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Abstract. We present three explicit schemes for distributMgvariables among

N memory modules, whert! = O(N'®), M = ©(N?), andM = O(N3),
respectively. Each variable is replicated into a constant number of copies stored
in distinct modules. We show th&t processors, directly accessing the memories
through a complete interconnection, can raaidte any set oN variables in worst-

case timeD(N/3), O(N¥?), andO(N?%3), respectively for the three schemes. The
access times for the last two schemes are optimal with respect to the particular
redundancy values used by such schemes. The address computation can be carried
out efficiently by each processor without recourse to a complete memory map and
requiring onlyO(1) internal storage.

1. Introduction

Consider a parallel system witN processors andl memory modules collectively
storingM > N variablesthat are available for access by the processors. A scheme is
sought to distribute the variables among the modules so that any Ketafiables can

be efficiently accessed by the processors in parallel. This problem, originally referred to
as thegranularity problem naturally arises in the design and implementation of parallel
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systems (such as PRAMs and parallel databases) and has received considerable attention
in the literature. An early survey [11] quotes 14 papers that deal with some special cases.
More recently, it has become the main focus of the large body of work concerning the
simulation of the PRAM on more feasible machines.

Often, the problem is studied on a synchronous system where each processor is
directly connected to all the memories, and each memory module is able to fulfill at
most one access request (réadte) per time unit Module Parallel Compute(MPC))

[13]. Thus, the time needed to access a set of variables is mainly determined by the
maximum number of requests that a single module must fulfill. With this modeling, one
can focus on reducing memory congestion without dealing with routing problems, which
arise when processors and memories are connected thr&mimaed-Degree Network
(BDN).

A number of efficient randomized schemes have been developed for both the MPC
and BDNs, based on the use of universal classes of hash functions to distribute the
variables among the modules. It has been shown haariables can be accessed in
O(log N) time on a BDN [17], and in sublogarithmic time on an MPC [4], with high
probability. On the other hand, the development of efficient deterministic schemes, which
is the focus of this paper, appears to be much harder. The pioneering work of Mehlhorn
and Vishkin [13] introduced the idea of representing each variable by several copies
so that a read operation needs to access only one (the most convenient) copy. This is
necessary to avoid the worst case when all the requests are addressed to the same module.
For M € O(N"), they present a memory organization scheme for the MPC thatruses
copies per variable and allows a setbfead requests to be satisfied in ti@é N1/,
However, this use of the copies penalizes the execution of write operations where all the
copies of the variables must be accessed, thus requ@¥ingyl ) time in the worst case.

Later, Upfal and Widgerson [19] proposed a more balanced use of multiple copies
exploiting the majority concept previously adopted for databases [5], [18]. Each variable
is represented b copies, where is called theredundancyof the scheme. Each copy
contains the value of the variable and a timestamp indicating the last time that particular
copy has been accessed. A réadte operation needs to access only a majami#2 | + 1
of the copies to assure that the most recent value of the variable is always retrieved.
The assignment of the copies to the memory modules is governed by a bipartite graph
G = (V,U; E), whereV denotes the set of variabldd, the set of modules, and
edges connect each variable to the modules that store its copielsl polynomial in
N andr € ®(logN), Upfal and Widgerson show that there exists a gr&phwith
suitable expansion, which allows the MPC processors to accesd argriables in
O(log N(log logN)?) worst-case time. They do not provide an explicit construction for
G but show that a random graph exhibits the desired property, with high probability. The
access time was later improved@log N) in [1].

Subsequently, several authors have adopted a similar framework to devise schemes
for specific BDNSs, trading the advantage of using more practical interconnections with
a sublogarithmic increase in the access time [7], [12], [8], [9]. It has to be noted that
all these schemes, as well as those for the MPC, aim at a fast access time and, for this
purpose, need logarithmic redundancy. In [2] it is shown how to reduce the amount of
global redundancy to a constant by using a suitable coding of the PRAM memory, at the
expense of a more involved access protocol. In [16], instead, the redundancy is regarded
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as a parameter and a class of schemes is devised, generalizing the one of [19]. The access
time associated with each scheme is expressed as a function of the redundancy, showing
a close relationship between these two quantities.

All the schemes presented in the aforementioned papers rely on expanding graphs
for which no efficient implementation is known, other than resorting to a random graph.
This represents the basic shortcoming (maybe fatal from the practical standpoint) of
this class of approaches, for the following reasons. No efficient way is known of testing
the expansion property of a random graph. As pointed out in [15], the only known
technique, based on the second eigenvalue of a certain matrix related to the adjacency
matrix, cannot be applied when the sizes of the two ¥edmdU differ by more than a
constant factor, which is the case for nontrivial memory organizations. Furthermore, the
representation of the memory map poses substantial implementation problems. How can
a processor determine, for any variable, the modules storing its copies and the physical
address of each copy within its module? The hypothesis of a complete memory map
stored internally in each processor appears eminently impractical due to memory blow-
up. Onthe other hand, the approach proposed in [8], where the memory map is distributed
among the processors with only polylogarithmic memory blow-up, has a rather involved
implementation, which makes it less attractive for practical applications.

In this paper we present three schemes to distriButs 1), ®(N?), and® (N?3)
variables, respectively, among themodules of the MPC. The schemes are presented in
a framework similar to the one of [19]; however, the graphs used for the distribution of the
variables are given explicitly and the redundancy, in all three cases, is a small constant.
To read'write any given set oN variables, a simple access protocol is provided, and its
worst-case performance is analyzed exploiting the expansion properties of the graphs.
The results are summarized in Table 1, where for each scheme, identified by the number
of variablesM, we indicate the redundancy the time to satisfyN worst-case data
requests, and the storage required in each processor to represent the memory map.

The important feature of these schemes is represented by the construction and im-
plementation of the bipartite graphs governing the variable distribution, and the analysis
of their expansion properties. The graphs are constructed by associating the two node
sets,V andU, with certain quotients oP G L,(q") (the group of nonsingular 2 2
matrices over the fiellf», modulo its center), or with suitably chosen subsets of them.
The edges are then defined between cosets with nonempty intersection. This technique
was introduced in [14] for the construction of bounded concentrators, which are bipartite
graphs whose node sets have almost equal size. It has the advantage of providing the
graphs with a rich algebraic structure and a remarkable “isotropy” which make them
very attractive for a number of applications. We exploit such structures to determine
their expansion properties and to devise an efficient implementation.

Table 1. List of results.

M r Time StoraggProcessor
O(NL5) 3 O(NY/3) o(1)
O(N?) 3 O(NYV?) o)
O(N3) 5 O(N?Z/3) o)
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The relevance of our schemes is twofold: (1) They are the first constructive ap-
proaches known to achiewblinear worst-case access tirffer both read and write
operations. (2) Their implementation is simple and involves only elementary algebra; in
particular, a processor can efficiently determine the physical location of any copy with a
limited use of resources. Although the time performance appears less attractive than that
of the nonconstructive schemes cited before, it must be pointed out that this is essentially
caused by the use of constant redundancy (which is desirable from a practical standpoint).
In [16] it shown that, by using fixednumberr of copies per variables, the time complex-
ity of any memory organization scheme is at le@gmin{N/r, (M/N)¥{/2+Dyy for
M e Q(N¥*¢). This result proves that our schemes fér= ®(N?) andM = ®(N?3)
are optimal, with respect to the specific values of the redundancy that they use.

The rest of the paper is organized as follows. In Section 2, we describe the basic
structure of our schemes and present the access protocol used to satisfy a set of variable
requests. The protocol’s running time is given in terms of the expansion property of the
graph governing the variable distribution. Section 3 introduces most of the notations
and background facts concerning finite fields and the g®@1L,(q"), which are used
throughout the rest of the paper. Sections 4 and 5 present the three schemes by defining
the underlying graphs and studying their structural properties. In particular, for each
graph we determine its expansion and provide a suitable representation that allows a
processor to calculate the addresses of the copies of any given variable efficiently. For
convenience, a number of technical facts, needed for the implementation of the first
scheme, are reported in the Appendix.

2. Framework

As mentioned in the introduction, the parallel model used for our memory organization
schemes is the MPC, consisting Wfprocessors anll memory modules fully inter-
connected. (Equivalently, one may think of each module as being assigned to a distinct
processor, and of each processor as being directly connected to every other processor.)
In one MPC step, each processor can send oneg'wedd request to any module, and
each module satisfies one request arbitrarily selected among the incoming ones (if any).
Thus, in order to guarantee efficient parallel access to a set of variables, we must ensure
that the variables are well spread among the modules.

In order to distributeM > N shared variables among ti modules, we adopt
the standard approach originally proposed in [19], based btemory Organization
SchemdMOS) structured as follows. Each variable is replicated mtmpies,r odd,
stored in distinct modules, only a majority/2] + 1 of which need to be accessed to
perform areagwrite operation. Each copy is provided with a timestamp which is updated
every time the copy is written, so that a majority of the copies is always guaranteed to
contain at least one most recently updated copy. The distribution of the copies of the
variables among the modules is governed by a bipartite ggaph(V, U; E), whereV
represents the set of variablésthe set of modules, andedges connect each variable
to the modules that store its copies.

Suppose each processor issues an accesg\weta) request for a distinct variable.
(The case of fewer processors issuing requests can be handled with minor modifications,
obtaining the same access time, whbirés replaced by the actual number of requests.
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begin PROTOCOL
for k:=1tor do { Phase k }
foreach 1 <i < N/r do in parallel
P(i, k) broadcasts v(i, k) to the other processors in its cluster;
foreach 1 < j < r do in parallel
P(i,7) determines the address of the jth copy of (i, k);
set flag(i, k) ‘alive’;
while flag(i, k) = ‘alive’ do
foreach 1 < j < r do in parallel
P(i,7) sends a request for the jth copy of v(¢, k), if not yet accessed;
{ Each memory module accepts one request (if any) }
count the number of copies of v(4, k) accessed so far;
if count > |r/2] + 1 then set flag(i, k) = ‘dead’
end PROTOCOL.

Fig. 1. Access protocol.

The case of multiple requests for the same variable also requires minor changes, and
introduces only an additive logarithmic factor in the access time.) In order to satisfy
the requests, the following protocol is executed by the processors, in paralleN The
processors are subdivided inityr clusters with r processors per cluster. LB, )

denote thejth processor in cluster, and letv(i, j) denote the variable it wants to
access, for i < N/r and 1< j <r. The protocol consists af phases. In Phase

the processors of each cluster cooperate to access the variable requested kil their
companion. More specifically, procesde(i, j) is in charge of thgth copy ofv(i, k),

for anyi and j. A number of iterations are executed. In each iteration every processor
tries to access its assigned copy unless it previously succeeded, orgter 1 copies

of the same variable have already been accessed. Since a memory module can satisfy at
most one request per iteration, the number of copies accessed in one iteration is equal
to the number of modules receiving requests in that iteration. At any point during the
execution of a given phase, a copy is said talee if it has not been accessed yet; a
variable is said to baliveif fewer than|r /2| + 1 of its copies have been accessed, which
implies, since is odd, that atleast /2| +1 of its copies are still alive. (This terminology

is used only for variables and copies requested in the phase under consideration.) The
code for the entire protocol is shown in Figure 1. For each variable, a flag is used to
indicate whether the variable is alive or not.

As we will see later, all the schemes presented in this paper use constant redundancy,
and their implementations allows each processor to determine the physical address of
any copy inO(log N) time. Thus, lettingb denote the maximum number of iterations of
thewhile loop, executed in any of thephases, it can easily be seen that the entire access
protocol takeO(® + log N) steps on the MPC. Next, we devise a general expression
for ® based on the expansion properties of the gi@ph

Let S V be a set of variables. &-bundlefor Sis defined as a subset of copies of
variables inS containing at least copies for each variable (similar terminology is used
in [9]). For ac-bundlen of S, letT",(S) denote the set of modules storing the copies.in

Definition 1. G has(v, u)-expansionf, forany S ¢ V and any(|r /2] + 1)-bundlen,

IT,(S)] > u|S*".
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The following lemma is similar to Lemma 3.3 of [19].

Lemmal. Consider k consecutive iterations of thhile loop in a phase and suppose
that at the beginning of this set of iterations there are X live cojiesR, be the number
of live copies remaining after the last iteratidfi G has(v, w)-expansionthen

k

a

<X{1l-—

Re=x(1- %)
witho = p/rt=v.

Proof. The proof is by induction ok. Letk = 1. At the beginning there ar¥ live
copies, which means that there are at le&at live variables. By using the expansion
property ofG, we conclude that the live copies reside in at lgasX/r)*~" modules,
and, therefore, after the first iteration

X 1-v
s () o)

copies are still alive. This establishes the basis. Assuming that the lemma hdidsTor
by a similar reasoning, we can show that

) =ra( )
Re-1 M( ; Re-1 R
o\t o
(o) (=)
X" Ri_1
Since R—1 < X, we have thaill — «/R;_;) < (1 — «/X"), which concludes the
proof. |

Ri

IA

IA

Theorem 1. Suppose that G has, u)-expansionfor some constant, 0 < v < 1,

and thate = u/r'™ € ©(1). Then® e O(N) iterations of thewhile loop are

sufficient to access the M variables requested in any phastherefore the access
protocol requires a total of ON") steps on the MPC

Proof. Consider a phase of the protocol whéMér variables are accessed, one per
cluster (for a total ofN copies), and letb be the number of iterations in this phase.
Letk; be the number of iterations used to reduce the number of live copiesRrdm
R.1 < R /€, with Ry = N. Then® = ¥ 'k, with J = (1/a&) log, N = O(log N).
ChoosingRy as an upper bound te and applying Lemma 1, we have

k R
mlsa(l—%) <R< é‘) <Re™.

Hence,

[
|
[uN

J—

o < Z e v — O(N"). O

i i=0

I
o
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The analysis of the MOSs presented in later sections is aimed at determining the
expansion properties of the specific graphs used in such schemes, so that the above
theorem can be used to obtain their time performance.

3. Definitions and Notations

Let g be a prime power and letbe an integer. LeFg denote the finite field witly"
elements, IeF:;n be its multiplicative group, and lgt be a primitive element dfg:. As

is well known from Galois theoryy) = IF; where(y) is the cyclic group generated
by y, and, furthermore, the elements Bf» can be represented as polynomialsyin

of degree less tham, with coefficients inFy. Throughout this paper, unless differently
specified, lower-case roman letters are used to denote the elemEptantl lower-case
greek letters to denote thosely.

TheProjective Linear Group of degreoverFq (PG L2(q")) is the group (under
matrix multiplication) of 2x 2 nonsingular matrices with entries iy, modulo its
center, the group of scalar matrices (i.e., scalar multiples of the identity) [6]. In other
words, matrices that differ by a scalar multiple represent the same group element. It is
well known that

IPGL2@M| = (@" + 1ag"(@" — D). 1)

A matrix of PGLy(q") will usually be written either a:{(;{ ’:ﬂ or [i ’g} with

a, B, 8 € Fqn, except for few cases when a different notation is more convenient. The
following sets, which can be easily seen to be subgroups®E,(q"), play animportant
role in the definition of our MOSs. Define

Ho = PG Lx (),
Hno1 = ”g ﬂ: aeIF;, andaqun},

an{[g ’ﬂ oe,,BeIE‘qnandayéO}.

It is easy to see that

|Hol = (0 + D)a(q — 1), 2
IHh-1l=q"(q — 1), (3
IHol =9"(q" — 1. 4)

Finally, we need to distinguish two particular subset& @t One is the seP, of all the
polynomials iny with constant term equal to 0, that B, = {>"/ciy'": G € Fq).

Note that| P,| = q"~2, and we denote these polynomials as

{p: 0<i<q" .
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The other set is that of monic polynomialsyirof degree less tham Note that there are
(q" — 1)/(q — 1) such polynomials, which we denote as

4. Memory Organization Scheme forM € ®(N*®) Variables

4.1. The Graph

Letq be a prime power and let> 3 be an integer, such that eithgeis even, or botly
andn are odd. The grapts = (V, U; E) that specifies how the copies of the variables
are distributed among the memory modules is defined as follows:

V = PGL2(q")/Ho,
U =PGLxq")/Hn-1.

Thus, the variables are associated with the left cosetdgaind the modules with the
left cosets oH,_1. By (1), (2), and (3), it follows that

2n
-1
M= V=gt
-1
2n
-1
N=|U|=q )
g—-1

Therefore, for fixed), we haveM € ®(N1%). The edge set is defined as follows:
E = {(AHy, BHy_1): A, B € PGLx(g") andAHy N BHy_; # @}.

We now show that the edges are in one-to-one correspondence with the cosets of
the subgrougHo N H,_;. Itis easily seen that

HoﬂHnlz{[g ﬂ: a,be]Fq,a;éO}, )

thus,|Ho N Hy_1] = q(g — 1). By (2) and (3), we get
|Ho/(Ho N Hh-1)| =g + 1,
IHn-1/(Ho N Hyo)| = g%

In the following two lemmas, we determine two sets of matrices representative of the
cosets ofHp/(Ho N Hp—1) andHy_1/(Ho N Hy_1), respectively, which allow us to
characterize the edges of the graph explicitly. Welti6e to denote the neighbors of a
nodex in the graph.
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Lemma 2. LetFy = {a,...,aq-1} and define

o [1 0O
L—l—[o 1|’
a 1
Then
q-1
Ho= J L2(Ho N Hyov).
k=-1

and for any Ae PGLx(q"),
['(AHp) = {ALOH, 10 —1<k<aq).

Proof. We first prove that
gq-1
Ho= [ LR(HoN Hyoy).
k=—1
SinceLE € Hp, for —1 < k < g, we have that

q-1
Ho2 | LR(Ho N Hyp).
k=—1
The equality follows from recalling thato/(Ho N Hn-1)| = g + 1 and observing that,
for kl 75 kg, LEl(Ho n Hn_]_) n L(k)z(HO N Hn—l) = .
As for I'(AHg), by definition we have

T'(AHo) = {BHn_1: AHoN BHy_1 # 7).

SupposAHyNBH,_; # #andletC € AHNBH,_;,thatisC € AHyandC € BH,_;.
However,C € AHyimplies AHy = C Hyp, and, analogously, we ha®H,_; = CH,_;.
ThisyieldsAHyNBH,_; = C(HyN Hy_1). This implies that the edges incidentAd,
are associated with the cosetsAifly/(Ho N Hh—1), and the lemma follows. O

Lemma 3. Recallthat B = {pi: 0 <i < "'}, and define

Lpt = [1 ph} ., O0<h<g"%

0 1
Then
qn—171
Hoa= | Lh ™ (Hon Haoo),
h=0

and for any Be PGLy(q"),
[(BH, 1) = {BL]*Hp: 0<h < g"%}.

11
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Proof. The proof is similar to that of Lemma 2. For the first part, sinﬁél € Hn_1,
for0 < h < g"~%, we have thaH,_; D Uﬂnz_;’l Lﬂ‘l(Hom Hn_1). The equality follows
by noting that/Hn_1/(Ho N Hn_1)| = q"~* and that, fory # hz, L~ (Ho N Ho_1) N
L *(Ho N Hyp) = 2.

As for the second part, by definition we have that

'(BHy_1) = {AH(): AHyoN BH,_; * Vj}

If AHy N BHy_1 # @, then there exists @ such thatAHy N BH,_; = C(Hg N Hy_1).
Therefore, distinct edges incident BbH,_; correspond to distinct cosets BiH,_1/
(HO N anl)- O

Thus,|I'(AHg)| = q + 1 and|T"(BH,_1)| = g"~%, which means that there are
r = q + 1 copies of each variable, stored in distinct modules, and that every module
storesy"~! copies of distinct variables.

Before proceeding with the analysis of the structure of the graph, we need a conve-
nient representation for the nodesldf given in the following lemma.

Lemma 4.

_[[¥' o a0 -1
o= {[t} o 0zi -T2

a y! . . og"—-1
U{|:1 0:|Hn_1.ae]Fqn,0§|<q_1}.

Proof. It is not difficult to see that all of the above cosets are distinct and, therefore,
since their number i&q" + 1)((q" — 1)/(q — 1)), they form a partition ofJ. O

The theorem below shows that the copies of any two variables share at most one
memory module.
Theorem 2. Let A B € PGLy(q") with AHy # BHy. Then

IT'(AHp) NT(BHp)| < 1.

Proof. For a contradiction suppose that(AHy) N I'(BHpy)| > 2. Then there exist
C,D € PGL(q") with CH,_1 # DHp_1, such thatCH,_;, DHy_1 € T(AHp) N
I'(BHp) (see Figure 2). Without loss of generality, we assume @hidt_; = Hy_1,
otherwise an analogous situation could be obtained by premultipkirg, C, and D
by C~1. Thus, Lemma 3 allows us to choose

1 p 1 p S
A:[O 'ﬂ and B:[O Fﬂ forsome p, pjeP, i#]j.

Itis easy to see tha&L° Hy_1 = BL® Hy_1 = Hp_; and, by Lemma 2, we have
T'(AHo) — Hno1 = T'(AHy) — AL®  Hn g

[ T e ne

- 1
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Fig. 2. AHp, BHg, CHy_1, andDH,_1.

and, similarly,

- 1
T'(BHp) — Hy_1 = {[p, Jlra“ 0} Ho 1 & € IFq}.

Since # J, the definition ofP, implies thatp; +ax # pj+an, forany0< k, h < g, and,
by Lemma 4 we conclude théf' (AHg) — Hh_1) N (I'(BHy) — Hh_1) = @. Therefore,
[(T(AHo) — Hn—1) N (I'(BHo) — Hp-1)| = [T'(AHp) N T'(BHp) — Hy_1| = O, which
contradicts the assumption tHatAHp) andT" (B Hy) share more than one elementl]

In order to determine the expansion property of the graph, we need to introduce the
functionI"?, defined as

r2(u) = I'(C'@)) — u, Yu e U. (6)
We have

Lemma 5.

1
T2(AH, 1) = {A[Ol‘ 0} Hoo1 o € Fqn}.

Proof. By definition,
[?(AHy 1) = T(T'(AHq1) — AHq 1.
By Lemma 3,

1
[(AHy 1) = {A[O plh] Ho: Pn € Py}.

By Lemma 2,
r(ald Prlmg) =1al Prln o dolalPrac ty aer
0o 1|9~ o 1| ™t 1 o| Mt a
1
:{AHnl}u{A[p“Jlra“ 0] Ho_1: akeIE‘q}.
Hence,

1
'?(AHp_1) = {A[ph '{ak 0} Hn_1: pn € P, anda, € Fq} .

The proof is completed by observing tHah + a: pn € P, andag € Fg} =Fp. O
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Theorem 3. Let A B € PGL,(q") with AH,_1 # BH,_1. Then
IT?(AH,_1) NT?*(BHq_1)| < q — 1.

Proof. Without loss of generality, assunfeH, ; = H,_1 (the same argument as in
the proof of Theorem 2). By Lemma 5,

I?(Hp_1) = ”‘i é] Hn-1: 8 € Fqn} :

Then we have three exhaustive cases, depending upon the f@nefer to Lemma 4).

i O'

Casel: B_[O 1

get

,forsomeil<i<(@"-21/(q—1). ApplyingLemmab5we

[y 0 1
FZ(BHnl)z{ ’6 1] ["1‘ 0] Hn_1: aqun}

i i
:{ ylot VO] Hn_1: aeIE‘qn}.

Sincey' # 1, we havel'?(Hp_1) N T2(BH,_1)| = 0.

1

2(BHn_1) = H’i é] ["1‘ é] Hno1: @ € Fqn}

Now, if « = 0, then

[ﬂa(j ' ﬂ Hn-1 = Hn_1 ¢ [*(Hn_1) NT*(BHy_y).

Case2: B = |:’8 é] for someg € Fgn.  Applying Lemma 5 again, we get

Otherwise, let-a—2 = by, for somek O0<k<@-21/(g—121),andb e IF (It
is easy to see that any eIemenﬁRaﬁ can be written abyX, for suitablek, 0 < k <
(@" - 1)/(q - 1), andb € F;.) Simple calculations show that

[,3 —i—la_ )/O:| |:b(;1 (i] [é oz_l] Hoy = b 1ot [,Ba+1 /3} Ho

= ['Ba + 1 li] Hn_]_.

o

o
1

é } belong toH,,_1, we have
1 -1 k
|:/3a + ﬂ} Hoy — [,3 +a yo} oo,



Practical Constructive Schemes for Deterministic Shared-Memory Access 15

Note that{—a~2: « € ]F;n} ={y?:0<i<q"-2).1lfq is even, or botly andn are
odd, there are exactty — 1 values ofx such that-a =2 € Fq,i.e.,k=0.These are the
values ofa for which

[,Ba—l—l B

o 1} Hnog € T?(Hy1).

Thus|T2(Hp_1) NT?(BH,_1)| =q — 1.

i
Case3: BH,_1 = [’i %} Hy_1, forsomes € Fppandi, 1 <i < (@"—-1)/(q - D).

We have|l'?(Hn_1) N T2(BH,_1)| = q — 1, and the proof is analogous to that for
Case 2. O

Theorems 2 and 3 have two important consequences, stated below as corollaries.
Consider a set of variabl&s C V, and lety be a([(q + 1)/2] + 1)-bundle forS. The
copies included im are referred to alsundle copies

Corollary 1. Letue U and letvy, ..., v bet distinct variables in Ssuch that each
v;i has a bundle copy stored in Tihen

1
T, (on, - o)) — (U)] = L%Jt

Proof. Immediate from Theorem 2. O

Corollary 2. Consider a set of k distinct modulesg, u. ., uk. Let t be the number of
variables of S that have a bundle copy stored in modul&ien

K 1 K
IMCIEDY {%J ti — (2)<q - 1.
i=1

Proof. Forl<i <Kk,letA; c Sdenote the set of variables that store a bundle copy
in u;. By hypothesis|A;j| = . Let alsoB; = T',(Ai) — {u;j}, for 1 < i < k. Clearly,
U!‘zl Bi € I',(S), and, by the inclusion—exclusion principle, we have

k
DS = Y DB — > DB N5
i=1

1<i<j=<k

or. k
s 12{‘%%& S Ir2w) N2

i=1 1<i<j=<k
byTh 3 &< | g+ 1 Kk
> ;L—Z Jt.—(z>(q—1)- O

We are now ready to determine the expansion proper.dh particular, we want
to find the values andu for which G has(v, u)-expansion (see Definition 1).

Theorem 4. G has(3, q/2%%)-expansion
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Proof. Letp = [(q + 1)/2]. We must prove that, for any s& c V and for any
(p + 1)-bundlen for S,

q

ﬁ|s|2/3

T (S)] >

We first prove thail',(S)| > /|S|p. Note that there is a total of at leaS|(p + 1)
bundle copies. Suppose, for a contradiction, {fig(S)| < +/[S|p. Then there exists
a node inU storing at leastS|(p + 1)/4/]Slp > /]9 copies iny. Since a module
stores copies of distinct variables, by Corollary 1 this impliggS)| > +/[S/p, which
contradicts the assumptigh, (S)| < /[ p.
Now, let|T",(S)| = +/|SJe, with ¢ > p. We claim that each module i, (S) stores

fewer than/|Sj¢/p bundle copies. Indeed, suppose there is sane T, (S) storing
x > /ISe/p bundle copies. Using again Corollary 1, we conclude [RatS) — u| >

|Sle, that is|T",,(S)| = +/|S|e + 1, a contradiction. Let be the number of modules
in T',,(S) storing at least/[S|p/e bundle copies. We majorize the number of bundle
copies in thesemodules by/[S|¢/ p, and the number of bundle copies in the remaining
(/]Sle — t) modules by,/]S|p/e, and obtain the following inequality:

tﬁ% +(/1Sle —t)ﬁf > S|(p + D).

This impliest > /[S](pe/(e? — p?)) > /]Sp/¢, Sinces > p.
Letk = %«/|S|p/8 < t. Considek nodes of",,(S) storing at least/|S|p/¢ bundle
copies. By Corollary 2 we have

k
I, (S)| > kpﬁf - <2>(q —1)

P -1
> Ko+/|S|— — quz

&

=55 -5 ()
= (% - q%l) |S|(§)

q3
302 |S|.
Combining the hypothesi§’, (S)| = /|S|e with the above inequality we obtain

1
5

>

IT,(S)| > =—==1S*>q. O

Note that the above theorem holds for any prime pogein particular we can
chooseq = 2. Assuming that the grapB can be implemented in such a way that a
processor is able to compute the physical address of any capylag N) time using
constant internal storage, which we prove in the next section, we can combine the results
of Theorems 4 and 1 and get
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Theorem 5. M e O(N'®) variables can be distributed among N processors of an
MPC, with redundancy3, so that any set of N distinct variables can be accessed
using the access protocol of Sectidyin time O(NY3). Moreovey each processor can
determine the physical address of any copy ito@ N) time using 1) internal storage

4.2. Implementation

A crucial aspect of the design of an MOS concerns its implementation, an issue that has
often been ignored in the past. In particular, a processor that wants to access a specific
copy of a variable must be able to determine efficiently the module storing that copy and
the physical address of the copy within the module. This subsection explains how this
can be accomplished when the variables are distributed among the modules according
to the graphG presented in the preceding subsection.

Letvy, ..., vm_1 denote the variables ang, . . ., uy_; the memory modules. Re-
call thatM = g"1((q®" — 1)/(g®> — 1)) andN = (g*" — 1)/(q — 1). We first need to
associate variables and modules with the appropriate cosets. That is, we need to establish
the following bijections:

1. For0<i < M, vj < A Ho, for someA € PGL(q").
2. For0< j < N, uj < BjH,_1, for someB; € PGLx(g").

The definition of theA;'s involves a number of technical details, which, for convenience
of presentation, are dealt with in the Appendix. As forBjis, Lemma 4 already suggests

a set of possible candidates, which, however, we need to modify slightly as follows. For
nonnegative integers< (9" — 1)/(q — 1) andt < q" + 1, we define the integer

IS =S+ 1)+,
and with integerj € [0, N — 1] we associate the pafs, t) if and only if ] = J(s, t).
Recall that{zrs: 0 < s < (q" — 1)/(q — 1)} denotes the set of monic polynomialsyn
of degree less tham and letFq = {ao, ..., ag—1}. For0O<s < (" -1)/(q—1) and
0<t<qg"+ 1, define

ws O . _
[0 1} if t=0,

Bist = (7)
Ot—1 Ts
1 0

Claim 1. The Byst)’s belong to distinct cosets of PGIg")/Hn_1.

} otherwise

Proof. Sincebothrs: 0 <s < (q"—1)/(q—1D}and{ys: 0<s < (q"—1)/(q—1)}
are sets of representatives Egr /IF;, there is a bijection between indiceands’ such
that

g
s = Dsy

for somebs € IF; Since any diagonal matrix with entriesIﬁ"Z\c belongs toH,,_1, it is
straightforward that

s O _yS/ObSO _ys/O
[o 1}””—1_[0 1o 1f™1=]" )P
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and

w1 T _fer ¥ 1 0 _Joer vS
[1 O}H“‘l_[ 1 oHo bS]H”—l—[ 1 o Mhu

so that, by Lemma 4, the claim holds O

Each variable hag+ 1 copies stored in distinct modules, and each module contains
copies ofg"~! distinct variables. By Lemma 2, the copieswpf= A Ho are stored in
modules

A LYHN 1, ~1<k<q.
Moreover, by Lemma 3, module; s, contains the copies of
BisoLh tHo, 0O<h<qg"™

Also, recall that edgeA Ho, Al LYHn_1) is associated with cosé L )(HoN Hy-1), and,
analogously, edgéB ;s Hn_1, Byt L *Ho) with cosetB sy Li*(Ho N Hy_1). We
adopt the following conventiorthe kh copy ofv; is stored at the address h in module
Uyt if and only if ALE(HO NH1) = BJ(SJ)LR‘l(Ho N Hn_1), that is if and only if

ALY € ByspyLp H(Ho N Hn_1).

Therefore, we seek a method to compste, h) from (i, k). To this purpose, a processor
proceeds as follows:

Stepl. Fromi andk computeA; andL?.
Step2. Finds, t, andh such thatA LY € By L *(Ho N Hy_1).
The following lemma identifies the matrices in each cd&gi ) Lﬂ‘l(Ho N HL_1).

Lemma6. Ift =0,then

BisoLh (HoN Hy 1) = ags (P tb)ns} ca,belFy, a# 0} :

Otherwise(t > 0),

[act—1 (pn +b)or—1 + 7s

n—1 _
Bistly "(HoNHpoy) = a D+ b

]: a, b ey, a;éo}.

Proof. The lemma follows from (5), definition (7) of th&;,'s, and the definition of
the L Vs given in Lemma 3. O

We are now ready to describe in more detail the two-step procedure that computes
the physical address of a copy. We assume that each processor has a local work space
consisting of a constant number of registers, and that, in addition to the ordinary arith-
metic operations, it is able to perform addition, multiplication, and inverse in the fields
Fq andFq. We also assume that arithmetic operations and operatidfig ieike con-
stant time. Representing the element&gf as polynomials, the operationsliy» can
be implemented using feedback shift registers, each operation t@kimg= O(log N)
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begin STEP 2
ifz=0
then
t:=0;
s := INDEX3(z);
h := INDEX2(y ® INV(MONIC(z)));
else {z#0}
t ;= INDEX1(z ® INV(2))+1;
calculate a_1;
ifv=0
then
5 := INDEX3(y);
h:=0
else {v=1}
s := INDEX3((y © a4—_1) ® INV (2));
calculate 7g;
h := INDEX2(INV(y © 1) @ 7,)
end STEP 2.

Fig. 3. Code for Step 2.

time and space equivalent to the storag©agt) field elements (see Chapter 2 of [3] for
details). Each polynomial d?, can be uniquely associated with {ts— 1) coefficients.
Thus, the indexing is given by the lexicographic order ofdfie! distinct(n — 1)-tuples
of elements off'y. A similar lexicographic indexing can also be established for the set
of monic polynomialgns: 0 <s < (q"—1)/(q — 1)}.

Inthe Appendix we show that, givéna processor can computgintime O(log N)
usingO(1) storage (Theorem 15). Such a result is assumed in what follows. Clearly, in
additionalO(1) time we obtainL?, which completes Step 1. Consider now Step 2. Let

AL — Xy
| z v b

wherex, y, z, andv are elements df4» and the usual notation for matrices®G Lo(q™)

is adopted, i.ey = 1 orzv = 10. The procedure in Figure 3, which is entirely based on
Lemma 6, computes the indicest, andh such thatA, LE € BJ(SYULE*(HO N Hh_1),
that is, A; LE(HO N Hh-y) = BJ(s,t)Lﬂ‘l(Ho N Hy—1). In the code given in Figure 3,
symbols®, 6, ®, andIiNv denote, respectively, addition, subtraction, multiplication,
and inverse irfq:. We also use the following four macros, all executabl©igiog N)
time. Letx denote a generic elementB..

INDEX1(X) = t, wherex = o;.

INDEX2(X) = h, wherex = pp + b, for someb € F.
INDEX3(X) = S, wherex = arng, for somea e ]F;.

e MONIC(X) = s, Wherex = ars.

We conclude with the following theorem, whose proof follows immediately from
Lemma 6 and the above discussion.
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Theorem 6. The code in Figur8correctly executes Stepn O(log N) time Therefore
a processor is able to compute the physical address of any copy of any variable in
O(log N) time using @1) internal storage

5. Memory Organization Schemes foM € O(N?) and
M e O(N3) Variables

We jointly present the MOS foM € O(N?) andM e O(N?®) variables, because their
underlying graphs are derived from the same giéph (V, U; E) defined below. Let

V = PGLx(q")/Ho,
U = PGLx(g")/Hn.

By (1), (2), and (4), we have

Ve
q?2-1’
Ul=g"+1

The edge set is
E = {(AHp, BHy): A, B e PGLx(q") andAHy N BH, # @}.

Note that the graph is similar to the one studied in the previous section, with the
difference that the subgrould, replacesH,_; in the definition ofU. The edges are
in one-to-one correspondence with the cosetbloh H,, and can be characterized as
follows. It is easily seen that

Therefore, we haveH,/(Ho N Hy)| = g"%((q" — 1)/(q — 1)), and
q-1

Ho= ) L¥(HoN Hy). 9
k=-1

Lemma7. We define

n
-1
Lg,tz[jgs ﬂslpt]’ 0<s<2 T and 0<t<qg"™t

We have

@"-1/(q-1-1 g"-1

Ho= U U L(HoN Hy),
s=0 t=0
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and, forany Be PGLy(q"),

n_
d 11 and0§t<q“‘1}.

'(BH,) = {BL’S‘JHO: O0<s<

Proof. Notice that, for anyrs and anypy,

Ts TsPt
[0 1 }e Hn,

therefore

@-1/@-1-1g"*-1
H> LJ L2i(Hon Hy).
s=0 t=0

To prove equality (on the basis of cardinalities), we must prove that the cosets of the
right-hand set are distinct. Suppose

LD (HoN Hy) = L2\ (Ho N Ha).

Then, there is a matrix

a b
[0 ]:IEHoﬂHn

such that
L0 _ |7 TePo| _[7s 7w Pul|@ bl _ fams brs 47 py
2.t 0 1 0 1 0 1 0 1 ’

which implieszs, = ans, andns, pr, = 75 (py, + b). Sincens, and s, are monic
polynomials andy,, p, € P,, we conclude that; = s, andt; = t,. O

Thus, the degree of each node Vfis g + 1 and the degree of each node ldfis
" H(@" - 1/@ - D).

With an argument similar to the one used to prove Lemma 4, it can easily be shown
that

U:{Hn}U{[‘; (1)] Hn:cxqun}. (10)

In Theorem 4.10 of [10] it is shown th&is a 3{q"+ 1, q+1, 1)-design which has
the property that for any distinct, u,, uz € U there existexactly oney € V adjacent
to all three of them. (The parametef$+ 1 andqg + 1 indicate the output size and the
input degree of the graph, respectively, whereas the parameters 3 and 1 indicate that for
any three outputs there is one input adjacent to them.)

5.1. Memory Organization Scheme for M O(N?) Variables

5.1.1. The Graph A Balanced Incomplete Block Desigiith parameterg", g, and 1
((g", g, 1)-BIBD) is a bipartite graph witly" outputs, input degregpand such that for any
pair of outputs there exisexactly onenput adjacent to both. This immediately implies
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that there arg"~1((q" —1)/(q—1)) inputs and that the output degre€ds — 1)/ (q —1).
LetN =q"andM = q"1((@" — 1)/(g — 1)) and note that, iff € O(1), M € O(N?).
We use aqg", q, 1)-BIBD to distributeM variables amondgN memory modules, with
each variable represented tpgopies and each module storiwf' — 1)/(q — 1) copies
of distinct variables. We call such a gra@i = (V1, Us; E;), where the set; denotes
the variables and; the modules. We will see in the next subsection l@ws obtained,
using a standard technique, as a subgraph of i 3- 1, g + 1, 1)-designG defined
earlier.

The following theorem establishes the expansion properti€s oAs usual, given
a set of variable$, and ac-bundlen for S, letT",(S) denote the set of modules storing
the bundle copies.

Theorem 7. Gy has(3, (q — 1)/2)-expansion
Proof. Letp = [q/2]. We must prove that, for any s8tand any(p + 1)-bundlen,
-1
oIz s

Without loss of generality, suppoge, (S)| = |S|*/2u for someu > 0. Sincen contains
at least S|(p + 1) copies, there must be a moduie= T',,(S) storing at least

ISlp+1)  p+1
ISIY2u

such copies. Clearly, these copies belong to distinct variables, which cannot share any
module otherthan because, otherwise, we would have more than one variable connected
to the same pair of modules, violating the BIBD property. Since each such variable
accounts for at least otherbundle copies, beside the one stored,ime conclude that

|S|1/2

+1
0, > 52t

which, combined with the hypothedi, (S)| = |S|Y/?x, yields
-1
Mz\/p(erl)qu. |

In the next section we show ho, can be implemented for any prime povggand
integemn, so that a processor is able to compute the physical address of any copy of any
variable inO(log N) time using constant internal storage (Theorem 9). Fixjng 3
and combining the results of Theorems 7 and 1, we get

Theorem 8. M e O(N?) variables can be distributed among N processors of an MPC
with redundancyB, so that any set of N distinct variables can be accesasithg the
access protocol of Sectidhin time O(N/2). Moreovereach processor can determine
the physical address of any copy inl&g N) time using G1) internal storage
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5.1.2. Implementation A (q", q, 1)-BIBD G; = (V1, U;; E;) can be obtained as a
subgraph ofthe 3¢"+1, g+ 1, 1)-designG = (V, U; E), using the following standard
technique. Leti be an arbitrary node @d and define

Vi={veV: (v,u) e E}
Ui =U — {u},
Ex = E/vi.uys

whereE, ;. u,) denotes the edges & betweervV; andU;. As shown in Theorem 1.14
of [10], the graphG; = (V4, Ug; Ep) isa(q”, q, 1)-BIBD, with
n—-1 qn -1

Vil = q—1 = M,

lUil=q" = N,
where each node i; has degre€, and each node id; has degre¢q" — 1)/(q — 1).
For convenience, we chooseo be the node corresponding to coskt The fol-
lowing lemma identifies the cosets associated with the nodésamdU,, according to
the above construction.
Lemma8. We have

n

-1
V]_:H:ns stp‘}Ho:053<q 1 andpePy},

0 1

ulz{[i é] Ho: aqun}.

Proof. Immediate from the definition df; andV;, Lemma 7, and equality (10). O

The edge sef; is, by definition, a subset & consisting of all those edges incident
to bothV; andU;. For each noda& in G, denote the set of its neighbors byx).

Lemma9. Let AH) € V; and BH, € U,, for some AB € PGLy(g") of the kind
given in Lemma. Then

['(AHp) = {ALJH,: 0 <k < q}, (11)

n qn_l
P(BHy) = {BLIGHo: O=s <" — . (12)

Proof. Equality (11) follows immediately from (9), due to the exclusiontyf =
AL®  Hy, from U;. To prove (12) let

B:[O{ g]
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By Lemma 7, inG the(q" — 1)/(q — 1) nodes

: qQ"-1
{BLQTOHO. 0<s< q—1}

are all adjacent t® H,. Since the degree of a nodeldf in G, is (q" — 1)/(g — 1), all
we have to prove is that indeed

q"—1
q-1’

o 1i| (s O

BLQ,()HO:[]_ 0 ]HoEVj_, 0§S<

0 1

In fact,
a 1[ns 0] [a ngt] [ne mep|[a b
1 o/lo 1/T[1 o]T|o 1 ][1 o]

where the equatiobry = ngl determined andrg, and the equations (p; +a) = «
determinegy, anda. Sincea, b € Fy, the matrix

a b
[1 o] € Ho;
therefore B LQOHO belongs tov;. O

We now show how the copies of the variables are effectively distributed among the
modules and how a processor determines the physical address of any copy. The approach
is similar to the one used in Section 4.2. Again, the elemenitj0ére represented as
polynomials iny of degree less tham, and the operations ifi» take O(log N) time,
whereas all the other operations are performed in constant timeg,Let , vyy_; denote
the variables andiy, . .., uy_1 the memory modules. We first associate variables and
modules with the appropriate cosets, as specified by Lemma 8. It is easy to give an
ordering of the matrices

n

-1
{[765 nslpt} Ho: 0<s< g 1 andp; € Py}

sothatgivenanindeix 0 <i < M, a processor can compute fhimdexed such matrix,
which we denote agy, in O(log N) time. Similarly, we establish an ordering for the
matrices

o 1
{B]=|:]f 01|:Olj€]Fqn}.

Thus, for 0<i < M, variablev; is associated witt# Hp, and, for 0< j < N, module
u; is associated wittB; Hy. Let Fgn = {a, ..., agn_1}, where the indexing of the;’s
is given by the lexicographic order of timetuples of coefficients.

By virtue of Lemma 9, we can establish that &tk copy of a variable; is stored in
the module associated with coskaLE Hn, 0 < k < . The item stored at the addréssf
modulej is a copy of the variable associated with caBgt |, ,Ho. Since the edges in the
graph are cosets ¢foN H, we adopt, as before, the following conventitite kh copy of
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v; is stored atthe address h in modulgiiand only if A LE(HOD Hn) = B; L[}!O(Hoﬂ Hn),
that is if and only if

ALY € BiL} o(Ho N Hp).

Suppose a processor wants to compute the addressldfitbepy ofv;. A two-step
procedure, similar to the one used in Section 4.2, is executed:

Stepl. Fromi andk computeA; andL.
Step2. Findj andh such thatAi L) € BjL] o(Ho N Hy).
Itis easy to see that Step 1 takBglog N) time. Consider Step 2. We have that

[ 1 Ol[a b
BjLho(Ho N Hn) = 02 O}[jgh 1“0 1}:a,beIFq,a7é0}

_aotjﬂh bOlj h+ 1

= b }:a,be[ﬁ‘q,a;éo}

L anh Th
_ —O{j a*lboe,- + (aﬂh)fl .
= _1 a-1b a,bely, a#0;.

Note thatAL? is of the form )1( g , wherex andy are elements of .. The

processor has to determine the indi¢geendh such that

X Yyl _ | a_lbOlj + (amp) 1

1 0| |1 a b ’
for somea,b € Fy anda # 0. This impliesb = 0, and, thereforeg; = x and
(arp) ™! =y, which allows a processor to determipandh in O(log N) time. We have

Theorem 9. A processor computes the physical address of any copyliog®l) time
using Q1) internal storage

5.2. Memory Organization Scheme for M O(N?) Variables

5.2.1. The Graph The graph that we use in this case is @3-+ 1, q, g — 2)-design
with g > 3, which is a bipartite grapks, = (V», Uy; E») such thatU;| = " + 1,
each node iV, has degreg, and for any three distinct nodes, u,, us € U, there
existexactly g— 2 nodes ofV, adjacent to all three of them. The properties of such a
graph are similar to those of the gra@hdefined at the beginning of Section 5, which is
a34q" + 1,9+ 1, 1)-design, and would yield a comparable time performance for the
MOS. HoweverG, allows us to devise a simpler implementation. From its definition, it
immediately follows thaliV,| = q"~1((q*"—1)/(q—1)), and that the degree of each node
ofU,isq"((q"—1)/(g—1)). Thus, we us& to distributeM = q"~1((q*"—1)/(q—1))
variables amondg\ = " + 1 modules, with each variable replicatedqgrcopies, and
each module storing"((q" — 1)/(q — 1)) copies of distinct variables.

Observe that fog = 3 the graph is trivial becaudéd = (’;‘) and the nodes of, are
in one-to-one correspondence with the triplets of node&s,ofn this case the expansion
property of the graph, proved below, does not hold, and this is why we regjuir8.
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Theorem 10. For q > 3, G has(3, q%/3)-expansion
Proof. Letp = |q/2]. We must prove that, for any s8te V and any(p + 1)-bundle
n for S,

2/3
T, (S)| > OIT|S|1/3.

Without loss of generality, supposE,(S)| = |S/*/3u for somep > 0. Note that if
g > 3, thenp > 2. Sincen contains at leagtS|(p + 1) copies, there must be a module
u € I, (S) storing at least

ISl(p+1)  p+1
ERET

ISP

bundle copies, which clearly belong to distinct variables.8et Sbe the set of these
variables. Each such variable accounts for at least gtheindle copies, beside the one
stored inu, which, in turn, account for at Iea@) pairs of modules, not including. By
addingu to each pair, we obtaiff) triplets. Let

t =T (S) —{u}.

There are(tz) triplets formed by two modules ifi,(S) — {u} andu. By the definition
ofa3{q" +1, q,q — 2)-design, each triplet occurs exactly- 2 times, and, therefore,
we conclude that

|S|(‘2)> < (;)(q -2,

Recalling thatS| > ((p + 1)/1)|S|%3, the above relation implies

{> gy <p<p2 - 1))”2'
- (@ —2)

Since I, (S)| > |[T',(S)| > t, combining the inequality fot with the hypothesis
IT,(S)| = |S*3u, we obtain

2 1/3 2/3
(p(p 1)) iy -
q-—2

>

The next section shows how to constr@tfor any prime poweq > 3 and integer
n, and how the copies of the variables can be organized among the modules according to
G, so that a processor is able to compute the physical address of any cOgggN)
time using constant internal storage (Theorem 13). Choagpiatgh and combining the
results of Theorems 10 and 1 we obtain

Theorem 11. M e O(N?) variables can be distributed among N processors of an
MPC, with redundancy5, so that any set of N distinct variables can be accessed
using the access protocol of Secti®yin time O(N?%3). Moreover each processor can
determine the physical address of any copy itho@ N) time using 1) internal storage
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5.2.2. Implementation We construciG, by combiningg” + 1 copies of the graph
G, studied in Section 5.1, as explained below. Recall Gatvas derived fronc =

(V, U; E) by choosing an arbitrary nodec U and considering s&t — {u} as the output
set, seffv € V: (v,u) € E} as the input set, and retaining only the edges incident to
both these sets. Singd | = q" + 1, we can construg}” + 1 such graphs, by choosing
differentu’s. For convenience, ld) = {u_1, Uo, ... Ug_1}, Where, consistently with
(10), we set

u—l = Hna

u,-:[og j(ﬂHn, aj eFgp, 0<j<qg"

For—-1<j < q", define the grapls,, = (Vy,, Uy; Ey)) as
Vi, ={veV: (v,uj) € E},

ULIJ' =U - {uj }s

By = Ejovy .Uy

The following lemma generalizes the result of Lemma 8.

Lemma 10. We have

n_1
Vo, = {[765 stlp:} Ho: 0<s< d — and p € Py}, (13)
1
Uy, = ['i O} Hn:ﬂeIFqn}, (14)
andfor0< j <gn,
[ 1] [7s 7spr . q" -1
Vuj={_1] 0:|[Os 51:|H0_O§s< _1andpePy}, (15)
o 1|8 1 .
U= {1 g |4 o peral 4o

Proof. Equalities (13) and (14) follow from Lemma 8, sinég , = Vi andU,_, = U;.
Equality (15) follows from Lemma 7 and the definition\df . As forU,,, by using (10),
it is easy to see that

2 3ol 3 o]

therefore,

) 1
{[‘? o}[? O}Hn:ﬂeyqn}=u—{uj}. O
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a1
V2 = qun_‘ ‘

Fig. 4. G2 = (V2,U2: Ep).

For anyj > 0the grapiG,, isisomorphic tdG, _,, since the cosets associated with
the nodes of5,; are obtained by multiplying those @, , by the same matrix, and
the adjacencies are preserved because the edges, which are associated with the cosets
of Ho N Hy, are also multiplied by the same matrix. Furthermore, stage = G4, we
conclude that eacB, is a(q", g, 1)-BIBD.

We are now ready to construct theg@* + 1, q, g — 2)-designG; = (V,, Uy; Ey).
Recall thaiU,| = q"+ 1 and|V,| = 9" 1((q*"—1)/(g—1)). SetU, = U, and partition
the setV; into q" + 1 disjoint subsets of"~%((q" — 1)/(q — 1)) nodes each, namely
V) = Wy, for =1 < j < g". Note that thev,, 's are not disjoint, therefore distin®t) ’s
may include the same cosets which, however, will be reckoned as distinct nodes. Each
V2J is connected tdJ by the same edges that conn¥gtto Uy, in G, (see Figure 4).

It is easy to see that, iG,, each node 0¥, has degreq and each node df, has

degreey”((9" — 1)/(q — 1)).
Theorem 12. G,isa3-(q" + 1, q, q — 2)-design

Proof. We must prove that for any three distinct nodey, z € U,, there are exactly
g — 2 nodes inV, adjacent to all three of them. Fix a triplet, y, z) and consider these
nodes in the grap6. SinceG isa 3(q" + 1, g + 1, 1)-design, there is exactly one node
v € V adjacent tx, y, andz. Since the degree ofis g + 1, there are othey — 2 nodes
of U adjacent ta in G. Call these nodes, for 1 <i < q— 2. Thus, for any we must
have thav € V,,, X, ¥, z € U,, and, clearly(v, X), (v, y), (v, 2) € E,,. The same edges
occur inG, and, therefore, we have fougd— 2 nodes ofV, adjacent ta, y, andzin
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G2. Since each node af, accounts fo(3) triplets, we must have

q [Uz|
w(®)- (aa

The theorem follows by observing that the above is, in fact, an equality. O

The implementation of5,, for the purposes of address computation, is easy, once
we regard this graph as decomposed into@gs. As observed before, each,, is
isomorphic toG; and can be implemented as explained in Section 5.1. Note that module
uj € Uz isincluded in everyd,, withi # j. Thereforey; contains(q" — 1)/(q — 1)
copies of the variables of; = V,,, for anyi # j. Since there arg" such indices, we
subdivideu; into q" blocksof size(q" — 1)/(q — 1), each block reserved for the copies
ofa distinctVZ‘. The blocks occupy consecutive position in the module, according to the
ordering of the indices. The organization of the copies in blocks identical to that of
uj in the graphG,.

The variables are subdivided in groups according to the partitiov, ofto the
subsetslzi, —1<i < g". Suppose a processor wants to compute the physical address of
thekth copy of a variable, and suppose belongs td\/zi. We first compute the address
of the copy inG,,, with the same procedure described beforeGer Suppose the copy
resides in module;. Then, once we have the address witlyinwith respect to the graph
Gy, we just add the appropriate multiple@™ — 1)/(q — 1) to account for the number
of blocks inu; preceding the one where the copies of the variablag afre stored. The
following theorem easily follows.

Theorem 13. A processor computes the physical address of any copylog®) time
using Q1) internal storage

Appendix

The goal of this appendix is to find a suitable set of matrices representatives of
PG L,(g™/Ho, such that, given an integer0 < i < |PGL,(q")/Hol, theith matrix
is easily retrieved. This is necessary for the implementation of the MOS presented in
Section 4. For convenience, we only consider the casg ef 2 andn odd, which is
simpler to explain and, yet, general enough for our purposes.

LetF, = {0, 1}. The groupHy = PG L,(2) consists of six matrices:

1 O] 0 1]
Ho(D) = 0 1) Ho(4) = 1 o

1 1] 1 1]
Ho(2) = 1 o] Ho(5) = o 1)

0 1] [1 O]
HO(3) = _1 1_ b HO(G) = _1 1_ .

By (1), [PG Ly(2")| = (22" — 1)2", thus
22n 1

IPGLo(2")/Ho| = 2”-1T.
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The choice of the representatives G L,(2")/Hg is made much simpler if we
regard the rows of the matrices BfGL,(2") as elements of extension fielj=, as

explained below. Let be a generator of the multiplicative groIE‘éZn, and define
220 1

p=—g—

*

We havel,, = {AMP: 0<i < 3}, sow = A” is a generator fo]F;. Note thaff'y: C Foen
but, sincen is odd,F»» ¢ Fx, as pictured in the diagram below.

Foyn
i
F
~ F,

Thereforew € Foxn — Fon and(w, 1) forms a basis foF,2 overFan; thus, each element
of Fon can be uniquely written asw + 8, for somea, 8 € Fax. Define the function
®: Fon X Fon — Fon @s

O(a, ) =aw + B, Vo, € Fon.

We represent a matrix

[)Z‘ ﬂ € PGLy(2"
by the pair
(@(X,y), P(z,v)),

where, since the matrix is nonsingular, bablix, y) and ®(z, v) are nonzero. From
now on, either the usual matrix notation or the above pair notation is used wherever
appropriate, interchangeably.

Partition the elements de;n (i.e.,Al, for0<i < 22" — 1) into cosets OFZZH/IF;.
ForO<i < plet

M=l 0<k<3) = 0<k<3).

We need to identify the cosets that contain the elemeﬁfénoDefine

oc=2"+1,
2"+1

T = ,
3

and note tha]F; = {M?: 0<i < 2"—1}. Itis easy to prove that

(3] 0<i <2 1) = (A7 0 <i <2"— 1) ()
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and that each such coset contains exactly one elemd?it, ofVe subdivide the cosets

of ]F;n /IF;2 in two sets
S ={A"]0<i<2"—1},
S ={[»]: 0<i < psuchthat fi}.

Now, given a row vectorx, y) with X, y € ]F;n and®(x, y) # 0, consider the six

vectors(x, y) - Ho(i), fori = 1,..., 6. Using the functiond, view these vectors as
*
elements off,,, and let
ai = D((X,Y) - Ho(i)), i=1...,6

The following lemma shows that the partition IBL into the cosets o}F;n/IF; is, in

some sense, preserved amongdfie. Supposer; € [AX], for somek, 0 < k < p.

Lemma 11.

1. {oi: 1 <i <6} =[aK] U [aKkeHmodo],
2. [AK] = [a®2Ymode] if and only if divides k(i.e,, [\¥] € S)).

Proof. Observe that

a; = P(X,y), as = Py, X),
ar = P(XH+Y, X), as = O(X, X +Y),
az = Oy, x+Yy), ag = P(X+Y,Y).

Note thaﬂFZ2 = {1, w, w + 1} and, sincew generateﬁ‘;, we must havev? = w + 1.
Easy calculations show thé@t(x + y, X) = ®(x, y)w and®(y, X + y) = ®(x, y)w?,
therefore

[@X, Y] = {D(X, y), DX+ Y, X), DY, X+ Y)} = {o1, a2, @3}
Similarly,
[Py, )] ={D(y, ), (X, X +Y), DX+ Y, Y)} = {os, a5, a6}
By induction it can easily be proved that, wheis odd,w?" = w + 1, therefore
(@, V)7 = xw+ 9 =x¥w? +y? =xw? +y=xw+(x+Yy)
=O(X, X+Y).
This shows thatrs = af“ and, since we assumed < [1X], we have
fair 1<i <6} =[NJU] = [ u [k med].
Now we wish to identify the values & for which K] = [»&2)™mod] We observe:

(k2Ymodp =k <« k2"=k+hp (for someh)
& k(2-D=hp
< k=hr.

Hence, pK] = [A&2Ymod] if and only if |k, i.e., \X] € S. O
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In other words, the set of 's consists of exactly two cose’[slﬁzn /]F;, if[A] e S,
and coincides with)], with each element occurring twice, ik'f] € S;.

Before proceeding with the choice of representativeP &L,(2")/Hy we need a
technical fact. For ki < (2"! —1)/3and 0< j < 2" — 1 define

k(. )= (i + jo) modp. (18)

Fact1l. Foranyl<i < (21 —-1)/3and0< j < 2" —1we have

1. k@] € S,.

2. Foranyl<i’'< @t —-1)/3and0< j <2" -1,
(@) k@', j) =k, j) & i'=iand ' = j,
(b) kd’, j") # (27k(i, j)) modp.

Proof. 1. Sincer | o andzt | p, then
k@, j) & tli

However, 1< i < (21 —1)/3 < t, thereforer f i and p*0-D] € S,.

2. (a) The =" part is trivial. Suppos&(i’, j’) = k(, j). Then

(i"+ j'o) modp = (i + jo) modp.
Sincei’ < p, the above equation can be rewritten as

i"=(@+(j —j)o)modp

= + (.j — j"o mod p) modp.

Note thatrI'=1? e Fu, hence, by (17)(j — j’)o modp = hr for someh, 0 < h <
2" —1.Sincel < 1,i +ht < (2" — 1)t = p. Thus we have

i"=i4hrt.

The conditioni’ < t impliesh = 0 and, hencé,=i’. Also,h = 0 implies(j — j")o =
dp, for some 0< d < 2" — 1. Now, sincen is odd, lcnto, p) = 2*" — 1 and, thus,
(j' — j)o = dp implies that(j’ — j) is a multiple of lcn{o, p)/oc = 2" — 1. However,
by definition,(j’ — j) < 2" — 1, so we must havgj’ — j) = 0, thatis,j’ = j.

(b) Suppose for a contradiction that there exisand j’ such thatk(i’, ') =
(2"k(i, j)) modp. Then

(i’+ j'e)ymodp = (2"i +2"jo) modp,
that is,

2"imodp = (i’ + (j’—2"])o) mod p.

Noting that 2i < p and reasoning as before, we conclude that

2" =i"+ht
for someh, 0 < h < 2" — 1. In other wordsi’ = 2"i modr. Since 2 = 3t — 1, then
i"=2"1 modr
= (3t — 1)i modz

= —i modr,
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which is impossible since = (2" + 1)/3 and bott andi’ are at most2"* — 1)/3 <
l7/2]. O

We are now ready to define the matrices representativd3®E,(2")/Hy. The
matrices are given in the pair notation and, for convenience, are partitioned into four
sets,Lq, Lo, L3, andL,.

Definition 2.
Ly = {(LA"w): 0<h<2"—1},
Lz = {(1. A Dw®)},
Ls = (A Dws 1)},
Ls = {(

={
= {(AKC0 Sy 1<t < p, 7 f tandaktOR St g.rF;},
withl<i<@2"1-1)/3,0<j <2"—1,and0< s < 3, wherever they occur.
Lemma 12.

ILa| + L2 + [Lal + |La| = [PGL2(2")/Hol.
Proof. Itis immediate that

ILi] =2" -1,

Lol = |Lsgl = 2" = D@ - D).

As for the cardinality ol 4, note that there arg2" — 1)(2" — 2)) /3 values ot between
1 andp not multiples ofc. Moreover, it is not difficult to show that, for eachthere are
exactly 2 — 1 pairs of indices ands, with1 <t < p,t J t,and 0< s < 3, such that

AKL0 (38) -1 ¢ T, Therefore,

A UL () B
[Lal = 3 [3 3 - (2" - 1)]
n-1_1
= 3 [(2"-D(@2" -2 — (2" - 1)]
n-1_1

=3 " —3)(2"—1).
Simple algebra shows that
IL1| + L2l + Ll + |Lal = 2"71((22" — 1)/3) = [PG L2(2")/Hol. O

The next theorem shows that the matrices in the above four sets are indeed a set of
representatives foP G L,(2")/Ho. Let

L2 L,ULy,ULsU Ly

Theorem 14. The matrices irC belong to distinct cosets of PG({2")/Ho, thus form-
ing a complete set of representatives
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Proof. Itis sufficient to prove the following two facts.

1. L cCc PGLy2").
2. For any distinctA, B € £, and for anys € Fon, A ¢ §BHo.

For the first fact we only have to prove that eakhe £ is nonsingular. LetA =
(X, y) € L. Note that botlx andy are nonzero; therefor& is nonsingular if and only if
x~1y & Fa (or, equivalentlyxy—! & Fn). We distinguish among four cases, according
to the form of A.

A= (1, A"w) e L. Sincew ¢ Fon andA e Fon, A" w & Fon.

o A= (1,2K0Dysy e L,. By Fact 1, p0-Dys] = [Ak0-D] € S, and, by (17) and
the definition ofS,, AXG-D S & Fon.

A = (A*GDys 1) e L. Identical to the previous case.

A = (WK ZtySy e Ly, The conditiomk(-9 (AtwS)~1 & Fa in the definition
of L4 assures thaf is nonsingular.

We now prove the second fact. L&t B € £, with A ## B, and lets = 12, for some
a,0<a < 2"— 1. As before, we need to distinguish among various cases according to
the form of A andB.

e A and B belong to distinct;ls. We show only the case & € L; andB < L.
The other cases can be dealt with in a similar fashion.Aet (1, A" w) and
8B = (87, )k0.D+aoy,s) Note that p"w] € S, and pk0-D+373] € S,. From
Lemma 11, it can be argued that, for afxy y) € §BHo, [y] € S. Therefore,
A & §BHo.

e A Be L, with A# B.LetA = (1, A"w) andB = (1, A"“w) with h" # h.
ThussB = (327, A("+@94)) Note that [1], R w], [42°], and P *+@7 ] are all
in S. By Lemma 11, for anyx, y) € §BHo, [x] = [A?°], so if A € §BHy we
would have 2] = [1] (i.e., a = 0). For the same reasory][= [A\"*@7w]; so
if a =0, A € §BHywould imply [A"?] = [A"], that is,h = I, a contradiction.

e A Be Ly with A# B. Let A= (1, Ak(:-Dys) andB = (1, Ak, where
itcannotbethati = i")A(j = ) A(s=¢5). Thus,§B = (187, (Ki"iN+aoy,sy,
As in the previous case, we can show tiate §BHy impliesa = 0. Since
[AK0STS] = [AK0] e S5, by Lemma 11 for anyx, y) € §BHo, [y] =
[AK0%07, or [y] = [AK("1Y2hmodo] Therefore, in order to havA € §BHy, we
need pk0-D] = [AK%10] or [AKG-D] = [AK(".1920mode] which, by Fact 1, implies
i =i’ Aj =]’ Thus we haveA = (1, Ak(-Dys) andsB = (1, Ak(-Dws) with
s # 5. From the proof of Lemma 11 it can easily be seen that the only matrix
in 8B Ho other thanB itself of the form(1, y) must have §] = [A*(-)2)modo],
Therefore,A cannot belong td Hp.

e A, B € L3, with A B. Identical to the previous case.

e A B € L4 with A # B. Let A = (K00 jtysy = (AF AtwS) and B =
(K0 ATwsy = () AYwS) whereitcannotbethit = i")A(t = t)A(S = 9).
Thus,8B = (A'+2 At+29y)sy Note that p'+2°] = [1k("-®], and, by Lemma 11
and Fact 1A € §BHp impliesk(i, 0) = k(i’, a), and thereforé = i’ anda = 0.
Thus, we must havA = (AT, AlwS) andsB = (A1, A'w®). Now, sincejl] € S,
Lemma 11 implies thaiB is actually the only matrix id B Hy whose first com-
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ponent is\'. Therefore, in order to hava € §B Ho it must be thatA = §B, that
ist =t ands = ¢/, a contradiction. O

LetM = |PGL,(2")/Hp|. We show how to associate the integerdQ.., M — 1
with the matrices oL bijectively. We first explain how, given anintegero <r < M,
ther th matrix of £, sayA,, can be computed in the pair notation. Assume that a primitive
elementh € Fox is known.

Recall that. = L; UL, U L3z U L4 and, as shown in the proof of Lemma 12,

L] =2"—1,
ILo| = |Lal = (2" - (2"t - 1),

n—l_l

2
ILal = (2" -1 (2" -3),

where|L1| + |La| + |L3| + |L4] = M. We number the matrices so that
Aely if O0<r<2"—1,
Ael, if 2"—1<r<@ -1+ -1n"t-1)=2"-12"1
Ael; if @-D2t<r<@-p2"t4@-—1nE1t-12
=(2"-1)?

11

A ely if 2"—1%2<r<@-12+2" -1 (2" - 3) = M.

Thus we must find a bijection between the indices in each range and the matrices of the
appropriate set. For the first three ranges, the mapping can be easily established based
on the definitionL4, L, and L3, and involves only a constant number of operations.

The case ofl, is slightly more complicated. Suppog2® — 1)2 < r < M and set

r'=r —(2"—1)2 sothat0<r’ < (2" — 1)((2"1 — 1)/3)(2" — 3). A, will be of the

form

Ar — <Ak(i,0)’ Ath>

for somei, t, ands such that 1< i < @@1-1/3,1<t<p,t)yt0<s<3,
andak(-9 3ty ~1 & Fn. We must associaté with the appropriate triplei, t, s). The
indexi can be chosen as

el

which is clearly a value between 1 a(®1—1 —1)/3. For fixed , there arg2" — 1) (2" —3)
pairst, s to choose from, and we want to find ttte pair, wherd =r’ mod (2" — 1) x
(2" — 3). Note that, sincev = 1”, thenAtws = A% [tis not difficult to see that

{t+sp:1<t<p, )t and O<s<3}={t:0<t' <22—1 ¢ yt}.

Therefore, finding théth pair (t, s) such that\*(:9 (A'w®)~! ¢ Fan is equivalent to
finding thel th indext’, which is not a multiple of and such thatk(-0—t" = 3i-t" & [y
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Fig. 5. Table of the indices .., 22" — 2.

thatis,t’ # i + jo forany 0< j < 2" — 1. Among the integers 0 - 22" — 2, those
that are multiples ot or are equal ta + jo (i.e., the “forbidden” indices), occupy
fixed positions, as shown in Figure 5 where the integers.Q 22" — 2 are arranged
consecutively into 2— 1 rows ands columns. Note that the multiples efare those in
columns Qt, and %, and the values+ jo, with 0 < j < 2" — 1, are those in column
i.Itis not hard to see that can be computed with a constant number of operations.

Once the matriXd, is known in pair notation, we need to transform it into the usual
form. Specifically, let, = (A', A1), forsomd andj. Wewanttofindy, 8, &, B € Fan
such that

agw+ i =2,
ajw + B =l

Suppose we know that= «1w + B; (each processor has to store the two vatuesnd
B1). Then given andj and using the fack? = w + 1, o, fi, o, andg; can be easily
computed withO(n) operations oveFx. Recalling thah € O(log N), whereN is the
number of processors in the MOS, we have proved

Theorem 15. Given anindexy0 <r < M, a processor is able to compute thtar
matrix of £ in O(log N) time using Q1) internal storage
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