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In this paper we consider the Steiner multicut problem. This is a generalization
of the minimum multicut problem where instead of separating node pairs, the goal
is to find a minimum weight set of edges that separates all given sets of nodes. A
set is considered separated if it is not contained in a single connected component.

Ž 3Ž ..We show an O log kt approximation algorithm for the Steiner multicut problem,
where k is the number of sets and t is the maximum cardinality of a set. This

Ž .improves the O t log k bound that easily follows from the previously known
multicut results. We also consider an extension of multicuts to directed case,
namely the problem of finding a minimum-weight set of edges whose removal
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ensures that none of the strongly connected components includes one of the
Ž 2 .prespecified k node pairs. In this paper we describe an O log k approximation

algorithm for this directed multicut problem. If k < n, this represents an improve-
Ž .ment over the O log n log log n approximation algorithm that is implied by the

technique of Seymour. Q 1997 Academic Press

1. INTRODUCTION

Given an edge-weighted undirected graph, the minimum multicut prob-
lem is to find the minimum weight set of edges whose removal separates

w xall given node pairs. The multicut problem is well studied 9, 10 and can
Ž .be approximated to within a factor of O log k , where k is the number of

w x w xpairs 5 . See also the survey of Shmoys 15 . In this paper we give two
extensions for this theorem, one for separating sets of nodes rather than

Ž .pairs Section 2 and one for separating pairs of nodes in directed graphs
Ž .Section 3 .

The basic outline of the previous multicut results is to solve a linear
programming relaxation of the multicut problem and apply the following
simple and very useful network decomposition lemma to the linear pro-
gramming solution. This lemma states that given a graph with n nodes and

ŽŽ . .m edges and a positive d , one can remove at most O mrd log n edges
such that the distance between any two nodes that stay in the same
connected component is bounded by d .1 Other applications of network
decomposition techniques of this type include routing with small size

w x w xtables 1, 11 , symmetry-breaking 2 , and synchronization of asynchronous
w xnetworks 3 .

Our result for directed graphs follows the exact same outline. Our main
contribution here is to give a directed generalization of the network
decomposition lemma. In the problem considered in Section 2 we use a
similar linear programming relaxation, but derive the multicut theorem
directly and show a generalization of the above decomposition lemma only
as a corollary.

It is interesting to note that no nontrivial lower bounds are known for
polynomial time approximation algorithms for any of the multicut prob-
lems considered in this paper.

Steiner Multicuts

The Steiner multicut problem is a natural generalization of the multicut
problem, where instead of node pairs, we have sets of nodes. We say that a
set is ‘‘separated’’ if it is not contained in a single connected component.

1Note that mrd is an easy lower bound.
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The problem is to find a minimum weight set of edges whose removal
separates all of the given sets.

Ž .The techniques used to produce the O log k approximation for the
w x Ž .multicut problem 5, 9, 10 can be extended relatively easily to an O t log k

approximation to the Steiner multicut problem, where t is the cardinality
Ž 3Ž ..of the largest set. In this paper we develop an O log kt approximation

algorithm.
In contrast to the previous approaches, our multicut results do not

follow from a generalized decomposition lemma. We derive a generaliza-
Ž .tion of the decomposition lemma Theorem 2.9 as a corollary of our

Ž .Steiner multicut theorem Theorem 2.8 . We show that by removing at
ŽŽ . 3Ž ..most O mrd log kt edges, one can separate all the sets whose mini-

mum Steiner trees have at least d edges, where k is the number of sets
considered, t is the cardinality of the largest set, and m is the total number
of edges. We also prove a weighted version of this lemma.

Directed Multicuts

Feedback arc set is the problem of finding a minimum set of edges
whose removal makes the graph acyclic. Leighton and Rao showed an
Ž 2 . w xO log n approximation algorithm 10 , where n is the number of nodes.
A natural generalization of the feedback arc set problem is to consider a

weighted directed graph and a set of node pairs. The directed multicut
problem is to find a minimum-weight multicut that separates all the given
pairs. In other words, we have to find a set of edges whose removal ensures
that none of the prespecified node pairs are contained in a strongly
connected component.

An example of a problem that reduces to finding minimum-weight
directed multicuts is the 2-CNF clause-deletion problem, i.e., the problem
of finding a minimum weight set of clauses in a 2-CNF formula whose
deletion makes the formula satisfiable. Previously known undirected multi-
cut results have been used in approximation algorithm for the special case

w xof 2-CNF[clause-deletion problem, as described in 5, 9 .
Ž 2 .In this paper we show an O log k approximation to the minimum-

weight directed multicut problem, where k is the number of given pairs. At
the heart of our minimum-weight directed multicut algorithm lies the

ŽŽ .following directed decomposition lemma: By removing at most O mrd
2 .log n edges, any directed graph can be decomposed into a set of strongly

connected components where any two nodes in the same connected compo-
nent lie on a directed cycle whose length is at most d .

Our techniques are based on a well-known fundamental relationship
between multicuts and symmetric multicommodity flows in directed graphs.
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ŽA flow is symmetric if each unit of flow sent from a source s to the
corresponding sink t also has to return from t to s, though not necessarily

.along the same path. Multicuts can be viewed as integer solution to the
linear programming dual of a multicommodity flow problem that naturally
corresponds to the multicut problem.

As a byproduct we show that if the capacity of every multicut is at least
Ž 3 .O log k times the demand separated by the multicut, then a feasible

Ž 3 .multicommodity flow exists. We also give an O log k approximation
algorithm for the minimum-ratio directed multicut problem, i.e., the prob-
lem of finding a directed multicut minimizing the ratio of the capacity of
the multicut to the sum of the demands that are separated by the multicut.
The only previously known nontrivial results of this type for directed

w xgraphs are due to Leighton and Rao 10 , who considered the special case
where there is a unit demand between e¨ery pair of nodes.

Ž 2 . w xThe O log n approximation algorithm of Leighton and Rao 10 was
Ž . w ximproved to O log t log log t by Seymour 17 , where t is the size of the

minimum size feedback arc set. Seymour’s result trivially extends to the
Ž .weighted case and leads to an O log n log log n approximation algorithm

Ž w x. w xsee 4 . Even, Naor et al. 4 observed that Seymour’s result implies an
Ž .O log n log log n approximation algorithm for the directed multicut prob-

Ž 2 .lem. The O log k approximation given in this paper is an improvement
for the case where k < n. The same bound for a slightly more specialized

w x Ž .case was later discovered by Even et al. 4 . The O log n log log n approxi-
mation algorithm improves our approximation bound for the 2-CNF
clause-deletion problem.

Running Times

The computational bottleneck of the methods described in this paper is
solving appropriately constructed linear programs. The LP needed to be
solved for the directed cuts approximation can be solved by any linear
programming algorithm. The corresponding LP in the Steiner cuts case has
an exponential number of constraints and can be solved in polynomial time

Ž w x.by using convex programming see, e.g., 18 .
Although this leads to polynomial time algorithms, the resulting running

time is pretty slow. Much faster algorithms can be obtained by using the
w xtechniques of 13 , where the authors develop a general framework for

constructing fast approximation algorithms for certain classes of linear
programs. All the linear programs that arise in the context of the methods
described in this paper will be shown to fall into this general framework
and thus can be solved more efficiently.
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2. STEINER MULTICUTS

In this section we consider multicuts in undirected graphs where instead
of separating pairs of terminals we need to separate sets of terminals. The

Ž 3Ž ..main result in this section is an O log kt approximation algorithm for
finding a minimum-capacity multicut of this sort, where k is the number of
sets and t is maximum cardinality of a set. The traditional multicut
approximation algorithms that deal with separating pairs of nodes were
derived using a result about graph decomposition. In contrast to this, the
proof of the corresponding decomposition result for the Steiner case
Ž .presented at in the end of this section follows as a corollary of our results
about minimum Steiner multicuts.

2.1. Definitions

Ž .Let G s V, E denote an undirected graph and u a nonnegative
capacity function on the edges. We will refer to subsets U ; V as cuts, use
Ž . Ž . Ž .G U to denote the set of edges leaving U, and let u U s Ý u eeg GŽU .

denote the capacity of the cut U. A multicut AA is a partition of V into sets
Ž .U , . . . , U . The capacity of the multicut u AA is the sum of the capacities0 p

of all edges crossing from one set in the partition to another, i.e.,
Ž . Ž .u U , . . . ,U s 1r2Ý u U . Notice that the capacity of a cut U is the same1 p i i

Ž .as the capacity of the two-partite multicut AA s U, V _ U .
The Steiner multicut problem is defined by k commodities, where a

commodity i is specified by a set of terminals S ; V where 1 F i F k. Wei
say that a multicut AA separates terminal set S if there is no set Ui j
containing all of S . The goal of the Steiner multicut problem is to find ai
minimum-capacity multicut that separates all k sets of terminals.

In the related minimum-ratio Steiner cut problem there is a demand di
Ž .associated with every set of terminals. The demand d U across a cut U is

the sum of the demands associated with the separated sets. The problem is
to find a cut that minimizes the ratio of the capacity of the cut and the
demand across the cut. In this minimum cut problem, demands express
the desirability of separating the corresponding sets of terminals. For the
minimum ratio problem we use cuts instead of multicuts. While multicuts
would also give a natural way of separating sets of terminals, it turns out
that the minimum ratio of a multicut is no less than the minimum of the
cut ratios associated with the sets defining the multicut.

We will obtain our Steiner multicut approximation algorithm by consid-
ering a linear programming relaxation of the multicut problem. The dual
of this linear program is the following generalization of the multicommod-
ity flow problem that we will refer to as the concurrent Steiner flow
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problem. In contrast to concurrent flow, where each commodity is associ-
ated with a single pair of terminals, here commodity i is associated with a
set of terminals S , for i s 1, . . . , k. Each commodity i also has ani
associated demand d . A Steiner flow f of commodity i in G connectingi i
terminal set S is defined as a collection of Steiner trees spanning thei
terminal sets S ; each tree has an associated real value. Let TT denote ai i

Ž .collection of Steiner trees that span terminals S , and let f t be ai i
nonnegative value for every tree t g TT . The ¨alue of the Steiner flow thusi

Ž .defined is Ý f t . The amount of flow of commodity i through an edget g TT ii
Ž . � Ž . 4¨w is given by f ¨w s Ý f t : t g TT and ¨w g t . A flow is feasible if iti i i

Ž . Ž .satisfies the capacity constraints, Ý f ¨w F u ¨w for every edge ¨w g E.i i
The goal is to maximize a common percentage z such that there exists a
feasible Steiner flow for which the flow of commodity i is zd .i

One can view this concurrent Steiner flow problem as a fractional
packing of Steiner trees into a capacitated graph, where for each i we pack
at least zd , trees associated with terminal set S . Notice that the integeri i
version of this tree packing problem, namely integer packing of Steiner
trees with given sets of terminals, arises in VLSI design, in particular in
the problem of routing multiterminal sets.

2.2. Finding Approximately Minimum-Ratio Steiner Cuts

The minimum-ratio Steiner cut provides a simple combinatorial upper
bound on the maximum possible value of z. We prove that this bound is

Ž 2Ž ..the best possible up to a factor of O log kt . We also give a polynomial
Ž 2Ž ..time O log kt approximation algorithm for finding the minimum-ratio

Ž 3Ž ..Steiner cut. Using this algorithm as a subroutine, we give an O log kt
approximation algorithm for finding the minimum-capacity Steiner multi-
cut separating all sets of terminals.

The maximum concurrent Steiner flow problem can be formulated as a
linear program, albeit one with an exponential number of variables, one
for every possible Steiner tree. In order to find an optimal solution using a

w xconvex programming algorithm, e.g., 13, 18 , we would have to solve the
minimum-cost Steiner tree problem, which is NP-hard. Instead of working
with this linear program, we work with a closely related one, in which
instead of Steiner trees we pack restricted Steiner trees. A restricted
Steiner tree in G for a terminal set S is a connected multigraph H

Ž .spanning S constructed in the following way: Let G s S, E be aS S
complete auxiliary graph on nodes in S and let T be a spanning tree in G .S
Multigraph H is constructed by replacing each edge ¨w of T with edges of
some path from ¨ to w in G. Note that minimum-weight restricted Steiner
tree can be found by assigning each ¨w edge in G weight equal to theS
minimum-weight of a path from ¨ to w in G and computing a minimum-
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weight spanning tree of G ; the minimum-weight restricted Steiner tree isS
then obtained by replacing each edge ¨w of T by the corresponding
minimum-weight path. We observe that using restricted Steiner trees
essentially corresponds to using the standard 2-approximation algorithm

Žfor the minimum-cost Steiner tree problem e.g., see the survey of Shmoys
w x .16 for the 2-approximation algorithm.

The maximum concurrent Steiner flow problem is closely related to the
restricted version. Clearly the value of the restricted problem zU is no˜
more than the optimum value zU for the unrestricted problem. It is not
hard to show that zU F 2 zU , but we will not need this fact.˜

Consider the linear-programming formulation of the concurrent re-
stricted Steiner flow problem. The linear programming dual of the concur-
rent restricted Steiner flow problem is as follows. There is a nonnegative

Ž . Ž .cost variable l e for every edge e. Let w S denote the minimum cost of˜l i
Ž .a restricted Steiner tree with terminal set S and costs l, and dist ¨ , w thei l
Ž .minimum cost of a path from ¨ to w in G. We will refer to dist ¨ , w asl

the distance from ¨ to w. The objective in the linear program is to
Ž . Ž . Ž .minimize Ý l e u e subject to the constraint Ý d w S G 1. Using the˜e i i l i

fact that minimum-weight restricted Steiner tree can be found in polyno-
mial time, we can solve the separation problem for this dual linear

Ž .program, and hence can find approximately optimum solutions to both
w xthe dual and the primal problem 13, 18 .

Ž . Ž .Given a length function l we will use W to denote Ý l e u e , andl e
Ž . Ž . Ž .W F s Ý l e u e for a subset of the edges F : E. For a subset ofl eg F

Ž .nodes S we use e S to denote the set of edges having at least one
Ž . Ž .endpoint in S. Note that G S ; e S . For Steiner flow and cut problems

< <with sets of terminals S for i s 1, . . . , k, let t denote S . Recall thati i i
< <t s max t . The number of terminals D S is denoted by T.i i i i

THEOREM 2.1. Gï en an instance of the minimum-ratio Steiner cut prob-
lem, let C denote the set of cuts that separate at least one demand set. Then
one can find a cut U in polynomial time such that

u U X u UŽ . Ž .
U U Uz F z F min F F O log T log kt z .Ž .Ž .˜ ˜XX d U d UU gC Ž . Ž .

w xWe will use the following lemma due to Garg et al. 5 :

LEMMA 2.2. For any positï e e and p, and any node s and any positï e
Ž Ž ..length function l, there exists a set U containing s such that u G U F

Ž Ž Ž ... y1e W rp q W e U , and e¨ery node in U is at a distance less than el l
Ž .ln p q 1 from s.
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Proof. We include the proof of this lemma for completeness. Consider
Ž . � Ž . 4the set of nodes V x s ¨ g V: dist s, ¨ F x for a parameter x. Thel

Ž .function W x defined below is in essence the volume reachable inl
distance x with an additional W rp extra volume at node s.l

W x s W rp q u ¨w l ¨wŽ . Ž . Ž .Ýl l
Ž .¨ , wgV x

q u ¨w x y dist s, ¨ .Ž . Ž .Ž .Ý l
Ž . Ž .¨gV x , wfV x

Ž .Note that W x is a monotone function of x, it is differentiable for alll
Ž .values of x except those of the form x s dist s, ¨ for some node ¨ , and itl

XŽ . Ž . Ž Ž Ž ...satisfies W x s Ý u ¨w s u G V x when differentiable.l ¨ g V Ž x ., w f V Ž x .
Ž . Ž Ž Ž ...Notice that W x F W rp q W e V x . Hence, if the inequality claimedl l l

Ž . y1 Ž .by the lemma does not hold for U s V x for any x F e ln p q 1 , then
XŽ . Ž . y1 Ž .we have that W x ) eW x for every x F e ln p q 1 . This impliesl l

y1 Ž .that for x s e ln p q 1

ln W x ) e x q ln W 0 s ln p q 1 W 0 .Ž . Ž . Ž . Ž .Ž .l l l

Ž . Ž . ŽIn addition, we have that W 0 s W rp, and W x F W rp q W s 1 ql l l l l
.1rp W for every x. The resulting contradiction proves the lemma.l

Ž .First we prove a weaker version of Theorem 2.1 with the log kt in the
Ž .bounds replaced by log D where D s Ý t y 1 d , and we assume thati i i

the demands are integral. Then we show how to improve the weaker bound
involving log D to the bound claimed in the theorem by using the tech-

w xnique of Plotkin and Tardos 12 .

THEOREM 2.3. Gï en an instance of the minimum ratio Steiner cut
problem, let C denote the set of cuts that separate at least one demand set.
Then one can find a cut U in polynomial time such that

u U X u UŽ . Ž .
U U Uz F z F min F F O log T log D z .Ž .˜ ˜XX d U d UU gC Ž . Ž .

Proof. We first argue that the chain of inequalities zU F zU F˜
Ž X. Ž X. Ž . U

Xmin u U rd U F O log T log D z is valid, and then worry about˜U g C

finding the appropriate cut U in polynomial time. The chain of inequalities
U U Ž X. Ž X. Ž . Ž .Xz F z F min u U rd U F u U rd U is clear for any set U.˜ U g C

Ž X. Ž X.XThe nontrivial inequality we need to prove is that min u U rd UU g C

Ž . U U Ž X. Ž X.XF O log T log D z . Let s s min u U rd U denote the mini-˜ U g C

mum ratio of a cut. Let l denote the optimum dual solution to the
concurrent restricted Steiner flow problem. Then zU equals the dual opti-˜
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Ž . Ž .mum value W s Ý l e u e . The dual solution satisfies the constraintl e
Ž .Ý d w S G 1, therefore it suffices to prove the inequality˜i i l i

Wl
d w S F c log T log D 1Ž . Ž .˜Ý i l i Usi

for some constant c. We prove that this inequality is valid for any length
function l by induction on D.

w xWe start along the lines of the proof of Klein et al. 9 . Apply Lemma 2.2
for a source s, p s T , and an appropriately chosen e . Delete the resulting

Ž .set U from the graph along with all the edges in e U , and apply the
lemma to another terminal in the remaining graph. Repeat until no more

Ž .terminals are left. Let AA s U , U , . . . , U denote the resulting multicut0 1 q
with U denoting the set remaining when there are no more terminals left.0
By adding the bounds on capacities of the cuts given by the lemma we get
that

q q

u U F qeWrp q eW e U .Ž .Ý Di l iž /ž /
is1 is1

The second term can be bounded by eW . To bound the first term by eWl l
observe that q, the number of parts in the partition, is at most the number
of terminals T , and we choose p s T. Hence the total capacity of the
multicut does not exceed 2eW .l

Ž .Consider a terminal set S . The multicut AA s U , . . . , U partitions thei 0 q
set S . For every j such that S l U / B, select one element in thei i j
intersection to represent the intersection, and let SX denote the set ofi
these representatives.

The fact that the diameter of each one of the sets U for j G 1 isj
y1 Ž .bounded by 2e ln T q 1 implies that

X < X < y1w S F w S q 2 S y S e ln T q 1 . 2Ž . Ž . Ž . Ž .˜ ˜l i l i i i

We use the induction hypothesis on the problem with demands d andi
set of terminals SX for i s 1, . . . , k. We set e s s UDr8W to guaranteei l

X Ž < X < .that D s Ý d S y 1 , the quantity corresponding to D in the newi i i
problem, is at most half of D. Indeed, by definition, for each j, we have

XUŽ . Ž .u U rd U G s . Hence if D / 0 then we havej j

Ý u U 2u AA 2u AA 4eWŽ . Ž .ž /j j lUs F s F F ,X X X< < < <XÝ d S Ý d S y 1 DŽ .Ý d U i : < S < /1 i i i i iž /j j i

which implies DX F Dr2 by the choice of e . By the induction hypothesis

WlX Xd w S F c log T log D .Ž .˜Ý i l i Usi
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Ž . < X <Recall inequalities 2 , and notice that Ý d S y S F D. Using thesei i i i
inequalities and the definition of e we get that

D W 8Wl l
d w S F c log T log q 2 D ln T q 1 .Ž . Ž .˜Ý i l i U Už /2 s s Di

Ž .This implies the desired inequality 1 assuming that c is sufficiently big.
Ž . Ž .Next we turn to giving an algorithm to find a set U such that u U rd U

Ž . UF O log T log D z . The above proof can be viewed as an algorithm that˜
U Ž . Ugiven an estimate s for s either proves that s F O log T log D z or˜

Ž . Ž .provides a cut U with ratio u U rd U less than s .j j j
Now the algorithm to find U is as follows. We initialize U to be the min

ratio of a single-node cut. We repeatedly run the proof of the algorithm
Ž . Ž . Ž . Ž . Uwith s s u U r2 d U . As long as u U rd U ) 2c log T log Dz the˜

algorithm finds a cut with ratio less than s , at least a factor of two smaller
than the ratio of U.

In order to complete the Proof of Theorem 2.1, it remains to improve
Ž Ž ..the log D in the above theorem to O log kt . We proceed along the lines

w xof the proof of the similar improvement in the two-terminal case 12 . We
group the demands into groups according to the magnitude of the demand.
Group p consists of all the commodities with demand between
Ž 3 . py1 Ž 3 . p2 t k min d and 2 t k min d , so that the range of demands in ai i i i

3 U Ž . Ž .single group is limited by 2 t k. Let s s min u AA rd AA denote theAA

minimum capacity-to-separated demand ratio, and let s U denote thep
minimum capacity-to-demand ratio in the problem induced by the com-
modities in group p. Similarly, let zU denote the optimum value of the˜
concurrent restricted Steiner flow problem, and zU denote the value of thep
concurrent restricted Steiner flow problem induced by the commodities in
group p. Using simple rounding and Theorem 2.3 we get the following
lemma:

LEMMA 2.4. For e¨ery group p we ha¨e that zU F s U Fp̃ p
Ž Ž .. UO log T log kt z .p̃

Clearly, zU F min zU. It remains to prove that the minimum cannot be˜ ˜p p
U w xmuch larger than z . The following lemma was proved in essence in 12 .˜

w x XLEMMA 2.5 12 . Consider two sets X and X of 2-terminal commodities,
and let D denote the sum of the demands of the commodities in X. AssumeX
that there exists a feasible flow that satisfies demands of commodities in X and
another feasible flow that satisfies demands of the commodities in X X. Then
there exists a feasible flow that satisfies the demands of the commodities in X
and also, for each commodity i in X X, satisfies demand d y 2 D .i X
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The corresponding lemma for the Steiner flow case is as follows.

LEMMA 2.6. Let Q and QX denote two sets of Steiner commodities, with at
most t terminals per commodity. Assume that e¨ery commodity in QX has
demand at least 2 t 3 times more than the total demand of commodities in Q,
and assume that there is a feasible packing of restricted Steiner trees satisfying
the demands in Q and another feasible packing of restricted Steiner trees
satisfying the demands in QX. Then there exists a feasible packing of restricted
Steiner trees satisfying all the demands in Q and at least half of each of the
demands in QX.

Proof. We reduce the proof to Lemma 2.5. A restricted Steiner tree for
< <terminal set S consists of S y 1 paths connecting pairs of terminals. Ai i

packing of restricted Steiner trees for terminal set S corresponds this wayi
< < 2to a solution to a problem on up to S r2 two terminal nets with totali

Ž < < .demand S y 1 d .i i
Ž .Let X denote the set of terminal pairs with associated demands

corresponding to the restricted Steiner tree packing for Q, and let X X

Ž .denote the set of terminal pairs with associated demands corresponding
to the restricted Steiner tree packing for QX. The sum of demands D ofX
commodities in X is at most tÝ d . By Lemma 2.5 there exists ajg Q j
feasible flow that satisfies the demands of the commodities in X and also,
for each commodity i in X X, satisfies demand d y 2 D . A feasible flowi X
that satisfies the demands of the commodities in X is a restricted Steiner
flow satisfying the demands in Q.

Consider the restricted Steiner flow of a commodity i in QX. The total
amount of flow removed from commodity i due to decreased flow from s
to t in X X for two nodes s, t g S is at most 2 D F 2 tÝ d . For ai X jg Q j
commodity i g QX we have to consider paths between up to t 2r2 pairs of
its terminals. Therefore, there exists a feasible restricted Steiner flow that
satisfies the demands of commodities in Q, and at least d y t 3Ý di jg Q j
demand of commodity i. The assumption guarantees that this satisfies at
least half of the demand of commodity i. The claim follows by repeating

Xthis procedure for all commodities in Q .

Applying the above lemma, we can now prove that zU is not much˜
smaller than the smallest zU :p̃

LEMMA 2.7. min zU F 4 zU.˜ ˜p p

Proof. First consider all the commodities in Q for even values of p.p
Observe that for any p, the commodities in Q and Q satisfy thep pq2
assumptions of Lemma 2.6. Thus, by induction on p it is easy to show that
there exists a feasible restricted Steiner flow that satisfies min zUr2˜p p
fraction of demands in all groups Q with even p. The claim follows fromp
repeating the same argument for odd-numbered commodity groups.
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Proof of Theorem 2.1. Applying Lemmas 2.4 and 2.7, we get:

zU F s U F min s U F O log T log kt min zU F O log T log kt ? 4 zU .Ž . Ž . Ž .Ž . Ž .˜ ˜ ˜p p
p p

Next we consider the problem of finding a minimum-capacity multicut
separating all sets of terminals. This problem is related to another Steiner
flow problem, the maximum-sum Steiner flow problem. In this problem we

Ž .are seeking to find a feasible Steiner flow that maximizes Ý f t . Thei, t g TT ii

minimum capacity of a multicut that separates all of the terminal sets gives
a combinatorial upper bound on the maximum Steiner flow value. For
computability reasons we shall consider the analogous maximum-sum
restricted Steiner flow problem, in which flow of commodity i is carried by
restricted Steiner trees for set S , rather than Steiner trees spanning set S .i i
Using the above algorithm and Theorem 2.1, we show that this upper

Ž Ž ..bound is within a factor of O log T log k log kt of the maximum flow
value.

THEOREM 2.8. Gï en an instance of the problem of separating k sets of
terminals with minimum capacity, let B denote the set of multicuts that
separate all of the gï en sets of terminals. In polynomial time one can find a
multicut AA g B such that

˜U U ˜Uf F f F min BB F u AA F O log T log kt log k f ,Ž . Ž . Ž .Ž .
BBgB

where fU is the ¨alue of the corresponding maximum-sum Steiner flow and
˜Uf is the ¨alue of the maximum-sum restricted Steiner flow.

˜U UProof. For any multicut AA g B the chain of inequalities f F f F
Ž . Ž .min u BB F u AA is obvious. To construct the multicut AA that satis-BB g B

fies

u AA F cX log T log kt log kW , 3Ž . Ž . Ž .l

we consider the linear programming dual of the maximum-sum restricted
Steiner flow problem. In the dual there is a nonnegative length variable
Ž .l ¨w for each edge. The dual of the maximum-sum restricted Steiner flow

Ž . Ž .problem is to minimize W s Ý u e l e subject to the conditions l G 0l e
Ž .and w S G 1 for all commodities i. Let l be such an optimal dual.˜l i

We use Theorem 2.3 with terminal sets S for i s 1, . . . , k and demandsi
d s 1 for every i. Note that D F kt for this problem and that lrk is ai
feasible solution to the dual of this concurrent restricted Steiner flow
problem with objective value W rk. Therefore, W rk is an upper bound tol l
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the concurrent restricted Steiner flow value. By applying Theorem 2.3 we
Ž .obtain a cut U with capacity-to-demand ratio at most c log T log kt W rk,l

where c is the constant implicit in the big-O notation of Theorem 2.3.
Let kX denote the number of terminal sets separated by the cut U. We

Ž . Ž .Ž X .have that u U F c log T log kt k rk W . Now, apply induction for thel
problem with the kX terminal sets separated by the cut U removed. The
length function l is a feasible dual solution with objective value W ,l
therefore W is an upper bound on the maximum-sum restricted Steinerl
flow value for the problem with k y kX terminals. Adding the cut U to the
multicut resulting from the induction we get a multicut with capacity at
most

kX

X Xc log T log kt W q c log T log kt ln k y k W .Ž . Ž . Ž .l lk
Ž . XUsing the fact that x G ln 1 q x and assuming that c G c we get that the

Ž .resulting multicut satisfies inequality 3 , as desired.

Finally, we derive a weighted version of the decomposition theorem
mentioned in the introduction. Let l be a nonnegative length function and

Ž . Ž .u a capacity function on the edges, and let W s Ý u e l e . Assume thatl e
< < < <we are given k sets of terminals S , such that S F t, D S F T , and thei i i i

minimum cost of a Steiner tree spanning the set of terminals S is at leasti
d for every i.

THEOREM 2.9. Consider a graph G with edge capacities u, edge lengths l,
and k sets of terminals. In polynomial time one can find a multicut of capacity

y1 Ž Ž . .at most d O log T log kt log k W that separates e¨ery set of terminals,l
where W and d are defined abo¨e.l

XŽ .Proof. Observe that l ¨w s lrd is a feasible dual for the maximum-
� 4sum Steiner flow problem with terminal sets specified by S . Hence thei

Ž . XŽ .value of the maximum-sum flow is at most Ý u ¨w l ¨w s W rd . By¨ w l
Theorem 2.8 we have that there exists a multicut whose capacity is

ŽŽ . Ž ..bounded by O W rd log T log k log kt that separates each set of termi-l
nals, and such a multicut can be found in polynomial time.

2.3. Computing the Dual Solutions

The most time-consuming stage in the approximation algorithms de-
scribed in the previous section is the computation of l, the dual solution to
the restricted Steiner flow problems. Although the corresponding linear
programs can be solved in polynomial time by any interior-point linear
programming algorithm, the resulting running time is pretty slow. Much

w xfaster algorithms can be obtained by using the techniques in 13, 14 . In
what follows we sketch how to apply these techniques and state the
running times.
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Consider the multicut problem. Note that the dual solution l only needs
to be computed once during the approximation algorithm. The proof refers
repeatedly to finding close to minimum-ratio cuts for some derived prob-
lems. However, as can be seen from the proof, we can use the length
function obtained by the initial maximum-sum restricted Steiner flow
problem, and do not need to repeatedly find new length functions.

Let TT denote a collection of restricted Steiner trees that span terminalsi
Ž . Ž .S , let f t be a nonnegative value for every tree t g TT , and let f ¨w si i i i

� Ž . 4Ý f t : t g TT and ¨w g t . The corresponding LP is as follows:i i

minimize l subject to:
Ž . Ž . Ž .f ¨w Flu ¨w ;¨w g E, 4Ý i

i

Ž . Ž .f t s1, 5Ý Ý i
i tgTTi

Ž .f t G0 ;t g TT , 1 F i F k.i i

Observe that there is a one-to-one correspondence between feasible
primal solution to this LP with value l and primal feasible solution of the

Ž .maximum-sum restricted Steiner flow problem with value f s 1r 2l .
Thus, we have

1 2
UF 2f F , 6Ž .U Ul l

where lU denotes the optimum solution to the above LP, and fU the
maximum-sum restricted Steiner flow value. Moreover, since we can easily
approximate l to within a factor of k, we can use binary search to scale
capacities such that the problem reduces to the case where the optimum
solution lU is between 1 and 2.

w xThe packing algorithm in 13 approximately solves LPs of the form
‘‘minimize l subject to Ax F lb, x g PP,’’ where Ax G 0, ; x g PP and PP

is a convex set. The solution involves repeated invocations of a minimiza-
tion subroutine over PP, which is assumed to be given. In our case, PP is

Ž .defined by 5 . Finding a minimum-cost restricted Steiner tree is done by
computing shortest path distances from the terminals, and then finding a
minimum-cost spanning tree for each terminal set. The shortest path

Ž .computation can be done in O Tm log n time by running Dijkstra’s
algorithm out of each terminal.

w xThe expected number of iterations of the packing algorithm in 13 is
proportional to a parameter r, which in our case is the maximum of

Ž . Ž .Ý f ¨w ru ¨w over all feasible solutions. In order to limit r we observei i
that restricting each TT to include only trees that use edges with capacityi

Ž .above 1r 4m can change the value of the LP by at most a constant factor.
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Ž . w xThus, we have that r s O m . Using Theorem 2.7 from 13 , the expected
Ž . U Ž Ž 2 ..number of iterations is O m log n , resulting in an O m Tm q kt

algorithm that solves the above LP to within a constant factor.
In fact, in addition to the primal solution, this algorithm produces dual

Ž .variables l ¨w . Due to our restricting the edges used by the solution to
Ž .those with capacity at least 1r 4m the dual solution only assigns length l

Ž . Ž .to these edges. The dual linear program minimize Ý l e u e subject toe
XŽ . XŽ .l G 0 and w S G 1 for all i s 1, . . . , k, where w S denotes the mini-˜ ˜l i l i

mum cost of a restricted Steiner tree on terminals S using only edges ofi
Ž .capacity at least 1r 4m . We extend this dual solution to the rest of the

Ž . Ž . Ž . Ž Ž ..edges by setting l ¨w s 4Ý u e l e r mu ¨w for the edges with smalle
Ž . Ž .capacity. This changes the dual objective value W s Ý l e u e by at mostl e

a factor of 5, and the cost of a restricted Steiner tree is at least 1. Hence
length function l can be used in the algorithm Theorem 2.8.

THEOREM 2.10. The approximate length function l, needed for the algo-
U Ž 2 2 ..rithm in Theorem 2.8, can be computed in O Tm q kmt time.

w xRemark. The packing algorithm of 13 and the improvement by Radzik
w x14 can be used also to compute the approximate length function l,
needed for the algorithm in Theorem 2.1. The resulting algorithm has

U Ž . U Ž .O mk iterations, where an iteration can be implemented in O mt
time.

3. DIRECTED MULTICUTS

3.1. Directed Decomposition

In this section we prove a new directed decomposition theorem that is
the basis of our directed multicut results described in the next section. In
essence, the decomposition theorem states that given a graph where each

Ž . Ž .edge e has capacity u e and length l e , we can remove some edges with
small total capacity such that any two nodes that stay in the same strongly
connected component are close.

Let l be a nonnegative length function on the edges, and let W s
Ž . Ž . Ž .Ý l ¨w u ¨w . Assume that we are given k pairs of nodes s , t , such¨ w i i

that the round trip distance between s to t is at least d . A multicuti i
separates a given pair of nodes if after removing the edges associated with
this multicut, those nodes are left in different strongly connected compo-
nents. Note that there are graphs where the capacity of a multicut

Ž .separating all the given node pairs is at least V Wrd . The following
theorem gives the complementary upper bound.
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THEOREM 3.1. Consider a directed graph G with edge capacities, edge
lengths, k pairs of terminals, d , and W as defined abo¨e. In polynomial time

y1 Ž 2 .one can find a multicut of capacity at most d O log k W that separates
e¨ery terminal pair.

We are going to prove the theorem through a sequence of lemmas. The
first lemma is a straightforward adaptation of the related undirected graph

Ž w x. Ž .lemma Lemma 2.2 from 5 . For a node set U let e U denote the set of
outŽ . Ž .edges with at least one endpoint in U, G U : e U denote the set of

inŽ . Ž .edges leaving U, and G U : e U denote the set of edges entering U.

LEMMA 3.2. For any positï e e and p, and any node s, there exists a set U
Ž outŽ .. Ž Ž Ž ...containing s such that u G U F e Wrp q W e U , and e¨ery node in

y1 Ž .U is at a distance less than e ln p q 1 from s.

In the undirected case, using the set U of the above lemma we get a
region around the node s such that the distance between any pair of nodes

y1 Ž .in this region is bounded by 2e ln p q 1 , i.e., all the nodes in this
region are close to each other. Unfortunately, we cannot make this type of
claim for the directed case. This fact is the main reason that the previously
known undirected decomposition theorems cannot be easily extended to
the directed case.

y1 Ž . outNow set e s 4d ln k q 1 . Let s be a source, and let R denote the
Žoutregion constructed using this e , p s k, and node s. Similarly by

. inconsidering the graph with reverse edges , we construct an inregion R .
By the choice of e , for any node x in the intersection Rout l R in , there is
an s-to-x path and an x-to-s path, each of length less than dr4. Using the
fact that the distance from s to t plus the distance from t to s is at leasti i i i
Ž .d by the assumptions stated above Theorem 3.1 , we obtain the following

lemma.

� 4LEMMA 3.3. There are no pairs of terminals s , t such that both s and ti i i i
are in the intersection Rout l R in.

LEMMA 3.4. Consider a graph G with edge capacities, edge lengths, k pairs
of terminals, d , and W as defined abo¨e Theorem 3.1. In polynomial time one

Ž . y1 Ž .can find a multicut AA s U , . . . , U of capacity at most d O log k W such1 p
that each part U contains at most kr2 pairs of terminals.j

Proof. We give a recursive algorithm to construct the multicut. Select a
source s, and construct the regions Rout and R in using Lemma 3.2 as used
in Lemma 3.3. It follows from Lemma 3.3 that one of the two regions
contains at most kr2 terminal pairs. Let U be this region.

Ž .We delete region U from the graph along with all adjacent edges e U ,
X Ž .and recursively construct a multicut AA s U , . . . , U in the remaining1 r

graph. In applying Lemma 3.2 we use p s k in all levels of the recursion.
We add the part U to multicut AA

X. If U was an outregion, the new multicut
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Ž .is AA s U, U , . . . , U . If U was an inregion, the new multicut is AA s1 r
Ž . XU , . . . , U , U . In either case, the capacity we added in going from AA to1 r

y1 Ž .Ž Ž Ž ..AA is at most 4d ln k q 1 Wrk q W e U .
Ž .Now consider the capacity of the resulting multicut AA s U , . . . , U .1 q

Lemma 3.2 bounds the contribution of each region U to the capacity ofj
the multicut. The bound consist of two parts, a term independent of the

y1 Ž .region, 4d ln k q 1 Wrk; and a term depending on the edges adjacent
to the region. In each recursion we reduce the number of pairs by at least
one, so the number q of parts is at most k. Furthermore, since the edges
adjacent to set U have been deleted from the graph before the recursive
call, the sets of edges whose weight is used to bound the contribution are

y1 Ž .disjoint. Hence the capacity of AA is at most 8d ln k q 1 W.

Proof of Theorem 3.1. The Theorem follows from Lemma 3.4 by
induction on k. First apply Lemma 3.4, then apply the inductive hypothesis
to the problems defined by the graphs spanned by each of the regions U ,j
the pairs of terminals included in U , and the original length function l.j

3.2. From Decomposition to Directed Multicuts

In this section we show how to use the directed decomposition tech-
nique presented above in order to design an algorithms that find approxi-
mately optimal solutions for two multicut problems. In the minimum

Ž .multicut problem we are given k pairs of terminals s , t , and the problemi i
is to find the minimum capacity multicut that separates all terminals pairs.

Ž .In the minimum-ratio multicut problem each pair of terminals s , t has ani i
associated demand d , and the problem is to find a multicut whosei
capacity-to-separated demand ratio is minimal.

The multicut problems are closely related to two flow problems. A
Ž .multicommodity flow problem or multiflow problem for short is defined by

Ž .a directed graph G with nonnegative edge capacities u ¨w , and k com-
Ž .modities. A commodity is specified by a source-sink pair s , t , thei i

terminals of commodity i. In a symmetric st-flow f each unit of flow sent
from a source s to the corresponding sink t also has to be returned from t
to s, though not necessarily along the same path. The amount of flow
through an edge ¨w is defined to be the sum of the values of all paths in
the flow that include the edge ¨w. A multiflow is feasible if, for each edge

Ž .¨w, the amount of flow through ¨w is at most its capacity u ¨w .
We consider two kinds of optimization problems concerning symmetric

multiflows. The minimum-capacity multicut problem is related to the
maximum-sum symmetric multiflow problem, in which the goal is to find a
feasible symmetric multiflow maximizing the sum of the values of the
flows. The minimum-ratio multicut problem is related to the concurrent
multiflow problem, in which we are given a nonnegative demand d fori
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each commodity i. A multiflow f has throughput z if the value of commod-
ity i’s flow f is zd . The concurrent multiflow problem is to find a feasiblei i
multiflow with maximum throughput zU. We will use D to denote the sum
Ý d , and in bounds containing D we will assume that the demands arei i
integral.

The dual linear programs for these multiflow problems can be viewed as
linear programming relaxations of the corresponding multicut problems.
The dual linear programs are similar. In each, there is a nonnegative

Ž . Ž .length variable l ¨w for each edge. Let dist x, y denote the distancel
from x to y in G with respect to the length function l. The dual of the
maximum-sum symmetric multiflow problem is to minimize W s

Ž . Ž . Ž .Ý u ¨w l ¨w subject to the conditions l G 0 and dist s , t q¨ w l i i
Ž .dist t , s G 1 for all commodities i. The dual of the concurrent flowl i i

Ž . Ž .problem is to minimize W s Ý u e l e subject to the conditions l G 0¨ w
w Ž . Ž .xand Ý d dist s , t q dist t , s G 1.i i l i i l i i

Now we show how to use the directed decomposition Theorem 3.1 to
derive an algorithm that, given a feasible solution to the linear program-
ming dual of the multiflow problem, finds a multicut with value at most a
logarithmic factor above the value of the dual solution. Since an optimal
dual solution value is equal to the optimal value of the multiflow problem,
this proves both the approximate max-flow min-cut theorem, and that the
multicut produced by the algorithm is close to optimal. The basic outline
of our proof and algorithm is analogous to the outline of the algorithms

w xfor the undirected case 5, 9, 10 . The main difference is the use of the
more involved directed decomposition given by Theorem 3.1.

Let l be an optimal dual solution of the maximum multicommodity flow
Ž . Ž .problem. The dual objective value is W s Ý u ¨w l ¨w . The dual con-¨ w

Ž . Ž .straints ensure that dist s , t q dist t , s G 1, for all commodities i.l i i l i i
Ž 2 .Hence by Theorem 3.1 there is a multicut of capacity at most O log k W,

Ž 2 .that is, at most O log k times the dual objective value. Since the dual
objective value equals the primal objective value, the maximum multiflow
value, we obtain the following theorem.

THEOREM 3.5. Gï en an instance of directed multicut problem with k
terminal pairs, let B denote the set of the multicuts that separate all the
demand pairs. Then one can find a multicut AA in polynomial time such that

fU F min u BB F u AA F O log2 k fU ,Ž . Ž . Ž .
BBgB

where fU is the ¨alue of the maximum-sum multiflow in the corresponding
directed symmetric multiflow problem.
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For the minimum-ratio multicut problem we have the following theo-
rem:

THEOREM 3.6. Gï en an instance of directed minimum-ratio multicut
problem with k terminal pairs and symmetric demands, let C denote the set of
all multicuts that separate some demand pairs. Then one can find a multicut
AA in polynomial time such that

u CC u AAŽ . Ž .
U U3z F min F F O log k z ,Ž .

d CC d AAŽ . Ž .CCgC

Ž .where for a multicut CC we use d CC to denote the sum of the demands
separated by CC, and zU denotes the maximum ¨alue of the corresponding
directed concurrent multiflow problem.

We start with proving a weaker version of the theorem with one log k
replaced by a log D in the upper bound. Similar to the case of undirected
graphs, the proofs of Theorems 3.1 and 3.5 can be modified along the lines

w xof 9 to prove this version. However, we chose to present a different proof
w xwhich is an adaptation of a proof of Kahale 8 for the undirected case. We

rely on the following lemma from Kahale.

w xLEMMA 3.7 8 . For gï en positï e d , . . . , d and integers d , . . . , d there1 k 1 k
� 4exists a set Q : 1, . . . , k such that

Ýk d dis1 i i F d min d . 7Ž .Ý i iž /k ž /ln 1 q Ý d igQŽ .is1 i igQ

THEOREM 3.8. Gï en a directed concurrent flow problem with symmetric
demands, let C denote the set of all multicuts that separate some demand
pairs. Then one can find a multicut AA such that

u CC u AAŽ . Ž .
U U2z F min F F O log D log k z ,Ž .

d CC d AAŽ . Ž .CCgC

Ž .where for a multicut CC we use d CC to denote the sum of the demands
separated by CC.

Proof. The only nontrivial inequality is the last. To prove the last
inequality let l be an optimal dual solution for the concurrent multiflow

Ž . Ž .problem. The dual objective value is W s Ý u ¨w l ¨w . For commodity¨ w
Ž . Ž .i let d s dist s , t q dist t , s . The constraint of the dual linear pro-i l i i l i i

gram ensures that Ý d d G 1. Apply Lemma 3.7 to obtain a set Q, and leti i i
Ž .d s min d . The inequalities 7 and Ý d d G 1 imply thatig Q i i i i

1
d d G . 8Ž .Ý i ln 1 q DŽ .igQ
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We apply Theorem 3.1 to the length function l and the commodities in
Q. The theorem shows that there is a multicut AA separating all commodi-

Ž . Ž 2 .ties in Q of capacity 1rd O log k W. The demand separated by AA is at
Ž .least Ý d . Using 8 we see that the capacity-to-demand ratio of AA isig Q i

u AAŽ .
2s O log D log k W .Ž .

d AAŽ .

Ž . Ž .Since W s Ý u ¨w l ¨w is the dual objective value and is therefore¨ w
Uequal to the primal objective value z , we obtain the theorem.

Next we show how to get the stronger bound of Theorem 3.6, indepen-
dent of the size of the demands, by extending the technique of Plotkin and

w xTardos 12 to the case of directed graphs. In essence we prove that up to
small constant factors the worst min-cutrmax-flow ratios occur in prob-
lems with integer demands that are bounded by a small-degree polynomial
in k.

First, observe that rounding the demands up to multiples of min d cani i
change the value of zU by at most a factor of 2. Moreover, this rounding
cannot change the demand across any multicut by more than a factor of 2.
This implies that the value of D in Theorem 3.8 can be replaced by
D̂ s Ý d rmin d without assuming the integrality of the demands.i i i i

Next we group the demands into groups according to the magnitude of
the demand. Group p consists of all the commodities with demand

Ž 2 . py1 Ž 2 . pbetween 10k min d and 10k min d , so that the range ofi i i i
2 U Ž . Ž .demands in a single group is limited by 10k . Let s s min u AA rd AAAA

denote the minimum capacity-to-separated demand ratio, and let s U
p

denote the minimum capacity-to-demand ratio in the problem induced by
the commodities in group p. Similarly, let zU denote the optimum value of
the concurrent flow problem, and zU denote the value of the concurrentp
flow problem induced by the commodities in group p. Theorem 3.8
together with the fact that the range of the demands in each group is

Ž 2 .bounded by O k and the above observation about demand rounding
gives the following lemma.

U Ž 3 . ULEMMA 3.9. For e¨ery group p we ha¨e that z F s F O log k z .p p p

Next we prove that the optimum value of the concurrent flow zU is
within a constant factor of the min zU. Clearly, zU F zU for all p. Thep p p
next lemma encapsulates the main ideas needed to prove the opposite
inequality.

LEMMA 3.10. Let Q and QX denote two sets of demands. Assume that
X Ž .e¨ery commodity in Q has demand at least 8k q 4 times more than the

total demand of commodities in Q, and assume that there is both a feasible
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flow f satisfying the demands in Q and a feasible flow f X satisfying the demands
in QX. Then there exists a flow satisfying all the demands in Q and at least half
of each of the demands in QX such that the flow through an edge ¨w is limited

Ž . Ž .by 1 q 1rk u ¨w .

Proof. It is no loss of generality to assume that both of the flows f and
f X, and the capacities u are rational. Multiplying up with the common
denominator, we can further assume without loss of generality that f , f X,

Ž .and u are integral. We will regard an edge e with capacity u e as a
Ž . Xcollection of u e parallel edges, and flows f , f as collections of edge-dis-

joint paths in the network. Notice that nothing prevents a flow path of a
commodity in Q from using the same edge as some flow path of a
commodity in QX. We will call such situation a collision.

The idea of the proof is to delete a small number of flow paths of
commodities in QX and reroute the flow paths of the commodities in Q, in
order to eliminate all collisions between flow paths of the commodities in
Q and QX. The rerouting procedure, as described below, creates both

Ž .unit-flow paths that carry up to one unit of flow each, and 1rk -flow paths
that carry 1rk units of flow. The goal is to ensure that a single unit-capac-

Ž .ity edge will participate in at most one unit-flow path and one 1rk -flow
paths. We will eliminate collisions one at a time, giving a pseudopolyno-
mial algorithm for rerouting. Note, however, that the flow, whose existence
is proved by this lemma, can be constructed without referring to this proof,
by running a multicommodity flow algorithm.

First, we will concentrate on eliminating collisions with a single com-
modity j g QX. We remove some flow paths of commodity j, and reroute
some of the flow paths of commodities in Q. We will show that this
procedure will not create further collisions, except that unit-capacity edges

Ž .used by the flow paths of commodity j might participate in an 1rk -flow
path in addition to a unit-flow path. Repeating this procedure for each
commodity in QX we obtain the lemma.

To eliminate collisions with commodity j, we first create a set of
beginning segments PP of the flow paths of commodities Q. Initially, PP1 1
consists of all flow paths of commodities in Q. On each flow path of
commodity j, we will note the last collision with a path in PP , and denote1
the set of these ‘‘last collision edges’’ by L . Consider a path P g PP thatj 1

< <uses more than k edges of L , i.e., P l L ) k. Let P denote the part ofj j 1
this path from its source until the k th collision, and delete the rest of this
path. This operation changes L , by exposing new collisions as the lastj
ones on some flow paths of commodity j. However, the number of
collisions is decreasing, and hence after a finite number of such changes
the set L will have of at most k collision edges on each of the paths inj
PP .1



KLEIN ET AL.262

In a symmetric way create a set of end segments PP of the flow paths of2
commodities Q. Again, we start with letting PP consist of all flow paths of2
commodity Q. We consider the first collision edges F . In a way analogousj
to the above we delete the beginning segments of paths in PP until each2
path in PP has at most k edges in F .2 j

An example of the construction of the start and end segments is shown
in Fig. 1. The flow paths of the jth commodity are going from top to

Ž .bottom, and the flow paths of the three commodities a, b, and c in Q are
going from left to right. Collisions are represented by black and grey
circles; black circles crossed out with ‘‘x’’ represent collisions in L andj
plain black circles represent collisions in F . To simplify the figure wej
constructed beginning and end segments with only 2 collisions on every
flow path in Q. The end segments are shown as dashed lines, the beginning
segments as solid lines.

Now delete all the flow paths of commodity j that contain edges of Lj
Ž .and F that is, those that cause collisions . This ensures that there are noj

collisions between remaining flow paths of commodity j and paths in
PP j PP .1 2

For each flow path P of a commodity in Q with source s and sink t, we
Ž . Ž .have two path segments P s s, ¨ g PP and P s w, t g PP , where ¨1 1 2 2

and w are some intermediate nodes on the path P. If P s P j P , then1 2
there are no collisions on P, and we leave it as it was originally routed.
Otherwise, there are k paths associated with collisions L l P of the jthj 1
commodity, and another k paths of the jth commodity associated with

FIG. 1. Construction of the start and end segments.
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collisions F l P . Split the unit flow associated with P into k pieces,j 2 1
Ž .each carrying 1rk units of flow, and route each piece from s to the sink

t of the jth commodity using part of the segment P , and one of thej 1

removed flow paths of the jth commodity associated with one of the
collisions in L l P . Similarly, split the unit of flow associated with P ,j 1 2

and route from the source of the jth commodity to t, using the removed
flow paths of the jth commodity associated with F l P .j 2

Ž .Observe that the above procedure adds only 1rk -flow paths that use
edges freed by the commodity j g QX. The added paths can not collide
with flow paths of commodities in QX. Moreover, the procedure does not
create any collisions between unit flow paths of commodities in Q. New
collisions can be created only on edges freed by removing flow paths of

Ž .commodity j. Note that 1rk -flow paths that connect start segments to t j

are edge-disjoint and do not have edges in common with the start seg-
Ž .ments. Similarly, 1rk -flow paths that connect s to the end segments arej

edge-disjoint and do not have edges in common with the end segments.
Thus, the worst that can happen is that some of the edges freed by
removing flow paths of commodity j are used by a single unit-flow path

Ž .and a single 1rk -flow path at the same time.
Now we repeat the rerouting procedure in order to get rid of collisions

with the flow of the jth commodity from t to s . After this rerouting, eachj j

flow path of a commodity i in Q is either routed from the corresponding
source s to the corresponding sink t , or is split into two parts, where thei i

first part routes a unit of flow from s to either t or s , and the secondi j j

routes a unit from either s or t to t , respectively. By removing additionalj j i

d flow paths of the jth commodity from s to t and another d flow pathsi j j i

from t to s , we create sufficient number of free paths that allow us toj j

complete the routing of the ith commodity.
The above procedure removed at most 2k q 1 paths of commodity j

from s to t and from t to s for every flow path of a commodity in Q. Byj j j j

symmetry, there are two flow paths for every unit of demand, and the
amount of unsatisfied demand of commodity j is bounded by 4k q 2 times
the total demand of the commodities in Q. The conditions of the lemma
imply that this is below d r2. Notice that after a rerouting that eliminatesj

collisions with j, an edge can be assigned at most 1 q 1rk units of flow:
one unit due to a unit-flow path of a commodity in Q, and the rest due to a
Ž .1rk -flow path of a commodity in Q. Recall that this can happen only on
the edges originally used by commodity j. Hence, after eliminating colli-
sions with all the commodities in Q, it is sufficient to increase the capacity

Ž .by an 1 q 1rk factor to be able to route all of the commodities in Q and
Xhalf of the demand of the commodities in Q simultaneously.
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THEOREM 3.11. zU F min zU F 8 zU.p p

Proof. Clearly, zU F zU for all p. To prove the other inequality, letp
z s min zU. First we consider all of the commodities in Q with even p.p p p
For every such group Q , we have a feasible multicommodity flow fp p
satisfying demands zd , where i g Q . Let kX denote the number ofi p
nonempty even indexed groups. We claim that there exists a feasible

Ž .multicommodity flow f that satisfies demands zr2 d for each com-even i
modity i in group Q with even p, where the flow though an edge ¨w isp

Ž .kX Ž .limited by 1 q 1rk u ¨w .
We prove the above claim by induction on the number of nonempty

even-indexed groups. Let k denote the number of nonempty even in-p
dexed groups among the first p groups. The claim is obviously true for p
such that k s 1. To prove that the required flow exists for some even pp
such that Q is nonempty, apply Lemma 3.10 for commodity groupsp
Q s Q j ??? j Q , and QX s Q . Inductively, assume that there exists2 py2 p
a flow f that satisfies at least zr2 fraction of the demand of each

Žcommodity in Q, and the flow through an edge ¨w is limited by 1 q
.k py 2 Ž .1rk u ¨w . Lemma 3.10 applied to f and f implies that there exists ap

flow that satisfies the demands that were satisfied by f and at least 1r2 of
the demands satisfied by flow f and the flow through an edge ¨w isp

Ž .k p Ž .limited by 1 q 1rk u ¨w .
Applying the same argument for the sets Q for odd p, we conclude thatp

there exist a feasible flow f that satisfies at least zr2 fraction of eachodd
demand in odd-indexed groups such that the flow through an edge ¨w is

Ž .kY Ž . Ylimited by 1 q 1rk u ¨w , where k denotes the number of nonempty
odd-indexed groups. Therefore, there exists a feasible flow f that satisfies
zr2 fraction of each one of the demands such that the flow through an

wŽ .kX Ž .kY x Ž .edge ¨w is limited by 1 q 1rk q 1 q 1rk u ¨w .
Observe that kX q kY, the number of nonempty groups, is at most k, and

Ž .kX Ž .kY Ž .k1 q 1rk q 1 q 1rk F 1 q 1rk q 1 F 4. Diving the flow by 4 we
Ž .get that there exists a feasible flow f that satisfies demands zr8 d fori

every commodity i.

Proof of Theorem 3.6. By combining Lemma 3.9 and Theorem 3.11, we
get

U U U U U3 3z F s F min s F O log k min z F O log k z .Ž . Ž .p p
p p

3.3. Application: 2-CNF Clause-Deletion Problem

Direct application of our minimum multicut algorithm yields an approxi-
mation algorithm for the 2-CNF clause-deletion problem, i.e., the problem
of finding the minimum-weight set of clauses in a 2-CNF formula whose



APPROXIMATION ALGORITHMS 265

deletion makes the formula satisfiable, where k is the number of literals in
the formula. The exact variant of this problem is equivalent to the MAX
2-SAT problem, in which one seeks the maximum subset of clauses
comprising a satisfiable formula. However, in the context of approximation
algorithms, these problems seem to differ in difficulty. It is easy to
approximate MAX 2-SAT, and even MAX SAT to within a small constant

w xfactor 6, 7, 19 . However, the number of clauses discarded by these
algorithms cannot be expected to be within a polylogarithmic bound of the
minimum.

The basis for the reduction is the following well-known graph construc-
tion. Given a 2-SAT formula F, we can assume its clauses have the form

Ž .p ª q, where p and q are literals variables or negations of variables . To
reduce this problem to the directed multicut problem, we construct an

Ž .auxiliary graph G F with a node for each literal. For each clause p ª q
of weight w, there is an edge p ª q and an edge q ª p, each of capac-
ity w.

LEMMA 3.12. The formula F is satisfiable if and only if no strongly
Ž .connected component of G F contains both a ¨ariable and its negation.

Proof. Note that for any satisfying assignment, the literals in a directed
cycle must all receive the same truth value. The same therefore holds for a
strongly connected component. The only-if direction is then immediate.

Conversely, suppose that no strongly connected component contains
both a variable and its negation. Note that by the construction of the
graph, for each cycle p ª ??? ª p ª p , there is a negated cycle p ª1 n 1 1
p ª ??? ª p . Hence the strongly connected components come in pairs:n 1
for a strongly connected component containing some set of literals, there
is a strongly connected component containing exactly the negations of
these literals.

X Ž .Consider the graph G obtained from G F by treating each strongly
connected component as a single supernode. Then GX is a directed acyclic
graph. Let VV be a strongly connected component that is a sink in GX; i.e.,
VV has no outgoing edges. Let VV denote the strongly connected compo-
nent consisting of the negations of the literals in VV . Observe that VV has
no incoming edges in GX. We assign true to all the literals in VV , and false
to all the literals in VV . We claim that this ensures the truth of every clause
involving a literal in VV . Such a clause must be of the form p ª q, where q
is in VV , because VV has no outgoing edges. Since q is in VV , we have
assigned it true, so the clause is satisfied. Since VV has no incoming edges,
all clauses involving a literal in VV are of the form q ª p, where q is in VV ,
and hence are automatically satisfied. Thus, we can delete VV , VV and all
the associated clauses, and recurse.



KLEIN ET AL.266

The 2-CNF clause-deletion problem is related to the minimum multicut
problem by the following lemma.

Ž .LEMMA 3.13. The minimum capacity of a multicut in G F separating
e¨ery ¨ariable from its negation is at most twice the minimum weight of a set of
clauses whose deletion makes F satisfiable. Con¨ersely, gï en any multicut AA

that separates e¨ery ¨ariable from its negation, one can find a set of clauses
ha¨ing weight at most the capacity of AA whose deletion makes the formula
satisfiable.

Proof. Let S be a set of clauses whose deletion from F yields a
satisfiable formula FX. Let C be the set of edges corresponding to the
clauses in S. For each clause there are two edges, each having capacity
equal to the cost of the clause. Hence the capacity of C is twice the cost of

Ž . Ž X.S. Then G F y C is the auxiliary graph G F for the satisfiable formula
X Ž X.F . By Lemma 3.12, G F has no variable and its negation in the same

strongly connected component, and thus a subset of C is a multicut
separating each variable from its negation.

Conversely, given a multicut AA, delete from F the clauses correspond-
X Ž X.ing to edges in AA. For the resulting formula F , the auxiliary graph G F

Ž .is a subgraph of G F y AA. Since the latter graph has no variable and its
negation in the same strongly connected component, neither does the

Xformer. Hence by Lemma 3.12, F is satisfiable.

We can use the algorithm of Theorem 3.5 to find a multicut separating
each variable from its negation. The multicut found has capacity at most
Ž 2 .O log k times the minimum total capacity of an edge set whose deletion

separates each variable from its negation. We obtain the following theo-
rem.

THEOREM 3.14. There exists a polynomial-time algorithm to approximate
the minimum-weight deletion problem for 2-CNF formulas. The solution

Ž 2 .output has weight O log k times optimal, where k is the number of ¨ariables
in the formula.

w xRecall from the Introduction that the adaptation by Even et al. 4 of the
w xfractional directed cycle packing result of Seymour 17 implies an

Ž .O log n log log n approximation algorithm to the directed multicuts prob-
lem. Since our reduction of 2-CNF deletion problem results in a graph

Ž 2 .with n s O k nodes, this implies that the 2-CNF minimum deletion
Ž .problem can be approximated to within a factor of O log k log log k .

3.4. Computing the Dual Solution

As in the Steiner cuts case, the most time-consuming part of our
directed multicut algorithms is computing the solution to the correspond-
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ing LP, which in this case corresponds to the dual of maximum-sum
directed multiflow problem.

Consider the multicut problem. Analogously to the case considered in
the previous section we will solve the following LP: Let G denote ai
collection of directed path pairs, where in each pair one path is from s toi

Ž .t and the other one is from t to s . Let f g be a nonnegative value fori i i i
Ž . �Ž Ž . 4every path pair g g G , and let f ¨w s Ý f g : g g G and ¨w g g .i i i i

The corresponding LP is as follows:

minimize l subject to:
Ž . Ž . Ž .f ¨w Flu ¨w ;¨w g E, 9Ý i

i

Ž . Ž .f g s1, 10Ý Ý i
i ggGi

Ž .f g G0 ;g g G , 1 F i F k.i i

As before we may assume using binary search that the optimum solution
lU is between 1 and 2.

Observe again that restricting each G to include only paths that do noti
Ž .use edges with capacity below 1r 4m can change the value of the linear

program by at most a factor of 2. Let G
X denote the set of restricted pathi

w xpairs. Thus, by Theorem 2.7 of 13 , we can find a constant factor
Ž .approximation to the above LP in O m log n iterations, where each

iteration involves finding a shortest g g D G
X. This can be done ini i

U Ž .O km time.
Analogously to the Steiner case we convert the resulting dual solution to

a dual solution without the restriction on the capacity of the edges used, by
losing at most a constant factor in the value.

THEOREM 3.15. The length function l needed to compute the multicut in
U Ž 2 .Theorem 3.5 can be computed in O km time.

w xRemark. In 4 the authors develop an algorithm similar to the packing
w xalgorithm but not based on 13 to find the length function l. Using our

U Ž 2 .notation their algorithm consists of O m iterations, each of which
consists of k shortest path computations, i.e., the algorithm takes a total of
Ž 3.O km time.
The bottleneck of Theorem 3.6 is computing the dual solution to the

concurrent multicommodity flow problem. The multicommodity flow prob-
Ž .lem is obtained by replacing 10 by

f g s d 1 F i F k ,Ž .Ý i i
ggGi 11Ž .

f g G 0 ;g g G , 1 F i F k .Ž .i i
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Ž .Observe that the polytope P defined by equation 11 can be written as
a Cartesian product of simplices PP = PP = ??? = PP , where minimization1 2 k
over each such simplex corresponds to finding a shortest path between a
pair of terminals. Similarly to the above we can restrict each G to includei

Ž .only paths that use edges with capacity above d r 4m without changingi
the value of the LP by more than a constant factor. Thus, we have that

Ž . w xk max r s O mk . Using Theorem 2.7 from 13 , the expected number ofi i
Ž . U Ž 2 .iterations is O km log n , resulting in an O km algorithm that solves

the above LP to within a constant factor. A deterministic version of this
algorithm that runs in the same time follows along the same lines as the

w xalgorithm of Radzik 14 for the case of multicommodity flows.

THEOREM 3.16. The length function l needed to compute the multicut in
U Ž 2 .Theorem 3.6 can be computed in O km time.
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