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Università di Padova, I35131 Padova, Italy

2Department of Computer Science, Brown University,
Providence, RI 02912, USA

Abstract. We present three explicit schemes for distributingM variables among
N memory modules, whereM = 2(N1.5), M = 2(N2), and M = 2(N3),
respectively. Each variable is replicated into a constant number of copies stored
in distinct modules. We show thatN processors, directly accessing the memories
through a complete interconnection, can read/write any set ofN variables in worst-
case timeO(N1/3), O(N1/2), andO(N2/3), respectively for the three schemes. The
access times for the last two schemes are optimal with respect to the particular
redundancy values used by such schemes. The address computation can be carried
out efficiently by each processor without recourse to a complete memory map and
requiring onlyO(1) internal storage.

1. Introduction

Consider a parallel system withN processors andN memory modules collectively
storing M ≥ N variablesthat are available for access by the processors. A scheme is
sought to distribute the variables among the modules so that any set ofN variables can
be efficiently accessed by the processors in parallel. This problem, originally referred to
as thegranularity problem, naturally arises in the design and implementation of parallel
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systems (such as PRAMs and parallel databases) and has received considerable attention
in the literature. An early survey [11] quotes 14 papers that deal with some special cases.
More recently, it has become the main focus of the large body of work concerning the
simulation of the PRAM on more feasible machines.

Often, the problem is studied on a synchronous system where each processor is
directly connected to all the memories, and each memory module is able to fulfill at
most one access request (read/write) per time unit (Module Parallel Computer(MPC))
[13]. Thus, the time needed to access a set of variables is mainly determined by the
maximum number of requests that a single module must fulfill. With this modeling, one
can focus on reducing memory congestion without dealing with routing problems, which
arise when processors and memories are connected through aBounded-Degree Network
(BDN).

A number of efficient randomized schemes have been developed for both the MPC
and BDNs, based on the use of universal classes of hash functions to distribute the
variables among the modules. It has been shown thatN variables can be accessed in
O(log N) time on a BDN [17], and in sublogarithmic time on an MPC [4], with high
probability. On the other hand, the development of efficient deterministic schemes, which
is the focus of this paper, appears to be much harder. The pioneering work of Mehlhorn
and Vishkin [13] introduced the idea of representing each variable by several copies
so that a read operation needs to access only one (the most convenient) copy. This is
necessary to avoid the worst case when all the requests are addressed to the same module.
For M ∈ O(Nr ), they present a memory organization scheme for the MPC that usesr
copies per variable and allows a set ofN read requests to be satisfied in timeO(r N1−1/r ).
However, this use of the copies penalizes the execution of write operations where all the
copies of the variables must be accessed, thus requiringO(r N ) time in the worst case.

Later, Upfal and Widgerson [19] proposed a more balanced use of multiple copies
exploiting the majority concept previously adopted for databases [5], [18]. Each variable
is represented byr copies, wherer is called theredundancyof the scheme. Each copy
contains the value of the variable and a timestamp indicating the last time that particular
copy has been accessed. A read/write operation needs to access only a majoritybr/2c+1
of the copies to assure that the most recent value of the variable is always retrieved.
The assignment of the copies to the memory modules is governed by a bipartite graph
G = (V,U ; E), whereV denotes the set of variables,U the set of modules, andr
edges connect each variable to the modules that store its copies. ForM polynomial in
N and r ∈ 2(log N), Upfal and Widgerson show that there exists a graphG, with
suitable expansion, which allows the MPC processors to access anyN variables in
O(log N(log logN)2) worst-case time. They do not provide an explicit construction for
G but show that a random graph exhibits the desired property, with high probability. The
access time was later improved toO(log N) in [1].

Subsequently, several authors have adopted a similar framework to devise schemes
for specific BDNs, trading the advantage of using more practical interconnections with
a sublogarithmic increase in the access time [7], [12], [8], [9]. It has to be noted that
all these schemes, as well as those for the MPC, aim at a fast access time and, for this
purpose, need logarithmic redundancy. In [2] it is shown how to reduce the amount of
global redundancy to a constant by using a suitable coding of the PRAM memory, at the
expense of a more involved access protocol. In [16], instead, the redundancy is regarded



Practical Constructive Schemes for Deterministic Shared-Memory Access 5

as a parameter and a class of schemes is devised, generalizing the one of [19]. The access
time associated with each scheme is expressed as a function of the redundancy, showing
a close relationship between these two quantities.

All the schemes presented in the aforementioned papers rely on expanding graphs
for which no efficient implementation is known, other than resorting to a random graph.
This represents the basic shortcoming (maybe fatal from the practical standpoint) of
this class of approaches, for the following reasons. No efficient way is known of testing
the expansion property of a random graph. As pointed out in [15], the only known
technique, based on the second eigenvalue of a certain matrix related to the adjacency
matrix, cannot be applied when the sizes of the two setsV andU differ by more than a
constant factor, which is the case for nontrivial memory organizations. Furthermore, the
representation of the memory map poses substantial implementation problems. How can
a processor determine, for any variable, the modules storing its copies and the physical
address of each copy within its module? The hypothesis of a complete memory map
stored internally in each processor appears eminently impractical due to memory blow-
up. On the other hand, the approach proposed in [8], where the memory map is distributed
among the processors with only polylogarithmic memory blow-up, has a rather involved
implementation, which makes it less attractive for practical applications.

In this paper we present three schemes to distribute2(N1.5), 2(N2), and2(N3)

variables, respectively, among theN modules of the MPC. The schemes are presented in
a framework similar to the one of [19]; however, the graphs used for the distribution of the
variables are given explicitly and the redundancy, in all three cases, is a small constant.
To read/write any given set ofN variables, a simple access protocol is provided, and its
worst-case performance is analyzed exploiting the expansion properties of the graphs.
The results are summarized in Table 1, where for each scheme, identified by the number
of variablesM , we indicate the redundancyr , the time to satisfyN worst-case data
requests, and the storage required in each processor to represent the memory map.

The important feature of these schemes is represented by the construction and im-
plementation of the bipartite graphs governing the variable distribution, and the analysis
of their expansion properties. The graphs are constructed by associating the two node
sets,V andU , with certain quotients ofPGL2(qn) (the group of nonsingular 2× 2
matrices over the fieldFqn , modulo its center), or with suitably chosen subsets of them.
The edges are then defined between cosets with nonempty intersection. This technique
was introduced in [14] for the construction of bounded concentrators, which are bipartite
graphs whose node sets have almost equal size. It has the advantage of providing the
graphs with a rich algebraic structure and a remarkable “isotropy” which make them
very attractive for a number of applications. We exploit such structures to determine
their expansion properties and to devise an efficient implementation.

Table 1. List of results.

M r Time Storage/Processor

2(N1.5) 3 O(N1/3) O(1)
2(N2) 3 O(N1/2) O(1)
2(N3) 5 O(N2/3) O(1)
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The relevance of our schemes is twofold: (1) They are the first constructive ap-
proaches known to achievesublinear worst-case access timefor both read and write
operations. (2) Their implementation is simple and involves only elementary algebra; in
particular, a processor can efficiently determine the physical location of any copy with a
limited use of resources. Although the time performance appears less attractive than that
of the nonconstructive schemes cited before, it must be pointed out that this is essentially
caused by the use of constant redundancy (which is desirable from a practical standpoint).
In [16] it shown that, by using afixednumberr of copies per variables, the time complex-
ity of any memory organization scheme is at leastÄ(min{N/r, (M/N)1/(br/2c+1)}), for
M ∈ Ä(N1+ε). This result proves that our schemes forM = 2(N2) andM = 2(N3)

are optimal, with respect to the specific values of the redundancy that they use.
The rest of the paper is organized as follows. In Section 2, we describe the basic

structure of our schemes and present the access protocol used to satisfy a set of variable
requests. The protocol’s running time is given in terms of the expansion property of the
graph governing the variable distribution. Section 3 introduces most of the notations
and background facts concerning finite fields and the groupPGL2(qn), which are used
throughout the rest of the paper. Sections 4 and 5 present the three schemes by defining
the underlying graphs and studying their structural properties. In particular, for each
graph we determine its expansion and provide a suitable representation that allows a
processor to calculate the addresses of the copies of any given variable efficiently. For
convenience, a number of technical facts, needed for the implementation of the first
scheme, are reported in the Appendix.

2. Framework

As mentioned in the introduction, the parallel model used for our memory organization
schemes is the MPC, consisting ofN processors andN memory modules fully inter-
connected. (Equivalently, one may think of each module as being assigned to a distinct
processor, and of each processor as being directly connected to every other processor.)
In one MPC step, each processor can send one read/write request to any module, and
each module satisfies one request arbitrarily selected among the incoming ones (if any).
Thus, in order to guarantee efficient parallel access to a set of variables, we must ensure
that the variables are well spread among the modules.

In order to distributeM > N shared variables among theN modules, we adopt
the standard approach originally proposed in [19], based on aMemory Organization
Scheme(MOS) structured as follows. Each variable is replicated intor copies,r odd,
stored in distinct modules, only a majoritybr/2c + 1 of which need to be accessed to
perform a read/write operation. Each copy is provided with a timestamp which is updated
every time the copy is written, so that a majority of the copies is always guaranteed to
contain at least one most recently updated copy. The distribution of the copies of the
variables among the modules is governed by a bipartite graphG = (V,U ; E), whereV
represents the set of variables,U the set of modules, andr edges connect each variable
to the modules that store its copies.

Suppose each processor issues an access (read/write) request for a distinct variable.
(The case of fewer processors issuing requests can be handled with minor modifications,
obtaining the same access time, whereN is replaced by the actual number of requests.
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Fig. 1. Access protocol.

The case of multiple requests for the same variable also requires minor changes, and
introduces only an additive logarithmic factor in the access time.) In order to satisfy
the requests, the following protocol is executed by the processors, in parallel. TheN
processors are subdivided intoN/r clusters, with r processors per cluster. LetP(i, j )
denote thej th processor in clusteri , and letv(i, j ) denote the variable it wants to
access, for 1≤ i ≤ N/r and 1≤ j ≤ r . The protocol consists ofr phases. In Phasek
the processors of each cluster cooperate to access the variable requested by theirkth
companion. More specifically, processorP(i, j ) is in charge of thej th copy ofv(i, k),
for any i and j . A number of iterations are executed. In each iteration every processor
tries to access its assigned copy unless it previously succeeded, or otherbr/2c+1 copies
of the same variable have already been accessed. Since a memory module can satisfy at
most one request per iteration, the number of copies accessed in one iteration is equal
to the number of modules receiving requests in that iteration. At any point during the
execution of a given phase, a copy is said to bealive if it has not been accessed yet; a
variable is said to bealive if fewer thanbr/2c+1 of its copies have been accessed, which
implies, sincer is odd, that at leastbr/2c+1 of its copies are still alive. (This terminology
is used only for variables and copies requested in the phase under consideration.) The
code for the entire protocol is shown in Figure 1. For each variable, a flag is used to
indicate whether the variable is alive or not.

As we will see later, all the schemes presented in this paper use constant redundancy,
and their implementations allows each processor to determine the physical address of
any copy inO(log N) time. Thus, letting8 denote the maximum number of iterations of
thewhile loop, executed in any of ther phases, it can easily be seen that the entire access
protocol takesO(8 + log N) steps on the MPC. Next, we devise a general expression
for 8 based on the expansion properties of the graphG.

Let S⊂ V be a set of variables. Ac-bundlefor S is defined as a subset of copies of
variables inScontaining at leastc copies for each variable (similar terminology is used
in [9]). For ac-bundleη of S, let0η(S) denote the set of modules storing the copies inη.

Definition 1. G has(ν, µ)-expansionif, for any S⊂ V and any(br/2c+1)-bundleη,

|0η(S)| ≥ µ|S|1−ν .
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The following lemma is similar to Lemma 3.3 of [19].

Lemma 1. Consider k consecutive iterations of thewhile loop in a phase and suppose
that at the beginning of this set of iterations there are X live copies. Let Rk be the number
of live copies remaining after the last iteration. If G has(ν, µ)-expansion, then

Rk ≤ X

(
1− α

Xν

)k

,

with α = µ/r 1−ν .

Proof. The proof is by induction onk. Let k = 1. At the beginning there areX live
copies, which means that there are at leastX/r live variables. By using the expansion
property ofG, we conclude that the live copies reside in at leastµ(X/r )1−ν modules,
and, therefore, after the first iteration

R1 ≤ X − µ
(

X

r

)1−ν
= X

(
1− α

Xν

)
copies are still alive. This establishes the basis. Assuming that the lemma holds fork−1,
by a similar reasoning, we can show that

Rk ≤ Rk−1− µ
(

Rk−1

r

)1−ν
= Rk−1

(
1− α

Rνk−1

)
≤ X

(
1− α

Xν

)k−1(
1− α

Rνk−1

)
.

Since Rk−1 ≤ X, we have that(1 − α/Rνk−1) ≤ (1 − α/Xν), which concludes the
proof.

Theorem 1. Suppose that G has(ν, µ)-expansion, for some constantν, 0 < ν < 1,
and thatα = µ/r 1−ν ∈ 2(1). Then8 ∈ O(Nν) iterations of thewhile loop are
sufficient to access the N/r variables requested in any phase. Therefore, the access
protocol requires a total of O(Nν) steps on the MPC.

Proof. Consider a phase of the protocol whereN/r variables are accessed, one per
cluster (for a total ofN copies), and let8 be the number of iterations in this phase.
Let ki be the number of iterations used to reduce the number of live copies fromRi to
Ri+1 ≤ Ri /eα, with R0 = N. Then8 =∑J−1

i=0 ki , with J = (1/α) loge N = O(log N).
ChoosingRνi as an upper bound toki and applying Lemma 1, we have

Ri+1 ≤ Ri

(
1− α

Rνi

)ki

≤ Ri

(
1− α

Rνi

)Rνi
< Ri e

−α.

Hence,

8 ≤
J−1∑
i=0

Rνi ≤ Nν
J−1∑
i=0

e−αi ν = O(Nν).
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The analysis of the MOSs presented in later sections is aimed at determining the
expansion properties of the specific graphs used in such schemes, so that the above
theorem can be used to obtain their time performance.

3. Definitions and Notations

Let q be a prime power and letn be an integer. LetFqn denote the finite field withqn

elements, letF*
qn be its multiplicative group, and letγ be a primitive element ofFqn . As

is well known from Galois theory,〈γ 〉 = F*
qn , where〈γ 〉 is the cyclic group generated

by γ , and, furthermore, the elements ofFqn can be represented as polynomials inγ
of degree less thann, with coefficients inFq. Throughout this paper, unless differently
specified, lower-case roman letters are used to denote the elements ofFq, and lower-case
greek letters to denote those ofFqn .

TheProjective Linear Group of degree2 overFqn (PGL2(qn)) is the group (under
matrix multiplication) of 2× 2 nonsingular matrices with entries inFqn , modulo its
center, the group of scalar matrices (i.e., scalar multiples of the identity) [6]. In other
words, matrices that differ by a scalar multiple represent the same group element. It is
well known that

|PGL2(q
n)| = (qn + 1)qn(qn − 1). (1)

A matrix of PGL2(qn) will usually be written either as

[
α β

δ 1

]
or

[
α β

1 0

]
, with

α, β, δ ∈ Fqn , except for few cases when a different notation is more convenient. The
following sets, which can be easily seen to be subgroups ofPGL2(qn), play an important
role in the definition of our MOSs. Define

H0 = PGL2(q),

Hn−1 =
{[

a α

0 1

]
: a ∈ F*

q , andα ∈ Fqn

}
,

Hn =
{[
α β

0 1

]
: α, β ∈ Fqn andα 6= 0

}
.

It is easy to see that

|H0| = (q + 1)q(q − 1), (2)

|Hn−1| = qn(q − 1), (3)

|Hn| = qn(qn − 1). (4)

Finally, we need to distinguish two particular subsets ofFqn . One is the setPγ of all the
polynomials inγ with constant term equal to 0, that is,Pγ = {

∑n−1
i=1 ci γ

i : ci ∈ Fq}.
Note that|Pγ | = qn−1, and we denote these polynomials as

{pi : 0≤ i < qn−1}.
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The other set is that of monic polynomials inγ of degree less thann. Note that there are
(qn − 1)/(q − 1) such polynomials, which we denote as{

πi : 0≤ i <
qn − 1

q − 1

}
.

4. Memory Organization Scheme forM ∈ 2(N1.5) Variables

4.1. The Graph

Let q be a prime power and letn ≥ 3 be an integer, such that eitherq is even, or bothq
andn are odd. The graphG = (V,U ; E) that specifies how the copies of the variables
are distributed among the memory modules is defined as follows:

V = PGL2(q
n)/H0,

U = PGL2(q
n)/Hn−1.

Thus, the variables are associated with the left cosets ofH0 and the modules with the
left cosets ofHn−1. By (1), (2), and (3), it follows that

M = |V | = qn−1 q2n − 1

q2− 1
,

N = |U | = q2n − 1

q − 1
.

Therefore, for fixedq, we haveM ∈ 2(N1.5). The edge set is defined as follows:

E = {(AH0, B Hn−1): A, B ∈ PGL2(q
n) andAH0 ∩ B Hn−1 6= ∅}.

We now show that the edges are in one-to-one correspondence with the cosets of
the subgroupH0 ∩ Hn−1. It is easily seen that

H0 ∩ Hn−1 =
{[

a b
0 1

]
: a, b ∈ Fq, a 6= 0

}
, (5)

thus,|H0 ∩ Hn−1| = q(q − 1). By (2) and (3), we get

|H0/(H0 ∩ Hn−1)| = q + 1,

|Hn−1/(H0 ∩ Hn−1)| = qn−1.

In the following two lemmas, we determine two sets of matrices representative of the
cosets ofH0/(H0 ∩ Hn−1) and Hn−1/(H0 ∩ Hn−1), respectively, which allow us to
characterize the edges of the graph explicitly. We use0(x) to denote the neighbors of a
nodex in the graph.
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Lemma 2. LetFq = {a0, . . . ,aq−1} and define

L0
−1 =

[
1 0
0 1

]
,

L0
k =

[
ak 1
1 0

]
, 0≤ k < q.

Then

H0 =
q−1⋃

k=−1

L0
k(H0 ∩ Hn−1),

and, for any A∈ PGL2(qn),

0(AH0) = {AL0
k Hn−1: −1≤ k < q}.

Proof. We first prove that

H0 =
q−1⋃

k=−1

L0
k(H0 ∩ Hn−1).

SinceL0
k ∈ H0, for−1≤ k < q, we have that

H0 ⊇
q−1⋃

k=−1

L0
k(H0 ∩ Hn−1).

The equality follows from recalling that|H0/(H0 ∩ Hn−1)| = q+ 1 and observing that,
for k1 6= k2, L0

k1
(H0 ∩ Hn−1) ∩ L0

k2
(H0 ∩ Hn−1) = ∅.

As for 0(AH0), by definition we have

0(AH0) = {B Hn−1: AH0 ∩ B Hn−1 6= ∅}.
SupposeAH0∩B Hn−1 6= ∅and letC ∈ AH0∩B Hn−1, that is,C ∈ AH0 andC ∈ B Hn−1.
However,C ∈ AH0 implies AH0 = C H0, and, analogously, we haveB Hn−1 = C Hn−1.
This yieldsAH0∩ B Hn−1 = C(H0∩Hn−1). This implies that the edges incident toAH0

are associated with the cosets ofAH0/(H0 ∩ Hn−1), and the lemma follows.

Lemma 3. Recall that Pγ = {pi : 0≤ i < qn−1}, and define

Ln−1
h =

[
1 ph

0 1

]
, 0≤ h < qn−1.

Then

Hn−1 =
qn−1−1⋃

h=0

Ln−1
h (H0 ∩ Hn−1),

and, for any B∈ PGL2(qn),

0(B Hn−1) = {BLn−1
h H0: 0≤ h < qn−1}.
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Proof. The proof is similar to that of Lemma 2. For the first part, sinceLn−1
h ∈ Hn−1,

for 0≤ h < qn−1, we have thatHn−1 ⊇
⋃qn−1−1

h=0 Ln−1
h (H0∩Hn−1). The equality follows

by noting that|Hn−1/(H0 ∩ Hn−1)| = qn−1 and that, forh1 6= h2, Ln−1
h1
(H0 ∩ Hn−1) ∩

Ln−1
h2
(H0 ∩ Hn−1) = ∅.
As for the second part, by definition we have that

0(B Hn−1) = {AH0: AH0 ∩ B Hn−1 6= ∅}.
If AH0 ∩ B Hn−1 6= ∅, then there exists aC such thatAH0 ∩ B Hn−1 = C(H0 ∩ Hn−1).
Therefore, distinct edges incident toB Hn−1 correspond to distinct cosets inB Hn−1/

(H0 ∩ Hn−1).

Thus, |0(AH0)| = q + 1 and|0(B Hn−1)| = qn−1, which means that there are
r = q + 1 copies of each variable, stored in distinct modules, and that every module
storesqn−1 copies of distinct variables.

Before proceeding with the analysis of the structure of the graph, we need a conve-
nient representation for the nodes ofU , given in the following lemma.

Lemma 4.

U =
{[
γ i 0
0 1

]
Hn−1: 0≤ i <

qn − 1

q − 1

}
∪
{[
α γ i

1 0

]
Hn−1: α ∈ Fqn, 0≤ i <

qn − 1

q − 1

}
.

Proof. It is not difficult to see that all of the above cosets are distinct and, therefore,
since their number is(qn + 1)((qn − 1)/(q − 1)), they form a partition ofU .

The theorem below shows that the copies of any two variables share at most one
memory module.

Theorem 2. Let A, B ∈ PGL2(qn) with AH0 6= B H0. Then

|0(AH0) ∩ 0(B H0)| ≤ 1.

Proof. For a contradiction suppose that|0(AH0) ∩ 0(B H0)| ≥ 2. Then there exist
C, D ∈ PGL2(qn) with C Hn−1 6= DHn−1, such thatC Hn−1, DHn−1 ∈ 0(AH0) ∩
0(B H0) (see Figure 2). Without loss of generality, we assume thatC Hn−1 = Hn−1,
otherwise an analogous situation could be obtained by premultiplyingA, B,C, andD
by C−1. Thus, Lemma 3 allows us to choose

A =
[
1 pi

0 1

]
and B =

[
1 pj

0 1

]
, for some pi , pj ∈ Pγ , i 6= j .

It is easy to see thatAL0
−1Hn−1 = BL0

−1Hn−1 = Hn−1 and, by Lemma 2, we have

0(AH0)− Hn−1 = 0(AH0)− AL0
−1Hn−1

=
{[

1 pi

0 1

] [
ak 1
1 0

]
Hn−1: ak ∈ Fq

}
=
{[

pi + ak 1
1 0

]
Hn−1: ak ∈ Fq

}
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Fig. 2. AH0, B H0, C Hn−1, andDHn−1.

and, similarly,

0(B H0)− Hn−1 =
{[

pj + ak 1
1 0

]
Hn−1: ak ∈ Fq

}
.

Sincei 6= j , the definition ofPγ implies thatpi+ak 6= pj+ah, for any 0≤ k, h < q, and,
by Lemma 4 we conclude that(0(AH0)− Hn−1) ∩ (0(B H0)− Hn−1) = ∅. Therefore,
|(0(AH0) − Hn−1) ∩ (0(B H0) − Hn−1)| = |0(AH0) ∩ 0(B H0) − Hn−1| = 0, which
contradicts the assumption that0(AH0) and0(B H0) share more than one element.

In order to determine the expansion property of the graph, we need to introduce the
function02, defined as

02(u) = 0(0(u))− u, ∀u ∈ U. (6)

We have

Lemma 5.

02(AHn−1) =
{

A

[
α 1
1 0

]
Hn−1: α ∈ Fqn

}
.

Proof. By definition,

02(AHn−1) = 0(0(AHn−1))− AHn−1.

By Lemma 3,

0(AHn−1) =
{

A

[
1 ph

0 1

]
H0: ph ∈ Pγ

}
.

By Lemma 2,

0

(
A

[
1 ph

0 1

]
H0

)
=
{

A

[
1 ph

0 1

]
Hn−1

}
∪
{

A

[
ph + ak 1

1 0

]
Hn−1: ak ∈ Fq

}
= {AHn−1} ∪

{
A

[
ph + ak 1

1 0

]
Hn−1: ak ∈ Fq

}
.

Hence,

02(AHn−1) =
{

A

[
ph + ak 1

1 0

]
Hn−1: ph ∈ Pγ andak ∈ Fq

}
.

The proof is completed by observing that{ph + ak: ph ∈ Pγ andak ∈ Fq} = Fqn .
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Theorem 3. Let A, B ∈ PGL2(qn) with AHn−1 6= B Hn−1. Then

|02(AHn−1) ∩ 02(B Hn−1)| ≤ q − 1.

Proof. Without loss of generality, assumeAHn−1 = Hn−1 (the same argument as in
the proof of Theorem 2). By Lemma 5,

02(Hn−1) =
{[
δ 1
1 0

]
Hn−1: δ ∈ Fqn

}
.

Then we have three exhaustive cases, depending upon the form ofB (refer to Lemma 4).

Case1: B =
[
γ i 0
0 1

]
, for some i, 1≤ i < (qn − 1)/(q− 1). Applying Lemma 5 we

get

02(B Hn−1) =
{[
γ i 0
0 1

] [
α 1
1 0

]
Hn−1: α ∈ Fqn

}
=
{[
γ iα γ i

1 0

]
Hn−1: α ∈ Fqn

}
.

Sinceγ i 6= 1, we have|02(Hn−1) ∩ 02(B Hn−1)| = 0.

Case2: B =
[
β 1
1 0

]
, for someβ ∈ Fqn . Applying Lemma 5 again, we get

02(B Hn−1) =
{[
β 1
1 0

] [
α 1
1 0

]
Hn−1: α ∈ Fqn

}
=
{[
βα + 1 β

α 1

]
Hn−1: α ∈ Fqn

}
.

Now, if α = 0, then[
βα + 1 β

α 1

]
Hn−1 = Hn−1 6∈ 02(Hn−1) ∩ 02(B Hn−1).

Otherwise, let−α−2 = bγ k, for somek, 0 ≤ k < (qn − 1)/(q − 1), andb ∈ F*
q . (It

is easy to see that any element ofF*
qn can be written asbγ k, for suitablek, 0 ≤ k <

(qn − 1)/(q − 1), andb ∈ F*
q .) Simple calculations show that[

β + α−1 γ k

1 0

] [
b−1 0
0 1

] [
1 α−1

0 1

]
Hn−1 = b−1α−1

[
βα + 1 β

α 1

]
Hn−1

=
[
βα + 1 β

α 1

]
Hn−1.

Since both

[
b−1 0
0 1

]
and

[
1 α−1

0 1

]
belong toHn−1, we have

[
βα + 1 β

α 1

]
Hn−1 =

[
β + α−1 γ k

1 0

]
Hn−1.
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Note that{−α−2: α ∈ F*
qn} = {γ 2i : 0 ≤ i ≤ qn − 2}. If q is even, or bothq andn are

odd, there are exactlyq− 1 values ofα such that−α−2 ∈ F*
q , i.e.,k = 0. These are the

values ofα for which[
βα + 1 β

α 1

]
Hn−1 ∈ 02(Hn−1).

Thus|02(Hn−1) ∩ 02(B Hn−1)| = q − 1.

Case3: B Hn−1 =
[
β γ i

1 0

]
Hn−1, for someβ ∈ Fqn and i, 1≤ i < (qn − 1)/(q − 1).

We have|02(Hn−1) ∩ 02(B Hn−1)| = q − 1, and the proof is analogous to that for
Case 2.

Theorems 2 and 3 have two important consequences, stated below as corollaries.
Consider a set of variablesS⊆ V , and letη be a(b(q + 1)/2c + 1)-bundle forS. The
copies included inη are referred to asbundle copies.

Corollary 1. Let u∈ U and letv1, . . . , vt be t distinct variables in S, such that each
vi has a bundle copy stored in u. Then

|0η({v1, . . . , vt })− {u}| ≥
⌊

q + 1

2

⌋
t.

Proof. Immediate from Theorem 2.

Corollary 2. Consider a set of k distinct modules u1, . . . ,uk. Let ti be the number of
variables of S that have a bundle copy stored in module ui . Then

|0η(S)| ≥
k∑

i=1

⌊
q + 1

2

⌋
ti −

(
k

2

)
(q − 1).

Proof. For 1≤ i ≤ k, letAi ⊂ S denote the set of variables that store a bundle copy
in ui . By hypothesis,|Ai | = ti . Let alsoBi = 0η(Ai ) − {ui }, for 1 ≤ i ≤ k. Clearly,⋃k

i=1Bi ⊆ 0η(S), and, by the inclusion–exclusion principle, we have

|0η(S)| ≥
k∑

i=1

|0η(Bi )| −
∑

1≤i< j≤k

|0η(Bi ) ∩ 0η(Bj )|

by Cor. 1≥
k∑

i=1

⌊
q + 1

2

⌋
ti −

∑
1≤i< j≤k

|02(ui ) ∩ 02(uj )|

by Th. 3≥
k∑

i=1

⌊
q + 1

2

⌋
ti −

(
k

2

)
(q − 1).

We are now ready to determine the expansion property ofG. In particular, we want
to find the valuesν andµ for which G has(ν, µ)-expansion (see Definition 1).

Theorem 4. G has( 1
3,q/2

5/3)-expansion.
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Proof. Let ρ = b(q + 1)/2c. We must prove that, for any setS ⊂ V and for any
(ρ + 1)-bundleη for S,

|0η(S)| > q

25/3
|S|2/3.

We first prove that|0η(S)| >
√|S|ρ. Note that there is a total of at least|S|(ρ + 1)

bundle copies. Suppose, for a contradiction, that|0η(S)| ≤
√|S|ρ. Then there exists

a node inU storing at least|S|(ρ + 1)/
√|S|ρ > √|S| copies inη. Since a module

stores copies of distinct variables, by Corollary 1 this implies|0η(S)| >
√|S|ρ, which

contradicts the assumption|0η(S)| ≤
√|S|ρ.

Now, let |0η(S)| =
√|S|ε, with ε > ρ. We claim that each module in0η(S) stores

fewer than
√|S|ε/ρ bundle copies. Indeed, suppose there is someu ∈ 0η(S) storing

x ≥ √|S|ε/ρ bundle copies. Using again Corollary 1, we conclude that|0η(S)− u| ≥√|S|ε, that is|0η(S)| ≥
√|S|ε + 1, a contradiction. Lett be the number of modules

in 0η(S) storing at least
√|S|ρ/ε bundle copies. We majorize the number of bundle

copies in theset modules by
√|S|ε/ρ, and the number of bundle copies in the remaining

(
√|S|ε − t) modules by

√|S|ρ/ε, and obtain the following inequality:

t
√
|S| ε
ρ
+ (
√
|S|ε − t)

√
|S|ρ
ε
≥ |S|(ρ + 1).

This impliest >
√|S|(ρε/(ε2− ρ2)) >

√|S|ρ/ε, sinceε > ρ.
Let k = 1

2

√|S|ρ/ε < t . Considerk nodes of0η(S) storing at least
√|S|ρ/ε bundle

copies. By Corollary 2 we have

|0η(S)| ≥ kρ
√
|S|ρ
ε
−
(

k

2

)
(q − 1)

> kρ
√
|S|ρ
ε
− q − 1

2
k2

= ρ

2
|S|
(
ρ

ε

)2

− q − 1

8
|S|
(
ρ

ε

)2

=
(
ρ

2
− q − 1

8

)
|S|
(
ρ

ε

)2

>
q3

32ε2
|S|.

Combining the hypothesis|0η(S)| =
√|S|ε with the above inequality we obtain

|0η(S)| > 1

25/3
|S|2/3q.

Note that the above theorem holds for any prime powerq. In particular we can
chooseq = 2. Assuming that the graphG can be implemented in such a way that a
processor is able to compute the physical address of any copy inO(log N) time using
constant internal storage, which we prove in the next section, we can combine the results
of Theorems 4 and 1 and get
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Theorem 5. M ∈ O(N1.5) variables can be distributed among N processors of an
MPC, with redundancy3, so that any set of N distinct variables can be accessed,
using the access protocol of Section2, in time O(N1/3). Moreover, each processor can
determine the physical address of any copy in O(log N) time using O(1) internal storage.

4.2. Implementation

A crucial aspect of the design of an MOS concerns its implementation, an issue that has
often been ignored in the past. In particular, a processor that wants to access a specific
copy of a variable must be able to determine efficiently the module storing that copy and
the physical address of the copy within the module. This subsection explains how this
can be accomplished when the variables are distributed among the modules according
to the graphG presented in the preceding subsection.

Let v0, . . . , vM−1 denote the variables andu0, . . . ,uN−1 the memory modules. Re-
call thatM = qn−1((q2n − 1)/(q2 − 1)) andN = (q2n − 1)/(q − 1). We first need to
associate variables and modules with the appropriate cosets. That is, we need to establish
the following bijections:

1. For 0≤ i < M , vi ↔ Ai H0, for someAi ∈ PGL2(qn).
2. For 0≤ j < N, uj ↔ Bj Hn−1, for someBj ∈ PGL2(qn).

The definition of theAi ’s involves a number of technical details, which, for convenience
of presentation, are dealt with in the Appendix. As for theBj ’s, Lemma 4 already suggests
a set of possible candidates, which, however, we need to modify slightly as follows. For
nonnegative integerss< (qn − 1)/(q − 1) andt < qn + 1, we define the integer

J(s, t)
4= s(qn + 1)+ t,

and with integerj ∈ [0, N − 1] we associate the pair(s, t) if and only if j = J(s, t).
Recall that{πs: 0 ≤ s < (qn − 1)/(q − 1)} denotes the set of monic polynomials inγ
of degree less thann, and letFqn = {α0, . . . , αqn−1}. For 0≤ s< (qn− 1)/(q− 1) and
0≤ t < qn + 1, define

BJ(s,t) =



[
πs 0
0 1

]
if t = 0,

[
αt−1 πs

1 0

]
otherwise.

(7)

Claim 1. The BJ(s,t)’s belong to distinct cosets of PGL2(qn)/Hn−1.

Proof. Since both{πs: 0≤ s< (qn−1)/(q−1)} and{γ s′ : 0≤ s′ < (qn−1)/(q−1)}
are sets of representatives forF*

qn/F*
q , there is a bijection between indicess ands′ such

that

πs = bsγ
s′ ,

for somebs ∈ F*
q . Since any diagonal matrix with entries inF*

q belongs toHn−1, it is
straightforward that[

πs 0
0 1

]
Hn−1 =

[
γ s′ 0
0 1

] [
bs 0
0 1

]
Hn−1 =

[
γ s′ 0
0 1

]
Hn−1
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and[
αt−1 πs

1 0

]
Hn−1 =

[
αt−1 γ s′

1 0

] [
1 0
0 bs

]
Hn−1 =

[
αt−1 γ s′

1 0

]
Hn−1,

so that, by Lemma 4, the claim holds

Each variable hasq+1 copies stored in distinct modules, and each module contains
copies ofqn−1 distinct variables. By Lemma 2, the copies ofvi = Ai H0 are stored in
modules

Ai L
0
k Hn−1, −1≤ k < q.

Moreover, by Lemma 3, moduleuJ(s,t) contains the copies of

BJ(s,t)L
n−1
h H0, 0≤ h < qn−1.

Also, recall that edge(Ai H0, Ai L0
k Hn−1) is associated with cosetAi L0

k(H0∩Hn−1), and,
analogously, edge(BJ(s,t)Hn−1, BJ(s,t)L

n−1
h H0) with cosetBJ(s,t)L

n−1
h (H0∩ Hn−1). We

adopt the following convention:the kth copy ofvi is stored at the address h in module
uJ(s,t) if and only if Ai L0

k(H0 ∩ Hn−1) = BJ(s,t)L
n−1
h (H0 ∩ Hn−1), that is, if and only if

Ai L
0
k ∈ BJ(s,t)L

n−1
h (H0 ∩ Hn−1).

Therefore, we seek a method to compute(s, t, h) from (i, k). To this purpose, a processor
proceeds as follows:

Step1. Fromi andk computeAi andL0
k.

Step2. Finds, t , andh such thatAi L0
k ∈ BJ(s,t)L

n−1
h (H0 ∩ Hn−1).

The following lemma identifies the matrices in each cosetBJ(s,t)L
n−1
h (H0∩ Hn−1).

Lemma 6. If t = 0, then

BJ(s,t)L
n−1
h (H0 ∩ Hn−1) =

{[
aπs (ph + b)πs

0 1

]
: a, b ∈ Fq, a 6= 0

}
.

Otherwise(t > 0),

BJ(s,t)L
n−1
h (H0 ∩ Hn−1) =

{[
aαt−1 (ph + b)αt−1+ πs

a ph + b

]
: a, b ∈ Fq, a 6= 0

}
.

Proof. The lemma follows from (5), definition (7) of theBJ(s,t)’s, and the definition of
theLn−1

h ’s given in Lemma 3.

We are now ready to describe in more detail the two-step procedure that computes
the physical address of a copy. We assume that each processor has a local work space
consisting of a constant number of registers, and that, in addition to the ordinary arith-
metic operations, it is able to perform addition, multiplication, and inverse in the fields
Fq andFqn . We also assume that arithmetic operations and operations inFq take con-
stant time. Representing the elements ofFqn as polynomials, the operations inFqn can
be implemented using feedback shift registers, each operation takingO(n) = O(log N)
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Fig. 3. Code for Step 2.

time and space equivalent to the storage ofO(1) field elements (see Chapter 2 of [3] for
details). Each polynomial ofPγ can be uniquely associated with its(n− 1) coefficients.
Thus, the indexing is given by the lexicographic order of theqn−1 distinct(n−1)-tuples
of elements ofFq. A similar lexicographic indexing can also be established for the set
of monic polynomials{πs: 0≤ s< (qn − 1)/(q − 1)}.

In the Appendix we show that, giveni , a processor can computeAi in timeO(log N)
usingO(1) storage (Theorem 15). Such a result is assumed in what follows. Clearly, in
additionalO(1) time we obtainL0

k, which completes Step 1. Consider now Step 2. Let

Ai L
0
k =

[
x y
z v

]
,

wherex, y, z, andv are elements ofFqn and the usual notation for matrices ofPGL2(qn)

is adopted, i.e.,v = 1 orzv = 1 0. The procedure in Figure 3, which is entirely based on
Lemma 6, computes the indicess, t , andh such thatAi L0

k ∈ BJ(s,t)L
n−1
h (H0 ∩ Hn−1),

that is, Ai L0
k(H0 ∩ Hn−1) = BJ(s,t)L

n−1
h (H0 ∩ Hn−1). In the code given in Figure 3,

symbols⊕, ª, ⊗, andINV denote, respectively, addition, subtraction, multiplication,
and inverse inFqn . We also use the following four macros, all executable inO(log N)
time. Letx denote a generic element ofFqn .

• INDEX1(x) = t , wherex = αt .
• INDEX2(x) = h, wherex = ph + b, for someb ∈ Fq.

• INDEX3(x) = s, wherex = aπs, for somea ∈ F*
q .

• MONIC(x) = πs, wherex = aπs.

We conclude with the following theorem, whose proof follows immediately from
Lemma 6 and the above discussion.
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Theorem 6. The code in Figure3correctly executes Step2 in O(log N) time.Therefore,
a processor is able to compute the physical address of any copy of any variable in
O(log N) time using O(1) internal storage.

5. Memory Organization Schemes forM ∈ O(N2) and
M ∈ O(N3) Variables

We jointly present the MOS forM ∈ O(N2) andM ∈ O(N3) variables, because their
underlying graphs are derived from the same graphG = (V,U ; E) defined below. Let

V = PGL2(q
n)/H0,

U = PGL2(q
n)/Hn.

By (1), (2), and (4), we have

|V | = qn−1 q2n − 1

q2− 1
,

|U | = qn + 1.

The edge set is

E = {(AH0, B Hn): A, B ∈ PGL2(q
n) andAH0 ∩ B Hn 6= ∅}.

Note that the graph is similar to the one studied in the previous section, with the
difference that the subgroupHn replacesHn−1 in the definition ofU . The edges are
in one-to-one correspondence with the cosets ofH0 ∩ Hn, and can be characterized as
follows. It is easily seen that

H0 ∩ Hn = H0 ∩ Hn−1 =
{[

a b
0 1

]
: a, b ∈ Fq, a 6= 0

}
. (8)

Therefore, we have|Hn/(H0 ∩ Hn)| = qn−1((qn − 1)/(q − 1)), and

H0 =
q−1⋃

k=−1

L0
k(H0 ∩ Hn). (9)

Lemma 7. We define

Ln
s,t =

[
πs πs pt

0 1

]
, 0≤ s<

qn − 1

q − 1
, and 0≤ t < qn−1.

We have

Hn =
(qn−1)/(q−1)−1⋃

s=0

qn−1−1⋃
t=0

Ln
s,t (H0 ∩ Hn),
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and, for any B∈ PGL2(qn),

0(B Hn) =
{

BLn
s,t H0: 0≤ s<

qn − 1

q − 1
and 0≤ t < qn−1

}
.

Proof. Notice that, for anyπs and anypt ,[
πs πs pt

0 1

]
∈ Hn,

therefore

Hn ⊇
(qn−1)/(q−1)−1⋃

s=0

qn−1−1⋃
t=0

Ln
s,t (H0 ∩ Hn).

To prove equality (on the basis of cardinalities), we must prove that the cosets of the
right-hand set are distinct. Suppose

Ln
s1,t1(H0 ∩ Hn) = Ln

s2,t2(H0 ∩ Hn).

Then, there is a matrix[
a b
0 1

]
∈ H0 ∩ Hn

such that

Ln
s2,t2 =

[
πs2 πs2 pt2
0 1

]
=
[
πs1 πs1 pt1
0 1

] [
a b
0 1

]
=
[
aπs1 bπs1 + πs1 pt1

0 1

]
,

which impliesπs2 = aπs1 andπs2 pt2 = πs1(pt1 + b). Sinceπs1 andπs2 are monic
polynomials andpt1, pt2 ∈ Pγ , we conclude thats1 = s2 andt1 = t2.

Thus, the degree of each node ofV is q + 1 and the degree of each node ofU is
qn−1((qn − 1)/(q − 1)).

With an argument similar to the one used to prove Lemma 4, it can easily be shown
that

U = {Hn} ∪
{[
α 1
1 0

]
Hn: α ∈ Fqn

}
. (10)

In Theorem 4.10 of [10] it is shown thatG is a 3-(qn+1,q+1, 1)-design, which has
the property that for any distinctu1, u2, u3 ∈ U there existsexactly onev ∈ V adjacent
to all three of them. (The parametersqn + 1 andq + 1 indicate the output size and the
input degree of the graph, respectively, whereas the parameters 3 and 1 indicate that for
any three outputs there is one input adjacent to them.)

5.1. Memory Organization Scheme for M∈ O(N2) Variables

5.1.1. The Graph. A Balanced Incomplete Block Designwith parametersqn, q, and 1
((qn,q, 1)-BIBD) is a bipartite graph withqn outputs, input degreeq and such that for any
pair of outputs there existsexactly oneinput adjacent to both. This immediately implies
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that there areqn−1((qn−1)/(q−1)) inputs and that the output degree is(qn−1)/(q−1).
Let N = qn andM = qn−1((qn − 1)/(q− 1)) and note that, ifq ∈ O(1), M ∈ 2(N2).
We use a(qn,q, 1)-BIBD to distributeM variables amongN memory modules, with
each variable represented byq copies and each module storing(qn− 1)/(q− 1) copies
of distinct variables. We call such a graphG1 = (V1,U1; E1), where the setV1 denotes
the variables andU1 the modules. We will see in the next subsection howG1 is obtained,
using a standard technique, as a subgraph of the 3-(qn + 1,q + 1, 1)-designG defined
earlier.

The following theorem establishes the expansion properties ofG1. As usual, given
a set of variablesS, and ac-bundleη for S, let0η(S) denote the set of modules storing
the bundle copies.

Theorem 7. G1 has( 1
2, (q − 1)/2)-expansion.

Proof. Let ρ = bq/2c. We must prove that, for any setSand any(ρ + 1)-bundleη,

|0η(S)| ≥ q − 1

2
|S|1/2.

Without loss of generality, suppose|0η(S)| = |S|1/2µ for someµ > 0. Sinceη contains
at least|S|(ρ + 1) copies, there must be a moduleu ∈ 0η(S) storing at least

|S|(ρ + 1)

|S|1/2µ = ρ + 1

µ
|S|1/2

such copies. Clearly, these copies belong to distinct variables, which cannot share any
module other thanu because, otherwise, we would have more than one variable connected
to the same pair of modules, violating the BIBD property. Since each such variable
accounts for at least otherρ bundle copies, beside the one stored inu, we conclude that

|0η(S)| > |S|1/2 (ρ + 1)

µ
ρ,

which, combined with the hypothesis|0η(S)| = |S|1/2µ, yields

µ ≥
√
ρ(ρ + 1) ≥ q − 1

2
.

In the next section we show howG1 can be implemented for any prime powerq and
integern, so that a processor is able to compute the physical address of any copy of any
variable inO(log N) time using constant internal storage (Theorem 9). Fixingq = 3
and combining the results of Theorems 7 and 1, we get

Theorem 8. M ∈ O(N2)variables can be distributed among N processors of an MPC,
with redundancy3, so that any set of N distinct variables can be accessed, using the
access protocol of Section2, in time O(N1/2). Moreover, each processor can determine
the physical address of any copy in O(log N) time using O(1) internal storage.
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5.1.2. Implementation. A (qn,q, 1)-BIBD G1 = (V1,U1; E1) can be obtained as a
subgraph of the 3-(qn+1,q+1, 1)-designG = (V,U ; E), using the following standard
technique. Letu be an arbitrary node ofU and define

V1 = {v ∈ V : (v, u) ∈ E},
U1 = U − {u},
E1 = E/(V1,U1),

whereE/(V1,U1) denotes the edges ofE betweenV1 andU1. As shown in Theorem 1.14
of [10], the graphG1 = (V1,U1; E1) is a(qn,q, 1)-BIBD, with

|V1| = qn−1 qn − 1

q − 1
= M,

|U1| = qn = N,

where each node inV1 has degreeq, and each node inU1 has degree(qn − 1)/(q− 1).
For convenience, we chooseu to be the node corresponding to cosetHn. The fol-

lowing lemma identifies the cosets associated with the nodes inV1 andU1, according to
the above construction.

Lemma 8. We have

V1 =
{[
πs πs pt

0 1

]
H0: 0≤ s<

qn − 1

q − 1
and pt ∈ Pγ

}
,

U1 =
{[
α 1
1 0

]
Hn: α ∈ Fqn

}
.

Proof. Immediate from the definition ofU1 andV1, Lemma 7, and equality (10).

The edge setE1 is, by definition, a subset ofE consisting of all those edges incident
to bothV1 andU1. For each nodex in G1, denote the set of its neighbors by0(x).

Lemma 9. Let AH0 ∈ V1 and B Hn ∈ U1, for some A, B ∈ PGL2(qn) of the kind
given in Lemma8. Then

0(AH0) = {AL0
k Hn: 0≤ k < q}, (11)

0(B Hn) =
{

BLn
s,0H0: 0≤ s<

qn − 1

q − 1

}
. (12)

Proof. Equality (11) follows immediately from (9), due to the exclusion ofHn =
AL0
−1Hn from U1. To prove (12) let

B =
[
α 1
1 0

]
.
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By Lemma 7, inG the(qn − 1)/(q − 1) nodes{
BLn

s,0H0: 0≤ s<
qn − 1

q − 1

}
are all adjacent toB Hn. Since the degree of a node ofU1 in G1 is (qn − 1)/(q− 1), all
we have to prove is that indeed

BLn
s,0H0 =

[
α 1
1 0

] [
πs 0
0 1

]
H0 ∈ V1, 0≤ s<

qn − 1

q − 1
.

In fact,[
α 1
1 0

] [
πs 0
0 1

]
=
[
α π−1

s
1 0

]
=
[
πs′ πs′ pt

0 1

] [
a b
1 0

]
,

where the equationbπs′ = π−1
s determinesb andπs′ , and the equationπs′(pt + a) = α

determinespt anda. Sincea, b ∈ Fq, the matrix[
a b
1 0

]
∈ H0;

therefore,BLn
s,0H0 belongs toV1.

We now show how the copies of the variables are effectively distributed among the
modules and how a processor determines the physical address of any copy. The approach
is similar to the one used in Section 4.2. Again, the elements ofFqn are represented as
polynomials inγ of degree less thann, and the operations inFqn takeO(log N) time,
whereas all the other operations are performed in constant time. Letv0, . . . , vM−1 denote
the variables andu0, . . . ,uN−1 the memory modules. We first associate variables and
modules with the appropriate cosets, as specified by Lemma 8. It is easy to give an
ordering of the matrices{[

πs πs pt

0 1

]
H0: 0≤ s<

qn − 1

q − 1
and pt ∈ Pγ

}
so that given an indexi , 0≤ i < M , a processor can compute thei -indexed such matrix,
which we denote asAi , in O(log N) time. Similarly, we establish an ordering for the
matrices{

Bj =
[
αj 1
1 0

]
: αj ∈ Fqn

}
.

Thus, for 0≤ i < M , variablevi is associated withAi H0, and, for 0≤ j < N, module
uj is associated withBj Hn. Let Fqn = {α0, . . . , αqn−1}, where the indexing of theαi ’s
is given by the lexicographic order of then-tuples of coefficients.

By virtue of Lemma 9, we can establish that thekth copy of a variablevi is stored in
the module associated with cosetAi L0

k Hn, 0≤ k < q. The item stored at the addressh of
module j is a copy of the variable associated with cosetBj Ln

h,0H0. Since the edges in the
graph are cosets ofH0∩Hn we adopt, as before, the following convention:the kthcopy of



Practical Constructive Schemes for Deterministic Shared-Memory Access 25

vi is stored at the address h in module uj if and only if Ai L0
k(H0∩Hn) = Bj Ln

h,0(H0∩Hn),
that is, if and only if

Ai L
0
k ∈ Bj L

n
h,0(H0 ∩ Hn).

Suppose a processor wants to compute the address of thekth copy ofvi . A two-step
procedure, similar to the one used in Section 4.2, is executed:

Step1. Fromi andk computeAi andL0
k.

Step2. Find j andh such thatAi L0
k ∈ Bj Ln

h,0(H0 ∩ Hn).

It is easy to see that Step 1 takesO(log N) time. Consider Step 2. We have that

Bj L
n
h,0(H0 ∩ Hn) =

{[
αj 1
1 0

] [
πh 0
0 1

] [
a b
0 1

]
: a, b ∈ Fq, a 6= 0

}
=
{[

aαjπh bαjπh + 1
aπh bπh

]
: a, b ∈ Fq, a 6= 0

}
=
{[
αj a−1bαj + (aπh)

−1

1 a−1b

]
: a, b ∈ Fq, a 6= 0

}
.

Note thatAi L0
k is of the form

[
x y
1 0

]
, wherex and y are elements ofFqn . The

processor has to determine the indicesj andh such that[
x y
1 0

]
=
[
αj a−1bαj + (aπh)

−1

1 a−1b

]
,

for somea, b ∈ Fq and a 6= 0. This impliesb = 0, and, therefore,αj = x and
(aπh)

−1 = y, which allows a processor to determinej andh in O(log N) time. We have

Theorem 9. A processor computes the physical address of any copy in O(log N) time
using O(1) internal storage.

5.2. Memory Organization Scheme for M∈ O(N3) Variables

5.2.1. The Graph. The graph that we use in this case is a 3-(qn + 1,q,q − 2)-design
with q > 3, which is a bipartite graphG2 = (V2,U2; E2) such that|U2| = qn + 1,
each node inV2 has degreeq, and for any three distinct nodesu1, u2, u3 ∈ U2 there
existexactly q− 2 nodes ofV2 adjacent to all three of them. The properties of such a
graph are similar to those of the graphG defined at the beginning of Section 5, which is
a 3-(qn + 1,q + 1, 1)-design, and would yield a comparable time performance for the
MOS. However,G2 allows us to devise a simpler implementation. From its definition, it
immediately follows that|V2| = qn−1((q2n−1)/(q−1)), and that the degree of each node
of U2 isqn((qn−1)/(q−1)). Thus, we useG2 to distributeM = qn−1((q2n−1)/(q−1))
variables amongN = qn + 1 modules, with each variable replicated inq copies, and
each module storingqn((qn − 1)/(q − 1)) copies of distinct variables.

Observe that forq = 3 the graph is trivial becauseM = (N
3

)
and the nodes ofV2 are

in one-to-one correspondence with the triplets of nodes ofU2. In this case the expansion
property of the graph, proved below, does not hold, and this is why we requireq > 3.
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Theorem 10. For q > 3, G2 has( 2
3,q

2/3/3)-expansion.
Proof. Letρ = bq/2c. We must prove that, for any setS∈ V and any(ρ + 1)-bundle
η for S,

|0η(S)| ≥ q2/3

3
|S|1/3.

Without loss of generality, suppose|0η(S)| = |S|1/3µ for someµ > 0. Note that if
q > 3, thenρ ≥ 2. Sinceη contains at least|S|(ρ + 1) copies, there must be a module
u ∈ 0η(S) storing at least

|S|(ρ + 1)

|S|1/3µ = ρ + 1

µ
|S|2/3

bundle copies, which clearly belong to distinct variables. LetS′ ⊆ Sbe the set of these
variables. Each such variable accounts for at least otherρ bundle copies, beside the one
stored inu, which, in turn, account for at least

(
ρ

2

)
pairs of modules, not includingu. By

addingu to each pair, we obtain
(
ρ

2

)
triplets. Let

t = |0η(S′)− {u}|.
There are

(t
2

)
triplets formed by two modules in0η(S′) − {u} andu. By the definition

of a 3-(qn + 1,q,q− 2)-design, each triplet occurs exactlyq− 2 times, and, therefore,
we conclude that

|S′|
(
ρ

2

)
≤
(

t

2

)
(q − 2).

Recalling that|S′| ≥ ((ρ + 1)/µ)|S|2/3, the above relation implies

t ≥ |S|1/3
(
ρ(ρ2− 1)

µ(q − 2)

)1/2

.

Since |0η(S)| ≥ |0η(S′)| > t , combining the inequality fort with the hypothesis
|0η(S)| = |S|1/3µ, we obtain

µ ≥
(
ρ(ρ2− 1)

q − 2

)1/3

≥ q2/3

3
.

The next section shows how to constructG2 for any prime powerq > 3 and integer
n, and how the copies of the variables can be organized among the modules according to
G2, so that a processor is able to compute the physical address of any copy inO(log N)
time using constant internal storage (Theorem 13). Choosingq = 5 and combining the
results of Theorems 10 and 1 we obtain

Theorem 11. M ∈ O(N3) variables can be distributed among N processors of an
MPC, with redundancy5, so that any set of N distinct variables can be accessed,
using the access protocol of Section2, in time O(N2/3). Moreover, each processor can
determine the physical address of any copy in O(log N) time using O(1) internal storage.
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5.2.2. Implementation. We constructG2 by combiningqn + 1 copies of the graph
G1, studied in Section 5.1, as explained below. Recall thatG1 was derived fromG =
(V,U ; E) by choosing an arbitrary nodeu ∈ U and considering setU−{u} as the output
set, set{v ∈ V : (v, u) ∈ E} as the input set, and retaining only the edges incident to
both these sets. Since|U | = qn + 1, we can constructqn + 1 such graphs, by choosing
different u’s. For convenience, letU = {u−1, u0, . . .uqn−1}, where, consistently with
(10), we set

u−1 = Hn,

uj =
[
αj 1
1 0

]
Hn, αj ∈ Fqn, 0≤ j < qn.

For−1≤ j < qn, define the graphGuj = (Vuj ,Uuj ; Euj ) as

Vuj = {v ∈ V : (v, uj ) ∈ E},

Uuj = U − {uj },

Euj = E/(Vuj ,Uuj )
.

The following lemma generalizes the result of Lemma 8.

Lemma 10. We have

Vu−1 =
{[
πs πs pt

0 1

]
H0: 0≤ s<

qn − 1

q − 1
and pt ∈ Pγ

}
, (13)

Uu−1 =
{[
β 1
1 0

]
Hn: β ∈ Fqn

}
, (14)

and, for 0≤ j < qn,

Vuj =
{[
αj 1
1 0

] [
πs πs pt

0 1

]
H0: 0≤ s<

qn − 1

q − 1
and pt ∈ Pγ

}
, (15)

Uuj =
{[
αj 1
1 0

] [
β 1
1 0

]
Hn: β ∈ Fqn

}
. (16)

Proof. Equalities (13) and (14) follow from Lemma 8, sinceVu−1 = V1 andUu−1 = U1.
Equality (15) follows from Lemma 7 and the definition ofVuj . As forUuj , by using (10),
it is easy to see that{[

αj 1
1 0

]
Hn

}
∪
{[
αj 1
1 0

] [
β 1
1 0

]
Hn: β ∈ Fqn

}
= U,

therefore,{[
αj 1
1 0

] [
β 1
1 0

]
Hn: β ∈ Fqn

}
= U − {uj }.
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Fig. 4. G2 = (V2,U2; E2).

For any j ≥ 0 the graphGuj is isomorphic toGu−1, since the cosets associated with
the nodes ofGuj are obtained by multiplying those ofGu−1 by the same matrix, and
the adjacencies are preserved because the edges, which are associated with the cosets
of H0 ∩ Hn, are also multiplied by the same matrix. Furthermore, sinceGu−1 = G1, we
conclude that eachGuj is a(qn,q, 1)-BIBD.

We are now ready to construct the 3-(qn + 1,q,q − 2)-designG2 = (V2,U2; E2).
Recall that|U2| = qn+1 and|V2| = qn−1((q2n−1)/(q−1)). SetU2 = U , and partition
the setV2 into qn + 1 disjoint subsets ofqn−1((qn − 1)/(q − 1)) nodes each, namely
V j

2 = Vuj , for−1≤ j < qn. Note that theVuj ’s are not disjoint, therefore distinctV j
2 ’s

may include the same cosets which, however, will be reckoned as distinct nodes. Each
V j

2 is connected toU by the same edges that connectVuj to Uuj in Guj (see Figure 4).
It is easy to see that, inG2, each node ofV2 has degreeq and each node ofU2 has

degreeqn((qn − 1)/(q − 1)).

Theorem 12. G2 is a3-(qn + 1,q,q − 2)-design.

Proof. We must prove that for any three distinct nodesx, y, z ∈ U2, there are exactly
q− 2 nodes inV2 adjacent to all three of them. Fix a triplet(x, y, z) and consider these
nodes in the graphG. SinceG is a 3-(qn+1,q+1, 1)-design, there is exactly one node
v ∈ V adjacent tox, y, andz. Since the degree ofv is q+ 1, there are otherq− 2 nodes
of U adjacent tov in G. Call these nodesνi , for 1≤ i ≤ q− 2. Thus, for anyi we must
have thatv ∈ Vνi , x, y, z ∈ Uνi and, clearly,(v, x), (v, y), (v, z) ∈ Eνi . The same edges
occur inG2 and, therefore, we have foundq − 2 nodes ofV2 adjacent tox, y, andz in
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G2. Since each node ofV2 accounts for
(q

3

)
triplets, we must have

|V2|
(

q

3

)
≥
(|U2|

3

)
(q − 2).

The theorem follows by observing that the above is, in fact, an equality.

The implementation ofG2, for the purposes of address computation, is easy, once
we regard this graph as decomposed into theGuj ’s. As observed before, eachGuj is
isomorphic toG1 and can be implemented as explained in Section 5.1. Note that module
uj ∈ U2 is included in everyUui with i 6= j . Therefore,uj contains(qn − 1)/(q − 1)
copies of the variables ofVi

2 = Vui , for anyi 6= j . Since there areqn such indicesi , we
subdivideuj into qn blocksof size(qn − 1)/(q− 1), each block reserved for the copies
of a distinctVi

2. The blocks occupy consecutive position in the module, according to the
ordering of the indicesi . The organization of the copies in blocki is identical to that of
uj in the graphGui .

The variables are subdivided in groups according to the partition ofV2 into the
subsetsVi

2,−1≤ i < qn. Suppose a processor wants to compute the physical address of
thekth copy of a variablev, and supposev belongs toVi

2. We first compute the address
of the copy inGui , with the same procedure described before forG1. Suppose the copy
resides in moduleuj . Then, once we have the address withinuj with respect to the graph
Gui , we just add the appropriate multiple of(qn− 1)/(q− 1) to account for the number
of blocks inuj preceding the one where the copies of the variables ofVi

2 are stored. The
following theorem easily follows.

Theorem 13. A processor computes the physical address of any copy in O(log N) time
using O(1) internal storage.

Appendix

The goal of this appendix is to find a suitable set of matrices representatives of
PGL2(qn)/H0, such that, given an integeri , 0 ≤ i < |PGL2(qn)/H0|, the i th matrix
is easily retrieved. This is necessary for the implementation of the MOS presented in
Section 4. For convenience, we only consider the case ofq = 2 andn odd, which is
simpler to explain and, yet, general enough for our purposes.

Let F2 = {0, 1}. The groupH0 = PGL2(2) consists of six matrices:

H0(1) =
[
1 0
0 1

]
, H0(4) =

[
0 1
1 0

]
,

H0(2) =
[
1 1
1 0

]
, H0(5) =

[
1 1
0 1

]
,

H0(3) =
[
0 1
1 1

]
, H0(6) =

[
1 0
1 1

]
.

By (1), |PGL2(2n)| = (22n − 1)2n, thus

|PGL2(2
n)/H0| = 2n−1 22n − 1

3
.
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The choice of the representatives forPGL2(2n)/H0 is made much simpler if we
regard the rows of the matrices ofPGL2(2n) as elements of extension fieldF22n , as
explained below. Letλ be a generator of the multiplicative groupF*

22n , and define

ρ = 22n − 1

3
.

We haveF*
22 = {λiρ : 0≤ i < 3}, sow = λρ is a generator forF*

22. Note thatF22 ⊂ F22n

but, sincen is odd,F22 6⊂ F2n , as pictured in the diagram below.

Therefore,w ∈ F22n −F2n and(w, 1) forms a basis forF22n overF2n ; thus, each element
of F22n can be uniquely written asαw + β, for someα, β ∈ F2n . Define the function
8: F2n × F2n → F22n as

8(α, β) = αw + β, ∀α, β ∈ F2n .

We represent a matrix[
x y
z v

]
∈ PGL2(2

n)

by the pair

〈8(x, y),8(z, v)〉,
where, since the matrix is nonsingular, both8(x, y) and8(z, v) are nonzero. From
now on, either the usual matrix notation or the above pair notation is used wherever
appropriate, interchangeably.

Partition the elements ofF*
22n (i.e.,λi , for 0≤ i < 22n − 1) into cosets ofF*

22n/F*
22.

For 0≤ i < ρ let

[λi ] = {λiwk: 0≤ k < 3} = {λi+kρ : 0≤ k < 3}.
We need to identify the cosets that contain the elements ofF*

2n . Define

σ = 2n + 1,

τ = 2n + 1

3
,

and note thatF*
2n = {λiσ : 0≤ i < 2n − 1}. It is easy to prove that

{[λiσ ]: 0 ≤ i < 2n − 1} = {[λi τ ]: 0 ≤ i < 2n − 1} (17)
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and that each such coset contains exactly one element ofF*
2n . We subdivide the cosets

of F*
22n/F*

22 in two sets

S1 = {[λi τ ]: 0 ≤ i < 2n − 1},
S2 = {[λi ]: 0 ≤ i < ρ such thatτ 6 | i }.
Now, given a row vector(x, y) with x, y ∈ F*

2n and8(x, y) 6= 0, consider the six
vectors(x, y) · H0(i ), for i = 1, . . . ,6. Using the function8, view these vectors as
elements ofF*

22n , and let

αi = 8((x, y) · H0(i )), i = 1, . . . ,6.

The following lemma shows that the partition ofF*
22n into the cosets ofF*

22n/F*
22 is, in

some sense, preserved among theαi ’s. Supposeα1 ∈ [λk], for somek, 0≤ k < ρ.

Lemma 11.

1. {αi : 1≤ i ≤ 6} = [λk] ∪ [λ(k2n)modρ ].
2. [λk] = [λ(k2n)modρ ] if and only ifτ divides k(i.e., [λk] ∈ S1).

Proof. Observe that

α1 = 8(x, y), α4 = 8(y, x),
α2 = 8(x + y, x), α5 = 8(x, x + y),
α3 = 8(y, x + y), α6 = 8(x + y, y).

Note thatF*
22 = {1, w,w + 1} and, sincew generatesF*

22, we must havew2 = w + 1.
Easy calculations show that8(x + y, x) = 8(x, y)w and8(y, x + y) = 8(x, y)w2,
therefore

[8(x, y)] = {8(x, y),8(x + y, x),8(y, x + y)} = {α1, α2, α3}.
Similarly,

[8(y, x)] = {8(y, x),8(x, x + y),8(x + y, y)} = {α4, α5, α6}.
By induction it can easily be proved that, whenn is odd,w2n = w + 1, therefore

(8(x, y))2
n = (xw + y)2

n = x2n
w2n + y2n = xw2n + y = xw + (x + y)

= 8(x, x + y).

This shows thatα5 = α2n
1 and, since we assumedα1 ∈ [λk], we have

{αi : 1≤ i ≤ 6} = [λk] ∪ [λk2n
] = [λk] ∪ [λk2nmodρ ].

Now we wish to identify the values ofk for which [λk] = [λ(k2n)modρ ]. We observe:

(k2n) modρ = k ⇔ k2n = k+ hρ (for someh)
⇔ k(2n − 1) = hρ
⇔ k = hτ.

Hence, [λk] = [λ(k2n)modρ ] if and only if τ |k, i.e., [λk] ∈ S1.
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In other words, the set ofαi ’s consists of exactly two cosets ofF*
2n/F*

22, if [λk] ∈ S2,
and coincides with [λk], with each element occurring twice, if [λk] ∈ S1.

Before proceeding with the choice of representatives ofPGL2(2n)/H0 we need a
technical fact. For 1≤ i ≤ (2n−1− 1)/3 and 0≤ j < 2n − 1 define

k(i, j ) = (i + jσ) modρ. (18)

Fact 1. For any1≤ i ≤ (2n−1− 1)/3 and0≤ j < 2n − 1 we have:

1. [λk(i, j )] ∈ S2.
2. For any1≤ i ′ ≤ (2n−1− 1)/3 and0≤ j ′ < 2n − 1,

(a) k(i ′, j ′) = k(i, j )⇔ i ′ = i and j′ = j ,
(b) k(i ′, j ′) 6= (2nk(i, j )) modρ.

Proof. 1. Sinceτ | σ andτ | ρ, then

τ | k(i, j ) ⇔ τ | i .
However, 1≤ i ≤ (2n−1− 1)/3< τ , thereforeτ 6 | i and [λk(i, j )] ∈ S2.

2. (a) The “⇐” part is trivial. Supposek(i ′, j ′) = k(i, j ). Then

(i ′ + j ′σ) modρ = (i + jσ) modρ.

Sincei ′ ≤ ρ, the above equation can be rewritten as
i ′ = (i + ( j − j ′)σ ) modρ

= (i + ( j − j ′)σ modρ) modρ.
Note thatλ( j ′− j )σ ∈ F2n , hence, by (17),( j − j ′)σ modρ = hτ for someh, 0 ≤ h <
2n − 1. Sincei < τ , i + hτ < (2n − 1)τ = ρ. Thus we have

i ′ = i + hτ.

The conditioni ′ < τ impliesh = 0 and, hence,i = i ′. Also,h = 0 implies( j − j ′)σ =
dρ, for some 0≤ d < 2n − 1. Now, sincen is odd, lcm(σ, ρ) = 22n − 1 and, thus,
( j ′ − j )σ = dρ implies that( j ′ − j ) is a multiple of lcm(σ, ρ)/σ = 2n − 1. However,
by definition,( j ′ − j ) < 2n − 1, so we must have( j ′ − j ) = 0, that is, j ′ = j .

(b) Suppose for a contradiction that there existi ′ and j ′ such thatk(i ′, j ′) =
(2nk(i, j )) modρ. Then

(i ′ + j ′σ) modρ = (2ni + 2n jσ) modρ,

that is,

2ni modρ = (i ′ + ( j ′ − 2n j )σ ) modρ.

Noting that 2ni < ρ and reasoning as before, we conclude that

2ni = i ′ + hτ

for someh, 0≤ h < 2n − 1. In other words,i ′ = 2ni modτ . Since 2n = 3τ − 1, then
i ′ = 2ni modτ

= (3τ − 1)i modτ

= −i modτ,
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which is impossible sinceτ = (2n + 1)/3 and bothi andi ′ are at most(2n−1− 1)/3≤
bτ/2c.

We are now ready to define the matrices representatives ofPGL2(2n)/H0. The
matrices are given in the pair notation and, for convenience, are partitioned into four
sets,L1, L2, L3, andL4.

Definition 2.

L1 = {〈1, λhσw〉: 0≤ h < 2n − 1},
L2 = {〈1, λk(i, j )ws〉},
L3 = {〈λk(i, j )ws, 1〉},
L4 = {〈λk(i,0), λtws〉: 1≤ t < ρ , τ 6 | t andλk(i,0)(λtws)−1 6∈ F*

2n},
with 1≤ i ≤ (2n−1− 1)/3, 0≤ j < 2n − 1, and 0≤ s< 3, wherever they occur.

Lemma 12.

|L1| + |L2| + |L3| + |L4| = |PGL2(2
n)/H0|.

Proof. It is immediate that

|L1| = 2n − 1,

|L2| = |L3| = (2n − 1)(2n−1− 1).

As for the cardinality ofL4, note that there are((2n−1)(2n−2))/3 values oft between
1 andρ not multiples ofτ . Moreover, it is not difficult to show that, for eachi , there are
exactly 2n − 1 pairs of indicest ands, with 1≤ t < ρ, τ 6 | t , and 0≤ s< 3, such that
λk(i,0)(λtws)−1 ∈ F*

2n . Therefore,

|L4| = 2n−1− 1

3

[
3
(2n − 1)(2n − 2)

3
− (2n − 1)

]
= 2n−1− 1

3
[(2n − 1)(2n − 2)− (2n − 1)]

= 2n−1− 1

3
(2n − 3)(2n − 1).

Simple algebra shows that

|L1| + |L2| + |L3| + |L4| = 2n−1((22n − 1)/3) = |PGL2(2
n)/H0|.

The next theorem shows that the matrices in the above four sets are indeed a set of
representatives forPGL2(2n)/H0. Let

L 4= L1 ∪ L2 ∪ L3 ∪ L4.

Theorem 14. The matrices inL belong to distinct cosets of PGL2(2n)/H0, thus form-
ing a complete set of representatives.
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Proof. It is sufficient to prove the following two facts.

1. L ⊂ PGL2(2n).
2. For any distinctA, B ∈ L, and for anyδ ∈ F2n , A 6∈ δB H0.

For the first fact we only have to prove that eachA ∈ L is nonsingular. LetA =
〈x, y〉 ∈ L. Note that bothx andy are nonzero; thereforeA is nonsingular if and only if
x−1y 6∈ F2n (or, equivalently,xy−1 6∈ F2n). We distinguish among four cases, according
to the form ofA.

• A = 〈1, λhσw〉 ∈ L1. Sincew 6∈ F2n andλhσ ∈ F2n , λhσw 6∈ F2n .
• A = 〈1, λk(i, j )ws〉 ∈ L2. By Fact 1, [λk(i, j )ws] = [λk(i, j )] ∈ S2 and, by (17) and

the definition ofS2, λk(i, j )ws 6∈ F2n .
• A = 〈λk(i, j )ws, 1〉 ∈ L3. Identical to the previous case.
• A = 〈λk(i,0), λtws〉 ∈ L4. The conditionλk(i,0)(λtws)−1 6∈ F2n in the definition

of L4 assures thatA is nonsingular.

We now prove the second fact. LetA, B ∈ L, with A 6= B, and letδ = λaσ , for some
a, 0≤ a < 2n − 1. As before, we need to distinguish among various cases according to
the form ofA andB.

• A and B belong to distinct Li ’s. We show only the case ofA ∈ L1 andB ∈ L2.
The other cases can be dealt with in a similar fashion. LetA = 〈1, λhσw〉 and
δB = 〈λaσ , λk(i, j )+aσws〉. Note that [λhσw] ∈ S1 and [λk(i, j )+aσws] ∈ S2. From
Lemma 11, it can be argued that, for any〈x, y〉 ∈ δB H0, [y] ∈ S2. Therefore,
A 6∈ δB H0.
• A, B ∈ L1, with A 6= B. Let A = 〈1, λhσw〉 and B = 〈1, λh′σw〉 with h′ 6= h.

ThusδB = 〈λaσ , λ(h
′+a)σw〉. Note that [1], [λhσw], [λaσ ], and [λ(h

′+a)σw] are all
in S1. By Lemma 11, for any〈x, y〉 ∈ δB H0, [x] = [λaσ ], so if A ∈ δB H0 we
would have [λaσ ] = [1] (i.e., a = 0). For the same reason, [y] = [λ(h

′+a)σw]; so
if a = 0, A ∈ δB H0 would imply [λh′σ ] = [λhσ ], that is,h = h′, a contradiction.
• A, B ∈ L2, with A 6= B. Let A = 〈1, λk(i, j )ws〉 andB = 〈1, λk(i ′, j ′)ws′ 〉, where

it cannot be that(i = i ′)∧ ( j = j ′)∧ (s= s′). Thus,δB = 〈λaσ , λk(i ′, j ′)+aσws′ 〉.
As in the previous case, we can show thatA ∈ δB H0 implies a = 0. Since
[λk(i ′, j ′)ws′ ] = [λk(i ′, j ′)] ∈ S2, by Lemma 11 for any〈x, y〉 ∈ δB H0, [y] =
[λk(i ′, j ′)], or [y] = [λ(k(i

′, j ′)2n)modρ ]. Therefore, in order to haveA ∈ δB H0, we
need [λk(i, j )] = [λk(i ′, j ′)] or [λk(i, j )] = [λ(k(i

′, j ′)2n)modρ ], which, by Fact 1, implies
i = i ′ ∧ j = j ′. Thus we haveA = 〈1, λk(i, j )ws〉 andδB = 〈1, λk(i, j )ws′ 〉 with
s 6= s′. From the proof of Lemma 11 it can easily be seen that the only matrix
in δB H0 other thanB itself of the form〈1, y〉 must have [y] = [λ(k(i, j )2

n)modρ ].
Therefore,A cannot belong toB H0.
• A, B ∈ L3, with A 6= B. Identical to the previous case.
• A, B ∈ L4, with A 6= B. Let A = 〈λk(i,0), λtws〉 = 〈λi , λtws〉 and B =
〈λk(i ′,0), λt ′ws′ 〉 = 〈λi ′ , λt ′ws′ 〉where it cannot be that(i = i ′)∧(t = t ′)∧(s= s′).
Thus,δB = 〈λi ′+aσ , λt ′+aσws′ 〉.Note that [λi ′+aσ ] = [λk(i ′,a)], and, by Lemma 11
and Fact 1,A ∈ δB H0 impliesk(i, 0) = k(i ′,a), and thereforei = i ′ anda = 0.
Thus, we must haveA = 〈λi , λtws〉 andδB = 〈λi , λt ′ws′ 〉. Now, since [λi ] ∈ S2,
Lemma 11 implies thatδB is actually the only matrix inδB H0 whose first com-
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ponent isλi . Therefore, in order to haveA ∈ δB H0 it must be thatA = δB, that
is t = t ′ ands= s′, a contradiction.

Let M = |PGL2(2n)/H0|. We show how to associate the integers 0, 1, . . . ,M − 1
with the matrices ofL bijectively. We first explain how, given an integerr , 0≤ r < M ,
ther th matrix ofL, sayAr , can be computed in the pair notation. Assume that a primitive
elementλ ∈ F22n is known.

Recall thatL = L1 ∪ L2 ∪ L3 ∪ L4 and, as shown in the proof of Lemma 12,

|L1| = 2n − 1,

|L2| = |L3| = (2n − 1)(2n−1− 1),

|L4| = (2n − 1)
2n−1− 1

3
(2n − 3),

where|L1| + |L2| + |L3| + |L4| = M . We number the matrices so that

Ar ∈ L1 if 0 ≤ r < 2n − 1,

Ar ∈ L2 if 2n − 1≤ r < (2n − 1)+ (2n − 1)(2n−1− 1) = (2n − 1)2n−1,

Ar ∈ L3 if (2n − 1)2n−1 ≤ r < (2n − 1)2n−1+ (2n − 1)(2n−1− 1)

= (2n − 1)2,

Ar ∈ L4 if (2n − 1)2 ≤ r < (2n − 1)2+ (2n − 1)
2n−1− 1

3
(2n − 3) = M.

Thus we must find a bijection between the indices in each range and the matrices of the
appropriate set. For the first three ranges, the mapping can be easily established based
on the definitionL1, L2, andL3, and involves only a constant number of operations.
The case ofL4 is slightly more complicated. Suppose(2n − 1)2 ≤ r < M and set
r ′ = r − (2n − 1)2, so that 0≤ r ′ < (2n − 1)((2n−1− 1)/3)(2n − 3). Ar will be of the
form

Ar = 〈λk(i,0), λtws〉
for somei , t , ands such that 1≤ i ≤ (2n−1 − 1)/3, 1 ≤ t < ρ, τ 6 | t , 0 ≤ s < 3,
andλk(i,0)(λtws)−1 6∈ F2n . We must associater ′ with the appropriate triplet(i, t, s). The
index i can be chosen as

i =
⌊

r ′

(2n − 1)(2n − 3)

⌋
+ 1,

which is clearly a value between 1 and(2n−1−1)/3. For fixedi , there are(2n−1)(2n−3)
pairst, s to choose from, and we want to find thel th pair, wherel = r ′ mod(2n − 1)×
(2n − 3). Note that, sincew = λρ , thenλtws = λt+sρ . It is not difficult to see that

{t + sρ: 1≤ t < ρ, τ 6 | t, and 0≤ s< 3} = {t ′: 0≤ t ′ < 22n − 1, τ 6 | t ′}.
Therefore, finding thel th pair (t, s) such thatλk(i,0)(λtws)−1 6∈ F2n is equivalent to
finding thel th indext ′, which is not a multiple ofτ and such thatλk(i,0)−t ′ = λi−t ′ 6∈ F2n ;
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Fig. 5. Table of the indices 0, . . . ,22n − 2.

that is,t ′ 6= i + jσ for any 0≤ j < 2n − 1. Among the integers 0· · ·22n − 2, those
that are multiples ofτ or are equal toi + jσ (i.e., the “forbidden” indices), occupy
fixed positions, as shown in Figure 5 where the integers 0, . . . ,22n − 2 are arranged
consecutively into 2n − 1 rows andσ columns. Note that the multiples ofτ are those in
columns 0, τ , and 2τ , and the valuesi + jσ , with 0≤ j < 2n − 1, are those in column
i . It is not hard to see thatt ′ can be computed with a constant number of operations.

Once the matrixAr is known in pair notation, we need to transform it into the usual
form. Specifically, letAr = 〈λi , λ j 〉, for somei and j . We want to findαi , βi , αj , βj ∈ F2n

such that

αiw + βi = λi ,

αjw + βj = λ j .

Suppose we know thatλ = α1w+ β1 (each processor has to store the two valuesα1 and
β1). Then giveni and j and using the factw2 = w + 1, αi , βi , αj , andβj can be easily
computed withO(n) operations overF2n . Recalling thatn ∈ O(log N), whereN is the
number of processors in the MOS, we have proved

Theorem 15. Given an index r, 0 ≤ r < M , a processor is able to compute the rth
matrix ofL in O(log N) time using O(1) internal storage.
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