence, the number of
iterations is bounded from above by the logarithm of the largest representable integer,
i.e., the numbeb of bits in the binary representation of the initial entries.

We sum up the results in the following theorem.

THEOREM1. Let D be a2 x 2 determinant with b-bit integer entrie¥here exists an
algorithm that evaluates the sign of D using only b-bit arithmdtfee algorithm requires
at most b iterationseach iteration involving @1) additions/subtractionomparisons
and euclidean divisions
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3. Three Dimensions

3.1. Geometric Intuition Let

X1 Y1 41
D=x2 ¥y 2
X3 Y3 Z3

be a 3x 3 determinant withb-bit integer entries. Vectdi, yi, z) is denotedJ; and the
unit vectors along the three axis are dendigg Ey, andE,. Thez direction is called
verticalandu denotes the vertical projection of vectdronto the horizontal plane= 0.
For convenience, we often identify a vectdrwith the point whose coordinate vector
is U. Without loss of generality, we can assume thatzhare nonnegative and that
3 > 73, 23.

The basic idea is as follows: unless the sigibofan be directly assessed, we replace
the original matrix with a matrix having theame determinanbut provably smaller
entries. This assures that the evaluation will terminate. The basic device used is the
standard addition to a row of a linear combination of the other rows.

More specifically, assume (here and in Sections 3.1-3.6), that the projeatians
of Uy, U, are noncolinear (i.e., independent) vectors. This implies that the three vectors
U1, Uy, andE, are linearly independent, and we can exptésas

1) Us = k1U1 + kU2 + k3 By,
wherek, k2, k3 € R. It follows that

X1 Y1 21
(2) D= K3 |X2 Y2 2Zo|.

0O 0 1

Hence, if the sign oks is known, the problem is reduced to evaluating the sign of

X1 Y1 721

X
X2 Yo 2p|= Xl ));l )
0 0 1 2 )2

and we are faced with a two-dimensional problem.
We now show that, in some (usually most) cases, the sign oan be determined.
We have

3 K3 = Z3 — K121 — K2Z3.

Letks = kg + pP1, K2 = ko + P2, with k; = L&, ky = k2], and 0< p1, P2 < 1. We
define

R = U3z — kU — koUo.
Then (3) becomes

K3 = Zr — p1Z1 — p222.
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Fig. 1.Box B.

If zr < 0, thenks < 0 sincez; andz, are nonnegative, and,ak > z; + 2, k3 > 0.
Otherwise,R lies in the intersectios of the cylinder projecting along theaxis onto
the parallelogranu; & u, (& denoting the Minkowski sum) with the slab of poirwé
such that O< zy < z; + 7 (see Figure 1). In this case, we still do not know the sign of
k3, but we can write:

X1 Y1 2
(4) D=(X Y2 2,
XR YR 2R

where the row with the largegtcomponent has been replacedRy

The following geometric interpretation of our definitions will be useful in what fol-
lows. LetH be the plane passing through and spanned by; andU,. The vectors
Ui andU; generate irH the latticeCy = {11Uy + 1,Ug, 11,12 € Z}. Ly projects ver-
tically onto the latticel of the horizontal plane generated by andu,. To each cell
C={(1+eus + (2 + &)Uy, 0 < g, e, < 1} of L, we associate iteeference point
[1u; + Ious. In particularkyus + kousy is the reference point of the cell dfthat contains
us. To each cell ofZ, we associate alsotmx The box associated to the c€lbf £ with
reference poinu; +1,u; is a copy of3 translated by vectdiU; +1,U, which projects
vertically ontoC. Let B be the union of these boxes, i.e., the translated copi#shof
the vectord,U; + 1,U; for |4, I, € Z. B contains plandd and can be considered as an
approximation ofH.

The geometric interpretation of the above dicussion is nowifies above (resp.
below)B, «3 is positive (resp. negative), and otherwislg,can be replaced by a vector
contained in5.

3.2. The Algorithm The algorithm consists 0®(b) iterations, but may terminate
earlier. Each iteration consists of three steps.
During apreliminary stepdescribed in Section 3.3, the vectors whesemponents
are negative are replaced by the opposite vectors and some easy cases are solved.
Thefirst step described in Section 3.4, determines whethglies belowB, aboveB,
or inside some box d§. In the first two caseB reduces to a & 2 determinant witt-bit
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integer entries: its sign can be evaluated using the algorithm of Section 2. In the last case
we translate poinlt); in a direction parallel tdH to obtainR = Uz — k;U; — koU; € B.
However, we cannot simply iterate on the vectdus, U,, R). Indeed, althougtR is
known to lie in boxB3, the binary representation of its components may require as many
asb + 1 bits. Furthermore, the componentzg of R only satisfies O0< zgr < 73 + 75,
which does not imply that this component is smaller than the original

Thesecond stepf the algorithm, to be described in Section 3.6, will either evaluate
the sign ofks or find a vectorR' = R + 61Uy + 6,U; (01, 62 € {—1, 0, +1}) such that
the encoding length of its andy components does not excelgdand itsz component
is less thares/2.

The algorithm is then iterated on the vect@ds, U,, R"). Now, a reduction by two
of the modulus of the maximumcomponent of the vectors i is guaranteed after at
most three iterations. Hence, in total, at mdsft8rations will be required either to find
thatD = 0 or end up with a Z 2 determinant.

3.3. Preliminary Step As in the two-dimensional case, the sign of the determinant
can be evaluated readily in some cases. First, we multiply-bythe rows whose
component are negative so that all the entries of the last column are nonnegative. This
does not chang® if no or two rows are concerned and chand@®e$o —D otherwise.
Secondly, we permute the rows so thigthas the largestcomponent. Again the change
in the sign ofD induced by the permutation is known.

Then, if the three minors

X1 Y1
X2 Y2

X2 Y2
X3 Y3

X3 Y3
X1 Y1

and

3

are all strictly positive (resp. negative), thBris positive (resp. negative). Geometrically,
this case corresponds to the situation wharel,, andus span positively the horizontal
plane, or, equivalently, the origin lies inside the triangje,us.

3.4. First Step Computing R The first step of each iteration either determines the sign
of k3 or, whenUs; lies inB, computes the vectd® = Uz — k;U; — koU,. This is not an
obvious task since the moduli of the integkrsandk, can be as large a2 *: indeed,

ki = |«x1] andk, = |«2| and it follows from (1) that

X3 VY3 X1 Y
X2 Yo X3 Y3
k1= 1— and kp= )
X1 Y1 X1 Y
X2 Yo X2 Y2

As we restrict ourselves t@ + 1)-bit arithmetic (a full discussion of that point is given
in Section 3.5), we may not be able to computekhe
Consider again the lattic® in the horizontal plane generated bpyandu,. As vector
U3 hasb-bit integer components, the coordinates of the points of the line seg@ehts
and Ouz have moduli less tharP2
Informally, our strategy to computis to probe a subset @ (b) edges of the lattice
L crossed byOus. For each such edge, we consider the corresponding edge in lattice
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Ly. Ifthe zrange of all edges encountered during the process remains inside the bounds
of the availableb + 1)-bit arithmetic, the procedure ends when the cell containing
is found. If, on the contrary, an encountered edgé gbelongs to a box whoserange
exceeds théb + 1)-bit representation, therange of this edge extends entirely outside
the bounds of thé-bit representation. In such a case the sigrzofan be determined
easily and the calculation dt is halted.

We now present the details of the procedure.

Substed.1l. Considerthe parallelogram formed by the union of the four lattice@glls
Co—Uz, Co— Uz, Co— (uy+Uyp), whereCg is the Minkowski sumu; @ u,. The boundary of

this parallelogram consists of eight cell edges. By a straightforward (three-step) binary
search we determine which of these edges is intersected by the hdlfiliseed from

O and containingis, the search discriminant being the sign of & 2 determinant of

the form

l:; wherew € {uy, Uy, Uy + Uy, Uy — Up}. This search also identifies which
of the cellsCo, Co — u1, Co — Uz, Co — (U + Up) is intersected by the half-line. Let
Cy = Co — e1u1 — &2u> be such cell. Note that if any of the determin nw is equal to

zero, then eithek; = +k, or one of thek; is zero. In such cases the signagfor R can
be computed as in the two-dimensional case.
For the sake of simplicity, we standardize the problem by replacing the original basis
(u1, Up) with the basigv, v,), wherev; = (—2¢; +1)u;, i = 1, 2. Denoting byc, (resp.
c,) the reference point of the cdll of £ that containsiz when we takgus, uy) (resp.
(v1, v2)) as basis vectors af, we observe that

(5) Cy = C, + &1U71 + &2Up.

We in fact compute,, and then obtaig, using (5). In what follows; andk;, denote
the coordinates of, in the basiqvy, v). Let Dj, i = 1, 2, be the line of the horizontal
plane containing .

Substed.2. Next, we have to test whether or mgtbelongs to cell;. This test entails
locatingus with respect to the edge traversed by the half-line.e., locatingus with

respect to eitheD; + v, or D, + v;. In the first case we evaluate the sign

of ! ‘

Uz — v2

and, in the second, ng_ vl' (if the sign is negativeys € Cp). If uz is included inCy,
2

ki = k; = 0, we deduce, and the corresponding poi®, of £ using (5), compute
R = Uz — C and go to Substep 1.6. Otherwise, we proceed to Substep 1.3.

Substed.3. LetK (1) denote the first lattice line traversed Oy, i.e.,K (1) € {D1+
v2, D2 + v1}. Without loss of generality, here and hereafter, we assiifi¢ = D, + v,
(see Figure 2). Far € N, we noteK (1) the lineD, + Av1. The vertices of the edge of
lattice £ belonging toK (1) and intersected b@u; (if such an intersection exists) are
denotedc(1) andc()r) + vo. Notice thatt(L) = Avy+A'vo forsomel’ e N,O < A/ < A.

Notice that likek; andk,, 2 and\’ may be as large a$2 ! but since they would not
be explicitly computed this is not a problem.
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K(4)

K(1) K(2)

Fig. 2. llustration of Step 1.

In this substep we successively probes like®), K (4), ..., K(2),.... Each of
these probes may yield the sign«f in which case the process terminates. If not, the
search continues until the unique integés determined such th&us intersectK (2¢)
but notK (2¢t1). After completing the probe df (21), the algorithm stores in a stack
Spointc(2)). It is convenient to describe the search as a sequence of simpler actions
detailed below.

1.3.1. Assume that(2 1) has been determine@us crosses the lin& (2'—1) between
c(2-Y andc(2 1) +v,. LetZ andz’ be thez coordinates of the two corresponding
points of the latticeCy, |Z — Z'| = z,. If Z andz” are both negative, thes > 0
and, ifzZ andz” are both greater thar? 2thenks < 0; in such cases the sign bf
is known and the algorithm halts. OtherwBendz” have both encoding lengths
at mostb + 1, and the process continues.

1.3.2. WetestiDuscrossesthe link (2') by evaluating the sign of thex22 determinant

us — 2c(2 1
V2

A=

Notice that 2(2' 1) € K (2). If Ous does not intersedt (2') (A < 0), then we

go to Substep 1.4. Otherwise, we compei?) as described in Substep 1.3.3.
1.3.3. SinceDug crosseK (2 1) betweerc(2' 1) andc(2' 1) + vy, Oug crosseK (2')

between 2(2' 1) and (2 ~1)+2v,. Clearly,c(2) is either 2(2'~1) or 2c(2' 1) +

v, (the latter in Figure 3). Poirt(2') can be determined by testing on which side

of Ouz point (2 ~1) +u; lies, i.e., by evaluating the sign of thex2 determinant

us
2621 + vz" Goto1.3.1.
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A D2 K@2h K(2h)
-1
2c(2 )+ 2v2 u3
z
-
g -1
e 2e(2 Y+ vy
-
4 -
6(21_1)4-1)2 P _ - 20(21—1)
- - -
-, -
-
-, - 6(21—1) Dy
7 e
P
P
Ty

o

Fig. 3. For Substep 1.3.3.

Substed.4. Assume now thaDus intersects the lin& (2¢) but not the linek (2<1),
Then the algorithm computes the integeisuch thaDu; crosseK (i) but notK (A +
1). The determination of; is a binary search. This search invohesteps numbered
k—1k-—2,...,0. We denote\j, the integer such thadu; intersectsK (i) but not
K (xn + 2M). Assume that at the beginning of stepwe knowin,1 andc(iny1). We
now explain howi,, andc(iy) are inductively computed frory,,; andc(in,1). The
basis of the induction is given dy+ 1 = k andin,1 = 2X. Again, the search is better
illustrated as a sequence of simpler actions.

1.4.1 First, as in Step 1.3.1, let andz” be thez coordinates of the two points of
the latticeLy corresponding t@(Any 1) andc(insi) + vo. If Z andz” are both
negative, thems > 0 and, ifZ andz’ are both greater thar? 2then«s < 0; in
such cases, the sign &f is known and the algorithm halts. OtherwiBeand z”
have both encoding lengths at most 1.

1.4.2 The algorithm then determines on which sid& ¢f;,,1 +2") pointus lies, which
can be done by evaluating the sign of the 2 determinant

A = |Us = COnsn) — @]
V2

wherec(2") is popped out of stack. If us lies on the same side &f (An,1 + 2"
asO (A’ < 0), thenipy1 = An, C(An) = C(Ant1), @and we can proceed to Step
h — 1. OtherwiseAn = Any1 + 2" and we have to computsiy).

1.4.3 ltis to be observed th@us crosseK (in) betweerc(in,1)+c(2") andc(ini1) +
c(2") +2v,. Thusc(rp) is eitherc(iny 1) +c(2") orc(ini1) +c(2" 4 v, depending
on which side ofOuz pointc(in, 1) 4+ ¢(2") + v, lies, which is given by the sign

us
of .Goto1.4.1.
Chns1) +c(2M) + vz‘
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The search is carried on until one of the following occurs: the algorithm halts, or it
goesto Substep 1.5 atanintermediate stage, or it performs all thé&stéps—2, . . ., 0.
In the last case, we s&t = Ao and go to Substep 1.5.

Substefd.5. This substep determines the cellfothat containsi;. We know thatus
belongs to the parallelograciis), c(A¢) +v1, C(As) +v1+ 2v2, C(Af) + 2v,. A last test
locatesus with respect to lineD; + c(i+) + v, and determines the cell of the lattice
L that containsiz. More precisely, if

Uz — C(Af) — v2
V1

>0,

thenC is the cell whose reference pointdérs) in the (v1, v2) basis. Otherwise( is
the cell whose reference pointdsit) + vo. The reference poird, of C in the (uy, uy)
basis and the corresponding potitof L are then obtained using (5) and we compute
R=Us; - C,.

Substefd.6. Ifzg < 0, thenkz < 0 and, ifzr > z; + 2, thenksz > 0. Otherwise, we
go to Step 2 (described in Section 3.6).

This ends the description of the first major step of the algorithm. The veetanz —c,
belongs to the cell of whose reference point i3, thus the encoding lengths v and
yrareatmosb + 1 and 0< zg < z; + 2.

3.5. Arithmetic In this section we show thab + 1)-bit arithmetic is sufficient to run
the above algorithm, assuming thdy, U,, andUsz areb-bit integers.

First, we observe that all encounterg@d) andc()) + v, can be represented using
b+ 1 bits. Indeed, sincp = K (1) N Ouz belongs to the line segme@tus, the encoding
length of its coordinates is less than the onagfand since(),) andc()) + v, belong to
the line segmenp—u,, p+Uz, one additional bitis enough to star@.) andc(ir) +vs. In
the case where().) is computed as the sum of two terei(g.1) 4+ c(12), then clearlyc(i)
can be computed without difficulty. In the other case whogk8 = [c(11) + C(A2)] + vo,
(b+2) bits may be required to store the intermediate regult) +c(1,), but, fortunately,
among the three possibiliti€$i) = [C(A1) + C(A2)] + v2, (1) = c(r1) +[C(X2) + v2],
andc(r) = c(12) + [c(A1) + vo] there always exists one that allows us to compute the
X (resp.y, z) coordinate of the sum so that the intermediate result remaibstoh bits
(the formulas may be different for the different coordinates).

Next, we show that the computations of ved®performed in Substeps 1.2 or 1.5 do
not require more tha¢b+ 1)-bit arithmetic. The computation of the andy-components
of Rdo not cause any problem singe- ¢,, us — ¢, andus — ¢, can each be represented
with at mosth + 1 bits. Consider now the computationzy{. Let z, be thez-component
of the pointC, of £y which corresponds to, and letz, be thez-component ofC,,. If
Zr = 73— 7y = 73— Z, — €121 — €222 iS in the range {2041, 2°+1]; then can be computed
(indeed there is a way to organize the above sum in order to compute it(bsing-bit
arithmetic); elsd|zg| > 2°+1), we can easily decide #y is positive or negativedg has
the same sign azR).

The bit-length ofz, is known to be at modt + 1, and it is easy to see from (5) that
the bit-length ofz, does not exceed the bit-length Bf. If z, is positive or negative
with |zy| < 2°, zr = 73 — z, can be computed usindy + 1)-bit arithmetic. Ifz, is
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negative withz,| > 2°, thenzg andks are known to be negative and we do not need to
computezg.

At last we show that the signs of the determinants used in Steps 1.3.2, 1.3.3, 1.4.2,
and 1.4.3 can be evaluated usifiig+ 1)-bit arithmetic. The vectors appearing in those
determinants are combinationsuaf, u,, usz, and some(1): for instance, at Step 1.3.3,
we need to computec?2' 1) + v,. It follows from the description of the algorithm that
these vectors can always be computed uding 3)-bit arithmetic. We now explain how
to reduce the number of bits of the arithmetidte 1 for each of the Steps 1.3.2, 1.3.3,
1.4.2, and 1.4.3 of the algorithm.

Step1.3.2. In this step we test on which side Kf2') point us lies. The problem
arises when the coordinateswef— 2c(2'~1) are not both representable wiht 1 bits.

The idea is therefore to replace poirt(2 —1) with another pointw of K (2') such that

us — w is represented with + 1 bits. LetSP £ [—2°, 2°] x [—2P, 2°] be the single
precision domain. We claim that such a construction can be accomplished if at least one
of {c(21), c(2~1) 4 vy} and at least one dt(2' 1) — usz, c¢(2~1) + v, — uz} belong

to SP. Let w; andw, — uz be points inSP chosen from these two sets, respectively.

It follows that point—w; — (w2 — Uz) = Uz — (w1 + wy) is representable with + 1

bits and thatw; + w, € K(2') sincews, wy € K(2~1). We conclude that the entries

of the determinan u3v— Yl are representable with+ 1 bits. Otherwise we have the
2

following easily decidable alternatives:

(i) c@1) ¢ SPandc(@1) + v, € SP. We claim thatuz and O are on the same
side ofK (2). Indeed, since, € SP, the lineK (2 1) does not intersect the square
SP* with vertices(0, £2°) and (£2°, 0) (see Figure 4(a)). TheK (2') is entirely
outside the squareSP* which containsSP.

(i) c(2 1 —uz ¢ SPandc(21) + vy, — uz &€ SP. We claim thatu; and O are on
distincts sides oK (2'). Indeed, arguing as above, likg2'~1) does not intersect the
squareSP* 4+ uz (SP* centered ati3, see Figure 4(b)). Thus, fis the intersection
betweenK (2-1) andOus, || pusl,, > 3 |Ipusll; > 2°~1 (sincep, being external
to SP* + us, hasL1-distance fromus > 2°). The pointp’ = 2p is the point where
the linesOuz andK (2) intersect and we have

100 loc = 2110Plloe = 2110Us||o — 21| PUsl|o
< 2/|0Ug|los — 2° < ||OUsl|o

which proves the claim.

Step1.4.2. The modification of this step is similar to (and simpler than) that of
Step 1.3.2. Here we are led to the evaluation of the sig%u%f w‘, where pointw
2

must be chosen on lin& (An1 + 2"). Since, as we already knowz and O are on
distinct sides oK (2"1), one ofc(2") andc(2") + v, can be represented withbits;
let w, be this vector. Similary, sinc® andus are on the same side &f(2in.1), one of
C(Ahy1) — Uz @andc(iny1) + v2 — Uz can be represented withbits; letw, — us be this
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Fig. 4. lllustrations for the cases: (]2 ~1) ¢ SP andc(2 1) + v» ¢ SP, and (b)c(2 1) — uz ¢ SP and
c@ Y 4vy—uz ¢ SP.
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vector. The opposite of the sum of these two vectofs, + (w, —U3)) = Uz — (w1 +wy)
is represented with + 1 bits andw 2 w1+ wy € K(Any1+2M), as we wished to show.

(2|_ul3) + v usedin Step 1.3.3

can be represented with+ 1 bits since 2(2' 1) + v, is eitherc(2') or ¢(2') + vy. The
same holds for the entries of the determinant used at Step 1.4.3.

Stepdl.3.3and1.4.3. The entries of the determin%.%

3.6. Second Stefexponential Reduction The second major step of the algorithm, to
be described in this subsection, either evaluates the sigg of finds a vectolR' =
R—61U; —6,U5,04, 6, € {—1, 0, 1} suchthakg, yr areb-bitintegers andizg | < z3/2.
In order to do that, we further subdivide the bxnto four subboxes such that, for any
r lying in each of those subboxes, either such a veRtaran be determined or the sign
of k3 can be readily obtained.

The projection of box5 onto the plane is the parallelogram & u,. The algorithm
locates the projection of R with respect to the two diagonals of the parallelogram
joining uy to uz and O to uy + uy by evaluating the sign of 2 2 determinants

r
uy + Uz

r—usp
Uz — Uy

and

(see Figure 5).

We illustrate the step just for one of the four subboxes; handling of the other three
cases is trivially analogous. Assume therefore, without loss of generality, ieddngs
to triangle(O, uy, (U1 + U)/2) (the shaded triangle in Figure 5). Then

e if Zr > sup(zy, (zs + 22)/2), thenks > 0O,
e else, we choos®’ as the vector among the two vectdRsand R — U; whosez

T

Fig. 5. lllustration of the selection oR'.
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component has the smaller modulus. It follows that

SUQ(Z1, Z V4
2| < MP2LZD) _ 2
2 2

3.7. Nonindependent Vectars We have assumed above tliai, u,) are linearly inde-

pendent vectors. If these vectors are not independent, the ﬁhoil of
)

X1 Y1 74
D=x2 ¥ 2
X3 Y3 Z3

associated to the; component ofuz vanishes and we can simply replazgby zero
without modifying the determinant:

X1 Y1 21
D=x2 ¥2 2.
X3 y3 O

3.8. Complexity Analysis of the Algorithm At each iteration, either the algorithm eval-
uates the sign of; and ends by the computation of & 2 determinant, or it iterates with
a 3 x 3 determinant where the greatest (in absolute value) element of the last column
has been divided by at least two while the others remain unchanged. It follows that the
number of iterations is at mosb3

Each iteration consists of Substeps 1.1-1.6 and Step 2. The cost of each step is
dominated by evaluating signs ofx22 determinants witlib 4+ 1)-bit integer entries.
Substep 1.1 requires three such evaluations, Substep 1.2 one, Substep 1.3 d& most 4
(each iteration requires evaluating the sign of two determinants and there are at most
logk; < 2biterations), Substep 1.4 at modi,Substep 1.5 at most one, and Substep 2
at most two. Thanks to Theorem 1, we have the following theorem.

THEOREMZ2. Let D be a3 x 3 determinant with b-bit integer entrie¥here exists an
algorithm that evaluates the sign of D using o+ 1)-bit arithmetic The algorithm
requires at mos8b iterations each iteration involving the evaluation of at m&st+ 9
signs oP x 2 determinants witlib+1)-bit integer entriesln the worst case the algorithm
requires at mosBb?(8b + 9) elementary stepgach elementary step involving(D
additiong/'subtractionscomparisonsand euclidean divisions

4. Geometric Applications. Most geometric tests can be reduced to computing the
sign of a determinant. This section shows such reductions for the most basic geometric
tests.

4.1. which _side . Givend points Ay, ..., Ag in d-space, and another poit of
RY, Functionwhich _side determines whetheX belongs to the hyperplarté passing
through theA; or, otherwise, to which half-space limited iby. This function is at
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the core of many geometric algorithms, and, in particular, of all algorithms computing
convex hulls of points ifR9.

Functionwhich _side can be implemented as the evaluation of the sign ofitked
determinant

A — X
D= :
Ag — X

with (b 4+ 1)-bit integer entries, if the points habebit integer coordinates.

4.2. sign _dot _product . Given two 2-vectord); = (X1, y1) andU, = (X2, ¥2)
with b-bit integer components, the sign of the dot produict U, can be determined by
determining the sign of the 2 2 determinant wittb-bit integer entries

yi —X1

=U;-Us.
X2 Y2 1ee

Given two 3-vectord); = (X1, Y1, 1) andU;, = (X, Y2, Z2) With b-bit integer compo-
nents, ifx; # 0, the sign of the dot produtt; - U, can be determined by determining
the sign of the 3« 3 determinant wittb-bit integer entries

yi —x 0
Z1 0 —X1| = X1 Uq - Us.
X2 Y2 Z

If x, = 0, the problem is reduced to the two-dimensional case (this formula can be
generalized to higher dimensions).

These results immediately apply for comparing the norms of two vectors. Indeed,
given two vectord); andU,,

lU1]? — [Up2 = (Ug + Up) - (Ug — Uy).

It follows that comparing the norms of twab-vectors withb-bit integer components,
is equivalent to evaluating the sign ofdax d determinant with(b + 1)-bit integer
entries.

4.3.in _circle . The basic numerical test involved in the construction of Voronoi
diagrams in the plane is the following. Given are three paMts- (X, vi),i = 1, 2, 3,
and another poinX = (x, y) with b-bit integer coordinates. The test consists in deciding
whetherX lies on the circleC passing through®\;, A;, andAgs, insideC, or outsideC.
This is equivalent to determining the sign of the following 3 determinant:

X1 — X Xo — X X3 — X
in _circle (X)) = yi—y Yoa—Y Ys—Y
XY= xP—y? XG4y - X -y Xy Xy
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X1 —X Xo — X
=Y1-Yy Y-y
0 (X2 = X) (X2 — X1) + (Y2 — ¥)(Y2 — Y1)
X3 — X
Ya—y
(X3 —X) (X3 — X1) + (Y3 — ¥)(¥Y3 — Y1)
1 X1 — X Xo — X

0 Xt =X)(Y2=Y) = (X2 =X) (Y1 —Y)
0 (X2 = X)(X2 = X1) + (Y2 — Y)(Y2 — Y1)
X3 — X
Xt =X)(Y3=Y) = (X3 —=X) (Y1 —Y)
(X3 —X)(X3 — X1) + (Y3 — ¥)(¥Y3 — Y1)

X=X (Y2 —=Y) = X2 =X) (Y1 —Y)
X2 = X)(X2 — X1) + (Y2 — Y)(Y2 — Y1)

X1 —=X)(Y3—=Y) — (X3 —=X)(y1 —Y)
(X3 — X)(X3 — X1) + (Y3 — Y) (Y3 — Y1)

It follows that Functionin _circle  can be implemented as the evaluation of the sign
of a 2x 2 determinant with(2b 4 3)-bit integer entries.

A similar computation shows that the analogous Fundtiorsphere can be imple-
mented as the evaluation of the sign of the following 3 determinant with{2b + 4)-bit
integer entries:

X1 —X

in _sphere (X)

1 X1 =X)(Y2—Y) = X2 —=X)(Y1—Y)
= X1 —=X)N(Z2—2) — (X2 —X) (21— 2)

KX = ) (% = X0) + (V2 — V) (Y2 — Y1) + (22 — 2)(22 — 1)
(X1 =X)(y3—Yy) — Xz = X)(Y1 — Y)
X1 —=X)(Zz—2) — (X3 —X)(Z1 — 2)
(X3 =X)(Xg = X1) + (Y3 = Y)(Y3 — Y1) + (Zz3 — 2)(z3 — 71)
(X1 =X)(Ya—Yy) — (Xa = X) (Y1 — Y)
X1 —=X)N(24—2) — (Xa —X)(zn — 2) .
Xa = X)(Xa = X1) + Ya = YV)(Ya— Y1) + (Za — 2)(Za — Z1)
4.4. intersections _sorting . When constructing arrangements of line segments

in the plane and trapezoidal maps (e.g., by a sweep-line algorithm), the following crucial
numerical testis used. Léiy A1, Az Az, A4 As, andAg A; be four line segments. The test
consists in deciding if the-coordinatex, of the intersection poinit of AgA; andA; Az
is smaller or greater than thecoordinatex; of the intersection poind of A4As and
AsA7. If the coordinates of pointgy areb-bit integers, this test reduces to evaluating
the sign of a 2« 2 determinant with(3b + 3)-bit integer entries.

Indeed, ifA = (x,y;) fori =0,...,7,
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where
A = X1 — Xo  XoY1 — X1Yo
X3 — X2 XYz — X3Yz|’
B, = X1—Xo Y1—Yo
X3—X2 Yz3— VY2’

and a similar expression can be foundXgr Comparingx, andx; reduces to testing the
A B
A; B;
integers whileB, andB; are(2b + 3)-bit integers.

sign of the 2x 2 determinan where each elemert; and A; are(3b + 3)-bit

5. Implementation and Experimental Results. Implementation has been done using
C++ and the C++ ATT compiler on a Sun SS5-70. Times have been obtained using the
clock command.

The entries are integers stored in a variable of tjgugble This allows us to manipulate
exact 53-bit integers, to benefit the fast-floating point arithmetic of the processor and
to handle overflows easily. For:3 3 determinants we do not apply exactly Theorem 2
and use a simplified algorithm that require@at 2)-bit arithmetic. More precisely, the
algorithm does not look for the right order to compuaté) = c(r1) + c(A2) + v, as
mentioned in Section 3.5.

The following table sums up the limits on the precision of the entries for the geometric
tests of Section 4 using 32-bit, 53-bit, and 64-bit arithmetic:

Line side Plane side In circle In sphere Intersection

Determinant size

Arithmetic Function 2x 2 3x3 2x2 3x3 2x 2
32 Entries size 31 29 14 14 9
53 Entries size 52 50 24 23 16
64 Entries size 63 61 30 30 20

Implementation is available through WWW at url: http://www.inria.fr:/prisme/personnel/
devillers/anglais/determinant.html.

The code has been tested on several kinds of determinants and compared with other
methods that compute the determinant and subsequently test the sign.
Two variants of our method have been implemented.

STANDARD. The algorithm is iterated, until comparison of the entries and computation
of the sign of minors in the three-dimensional case guarantees a conclusion. Evaluation
of the sign of 2x 2 determinants in the three-dimensional algorithm is computed using
the lazy variant.

LAazy. The algorithm is combined with a floating-point filter. In the two-dimensional
case the IEEE standard ensures that the sign of the determinant can be computed exactly



128 F. Avnaim, J.-D. Boissonnat, O. Devillers, F. P. Preparata, and M. Yvinec

when using the floating-point arithmetic as long as itis nonzero. Thus the exact arithmetic
is invoked only in that case. In the 3D case, if the absolute value of the rounded determi-
nant is bigger than2whereg = logmax||x; | + logmax| y; || + logmax|z|| —b+5

we rely on the sign given by the rounded computation (IEEE norm ensure that the direct
computation of the determinai yields an approximate valud = D(1+ 5€maching -

This filter is applied each time a new determinant is considered (i.e., each timeRsome

is substituted tdJ3).

Direct Computation This computation is done by first converting the original data
fromdouble to different numeric types and then the determinant is computed using the
following formula:

a b
c d

‘ =ad - bc in the two-dimensional case

a b
d e = (a(ei— fh)+b(fg—di))+c(dh—eg) in the three-dimensional case.
g h i
We have to mention that the type conversion betwdmible and the other types used
may be expensive and the time can be reduced if these types are used for the original
data (this conversion time is included in the tables below).

The direct computation is run with different arithmetic.

DouBLE. The computation done usintpuble arithmetic is fast but not safe since it
is subject to rounding errors.

QUADRUPLE. The computation is done using quadruple precisiong( double
type). For Zx 2 determinants (but not for3d3), this ensures exactness of the computation.

LEDA-INTEGER. LEDA provides exact computation on integers of arbitrary length.
The result is exact [MN].

LN. LN Package, by S. Fortune and C. Van Wyk, works as a compiler, it transforms

expression in LN language into optimized C++ routine computing the sign of the expres-
sion, first through a filter if it is not enough to conclude using optimized exact arithmetic

(of fixed length). The result is exact [FV2].

Input  These methods have been tested and compared on a variety of inputs. We report
here the most significant results.

We have run the above methods on null determinants, small determinants, and deter-
minants of random matrices. In what followss said to be random ombits if ais an
integer evenly distributed in the rang&® + 1 and 2 — 1.
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Two-dimensional inputs
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Random g g a, b, ¢, d random on 53 hits.
a c .
X=-y _a —c a, c random on 53 bits.
X=_yte a+e c+ e a, c random on 53 bits,
=y —a+@& —C+ey| e e e, e on2 bits.
X = —y! g :E a, b random on 53 bits.
X = —y 4 gt ate -—-a-te a, b random on 53 bhits,
=Y b+e, —b+es| €, 6, e, e 0n2bits.
ka la . )
kU, U kb Ib a, b random on 26 bits, | on 27 bits.
KU IU + ¢ ka+e la+e a, b random on 26 bits, | on 27 bits,
’ kb+e Ib+ ey €., &, ., €4 0N 2 bits.
U, laU] a ¢ a, c random on 53 bitsy random in -1, 1]
9 Lan LaCJ 9 8¥ bl .
= a a a random on 53 bits.
a a
ate a+e ; ;
= arandom on 53 bitsg,, &, €, €4 0n 2 bits.
+e a+e a+ ed‘ Xa, €, €, &
Running timgus)
Input Double Quadruple LEDA-integer LN Standard Lazy
Random 0.58 165 47 2.1 2.39 0.66
Almostnull  x=-y+e 0.58 166 50 15.7 27.60 0.64
X=—y+¢ 0.56 164 47 15.6 3.49 1.41
kU,IU +¢ 0.52 152 47 15.9 24.91 0.66
U, laU] 0.58 159 47 15.5 31.66 2.79
=+te 0.47 162 48 15.8 3.08 1.18
Null kU, U 0.49 148 47 15.9 26.26 32.10
= 0.52 160 48 16.1 4.24 5.02
X=-y 0.54 163 48 16.3 53.18 64.89
X = —yt! 0.52 164 48 16.2 4.33 5.10
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Three-dimensional inputs

a d g i
. a,b,c,d,e f,g,h,i
Random : 2 ? |h random on 51 bits.
a d g
iyizoo | : o N a,b,d, e g, hrandom on

_a-b —d—e —g—h 51 bits.

a, b, d, e g, hrandom on

o dre 9+ % 51 bits
X+y+z=0+¢ : b+e e+ee h+en '
_a_ —d— o €a. €, €c, €d, €e, €f , Eg, €,
a-bre d—ete g-h+te g on 2 bits.
a d -—-a-d
Xx+y+z=0 : |b e —b—e a,b,c,d, e frandomon

c f —c—f 51 bits.

a,b,c,d, e frandomon
at+e d+e —-a—d+g

X+y+z=0+e' : |btey et+e -b-e+e o1 bis,
cte f+e -c—f+eg €a: €. €. €, €, €1, &, &,
g on 2 bits.
ka I1d ma+nd a,b,c,d, e f,m nrandom
kU,IV,mU+nV : |kb le mb+ne on 25 hits,
kc If mc+nf k,1 on 26 bits.
a, b, cd,e f,m nrandom
ka+e Id+e ma+nd+eg on 25 hits,
kU,IV.mU+nV+e¢ : |kb+e le+e mb+ne+e k, 1 on 26 bits,
kc+e If +e mc+nf+g €a. €, €, €4, €e, €f, €, En,
g on 2 bits.
a d g a, b, d, e g, hrandom on
u,V, laU + V] : b e h 51 bits,
lea+ pb] |ad + Be| |ag+ Bh] a, B randomin -3, 31.
a a a
= : |la a a arandom on 53 bits.
a a a
at+e a+e ateg a random on 53 bits,
=+e ! |at+& at+e a+e €a, €, €, €d, €, €f, €y, €n,
a+e a-+e a+eg g on 2 bits
Running timeucs)
Input Double LEDA-integer LN Standard Lazy
Random 1.9 225 3.0 14 3
Almost null X+y+z=0+¢ 2.0 217 65.5 310 7
X+y+z=0+¢! 2.0 222 65.4 134 11
kU, IV, mU+nV + ¢ 2.0 215 65.9 288 15
U,V, laU + BV| 2.0 215 65.3 303 37
=+¢ 2.2 209 71.0 164 185
Null kU, IV, mU +nV 2.0 219 66.9 497 582
= 2.0 188 775 18 23
X+y+z=0 2.0 221 66.2 934 910

X+y+z=0 2.0 219 65.7 38 39
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The standardalgorithm performs very well on determinants with random entries;
even the nonlazy version acts as a filter. As this is the situation which is likely to be
encountered in practice, our method is believed to run fast in most applicationsullhe
cases are usually very uncommon in practice whilathest nulicases are more realistic
since nearly degenerate configurations are encountered. In such cases our performance
is of the same order of magnitude as LeDA-integersOur algorithm is faster than LN
in some cases and never exceeds LN by a factor 13.

6. Concluding Remarks. We have presented an algorithm that evaluates signs af 2

and 3x 3 determinants with-bit integer entries using onlyand(b + 1)-bit arithmetic,
respectively. We have also shown how this algorithm can be used in several basic tests
in geometric computation. The algorithm has been implemented and compared with the
direct computation using several exact methods. Extensive experimental results have
been given which demonstrate the efficiency of the algorithm.

An obvious direction for further research is to extend the present work to higher
dimensions. The only difficulty there is to generalize Step 2 (Section 3.6) which reduces
the last component by a constant factor while keeping the other components smaller than
2°. Such an extension would provide, at least in principle, an extremely general solution
to robustness in geometric computation since, by a result of Valiant [Val], any algebraic
expression of size can be constructively written as &+ 2) x (e + 2) determinant
whose entries are either variables or constants.

Acknowledgments. Jean-Pierre Merlet is acknowledged for supplying to us his inter-
active drawing preparation systeRiraw .
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