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A Fully Dynamic Approximation Scheme for
Shortest Paths in Planar Graphs

P. N. Kleir? and S. Subramanian

Abstract.  In this paper we give a fully dynamic approximation scheme for maintaining all-pairs shortest
paths in planar networks. Given an error parametsuch that O< ¢, our algorithm maintains approximate
all-pairs shortest paths in an undirected planar gfaptith nonnegative edge lengths. The approximate paths

are guaranteed to be accurate to within & & factor. The time bounds for both query and update for our
algorithm isO(¢~1n?3 log? nlog D), wheren is the number of nodes i@ andD is the sum of its edge lengths.

The time bound for the queries is worst case, while that for the additions is amortized. Our approximation
algorithm is based upon a novel technique for approximately representing all-pairs shortest paths among a
selectedsubset of the nodes bysparse substitute graph
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1. Introduction. An algorithm for a given graph problem is said to @gnamicif

it can maintain the solution to the problem as the graph undergoes changes. These
changes could be additions or deletions of edges, or a change in the cost of some edge
(if applicable). In such a setting arpdatedenotes an incremental change to the input,
and aqueryis a request for some information about the current solution. We expect
the dynamic algorithm to handle both queries and updates quickly, i.e., in time that is
substantially less than it would take to solve the problem from scratch every time the
input changes. An algorithm is said to fudly dynamicif it supports both additions and
deletions of edges, while it is said to bemidynamidf it supports only one of them.
Unfortunately, due to the requirement that the query and update times be very small,
designing fully dynamic algorithms seems to be considerably harder than designing
sequential algorithms, and very few graph problems have fully dynamic solutions.

In this paper we consider the problem of maintaining shortest-path information in
planar graphs. This is a fundamental optimization problem since many applications
can be formulated as shortest-path problems. Furthermore, a number of more complex
problems can be solved by procedures which use shortest-path algorithms as subroutines.
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Given a graphG with n nodes anan edges (with nonnegative weights) the shortest
path between any two nodes can be computed efficiently by using Dijkstra’s algorithm
[1], [2]in O(m+ nlogn) time. For planar graphs a faster algorithm due to Frederickson
[3] runs in O(ny/Togn) time. Recently in joint work with Rao and Rauch [4] we have
given anO(n)-time algorithm from computing single-source shortest paths. However,
in the dynamic realm this problem is much less well understood. Though there are many
algorithms for the dynamic problem (see, for example, [5]-[7], see also [8]), none of
them can simultaneously handle both updates and queries in time that is sublinear in the
input size.

DerFINITION 1.  Let G be ann-node planar undirected graph with nonegative integral
edge-lengths. LeD be the sum of lengths. THengthof a pathz from u to v (denoted

asl ()) is simply the sum of the length of the edgesrinA minimum-length path from

u to v is called a shortest path.

The all-pairs shortest-path problem is the problem of finding shortest paths between
all pairs of nodess.

Given the difficulty in constructing dynamic algorithms for shortest paths, in this paper
we focus on constructing dynamic algorithms for maintaining “approximate shortest
paths.”

DEFINITION 2. A pathr is ane-approximate shortest path if its length is at mostd
times the distance (the length of the shortest path) between its endpoints.

In this paper we show that if we are willing to settle for approximate answers, then
substantial improvements are possible in both the query and update times for maintaining
shortest paths in a planar graph. In particular, we give a fully dynamic data structure that
maintainse-approximate shortest paths. Both query and update times for maintaining
our data structure are sublineaniwhene ~* is no more than a poly-logarithmic function
of n.

THEOREM1. LetG be anundirected n-node planar graph with nonnegative weights on
its edges such that the sum of the edge weights Oéx@nentiain)). Thenfor any0 <

e < 1such thate~ is O(polynomialn)), there exists a fully dynamic data structure to
maintaine-approximate all-pairs shortest-path information in The time per operation

is O(s~'n?3log? nlog D). The time for querigeedge-deletionand changing lengths is
worst-casewhile the time for adding edges is amortized

Our approximation algorithm is based upon a novel technique for compactly rep-
resenting approximate all-pairs shortest paths among a detsefectedhodes by a
substitute graph with the following properties:

e Each edgeiv in the substitute graph corresponds to a pafromu tov in G.
e Each shortest path between selected nodés is approximated to within a 4 ¢
factor by a two-edge path in the substitute graph.

The size of the substitute graph depends both on the number of selected nodes and
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on their distribution over the faces (. In particular, given an-node undirected planar
graph with nonnegative edge-lengths that surbtave have the following bounds on
the size of sparse substitutes:

THEOREM 2 (Face-Boundary Substitute)If there are k= O(4/n) selected nodesll

on the boundaries of a constant number of faces,dhén there exists a sparse substitute
graph having Qs ~*k logk log D) edges and @& '+k) logk) nodes that approximates
the all-selected-node-pair shortest paths in G to withih-a¢ factor Furthermore the
substitute graph can be constructed ifg0'nlog?nlog D) time

2. Preliminaries. Inthis section we introduce some basic terminology regarding pla-
nar graphs. More details and related background can be found in [18], [9], [3], and
[11].

DErINITION 3. A graphG is said to be planar if we can embed the nodes and edges of
the graph on the plane such that no two edges cross each other.

DEFINITION 4. A cyclein G is a set of nodesi;, Uy, ..., Uk such thatu; = uk and
u; is connected tal;_; andu; 1. A cycleC = {ug, Uy, ..., Uk} is a simple cycle if all
the nodesi; throughu_; are distinct. Given an embedding Gfon the plane a simple
cyclec = {us ..., uy} is called a face if no other nodes@fre topologically embedded
insidec in the embedding.

DEFINITION 5. A setX of nodes inG is called a separator if the removal Xfdivides
G into two or more disconnected pieces. The nodeX afe callecboundarynodes.

Lipton and Tarjan [12] showed that givemanode planar grap® and given a subset
B of the nodes of5, in linear time one can find a separator such tkat= 0(,/n), and
none of the pieces created by the removaKdfias more than two-thirds of the nodes
from B. Such a separatot is called ébalanced separatoof B. Miller [13] showed that
if G is two-connected and triangulated, then we can find a balanced separiiat is
a simple cycle. IfG is not two-connected we can first two-connect it in the following
manner:

o Make G connected by adding edges between all the disconnected pieces.
e Add one dummy node per face of the original graph, with dummy edges connecting
the dummy node to the nodes on the boundary of the original face.

After this process none of the faces will have more than three boundary nodes; thus the
resulting graph is triangulated.

LEMMA 1. Given a planar graph G the process of adding dummy nodes and edges
described above results in a triangulated two-connected graph
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PROOF The second step results in a triangulated graph as noted above. To prove that
it is two-connected assume for a contradiction t@ats not two-connected after the
addition of the dummy nodes and edges. This implies that there is antidsd is a
separator. Let the two components thageparates b€; andC,. Let f be the outer

face containingu and nodes fronC; andC,. By constructionf can have only three
nodes. Therefor€; andC, (since they are both nonempty) each contribute one node
(X1 andxy, respectively) tof . This impliesC; andC, must contain only on node each.
Otherwise more than one node®f, andC, will be on the facef . However, this leads

us to our base case since oneipk;, andx, is a dummy node. Thus the resulting graph

is two-connected and triangulated. O

Thus we can use Miller's algorithm to find cycle separators for graphs that are not
necessarily two-connected and triangulated.

2.1. Cluster Decompositions Frederickson [9], [3] showed how to construct dynamic
algorithms for graph problems by dividing a graph inlosters Such a division is called

a cluster decompositiarFrederickson [9] used the clustering idea to construct a fully
dynamic data structure for maintaining minimum spanning trees in general graphs. In the
context of planar graphs [3] he used a separator-based cluster decomposition (obtained by
repeated division of the graph using separators) to derive improved sequential algorithms
for single-source shortest paths.

Gallil, Italiano, and Sarnak [10], [11] used the separator algorithm due to Lipton and
Tarjan [12] to divide repeatedly the underlying planar graph into clusters. Galil and
Italiano [10] used such a decomposition to derive a fully dynamic data structure for
maintaining two- and three-vertex connectivity information in planar graphs. Galil et al.
[11] used cluster decompositions to develop a fully dynamic planarity-testing algorithm.
We borrow this technique and their terminology. For reasons that will be apparent soon,
in this paper we use the planar separator algorithm by Miller [13] to construct our
decomposition. Our dynamic shortest-path data structure will require the decomposition
of the given planar grapB into clusters. However, we use a somewhat restrictive notion
of what is a decomposition of a planar graphnto clusters.

DEFINITION 6. A cluster partitionof a graphG is a partition of the edges @ in to

edge-induced subgraphs. A nodeis aboundary nodef the partition if it belongs
to more than one subgraph.mum-cluster partitiorof ann-node planar grapls is a

cluster partition ofG intor = O(num subgraphs$s;, G, ..., G, with the following

properties:

1. Each subgrap&; containsO(n/num edges.

2. The number of boundary nodes in ea@ghis O(,/n/num.

3. In each subgrapls;, the boundary nodes all lie on the boundaries of a constant
number offaces (Note that a face o6; need not be a face &.)

Note that because the subgraphs of a cluster partition are edge-induced, a node belongs
to such a subgraph only if an edge incident to the node belongs to the subgraph. The
next lemma follows from the arguments of Frederickson [3].
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LEMMA 2. Given a planar graph Ga num-cluster partition can be obtained in
O(nlogn) time

PROOF To create a cluster decomposition®fwe two-connect and triangulate it as
described above by adding dummy nodes and edges. By applying Miller's algorithm to
this graph, we can obtain a cycle separator that divides the nondummy nodes of the graph
into pieces none of which has more tl"énnnodes. The separator is a cycle that contains
both dummy and nondummy nodes. The Xebf nondummy nodes of the separator
need not form a cycle in the original graph. However, it does divide the graph into two
piecesG; andG; such that, in the induces subgrabh= G; U X, the nodes oK all

lie on the boundary of a single face. The dummy nodes do not play any role in the data
structure, and are used only to divide up the graph.

To obtain anumcluster partition we start witd and repeatedly divide it using a planar
cycle separator [13] (as discussed above) until all the pieces®avaum) edges. We
retriangulate subgraphs when faces get too big so that we are guaranteed to have small
cycle separators. As mentioned earlier, these dummy nodes and edges are transient and
play no role in the actual data structure.

Using techniques due to Frederickson [3] we can also make sure that none of the pieces
has too many boundary nodes. This is accomplished as follows: The separator algorithm
can be used to separate a node-weighted version of the graph into pieces none of which
has more than two-thirds the original weight. In order to split the boundary nodes we give
all the nonboundary nodes weight 0 and give weight 1 to the boundary nodes. We then
run the separator algorithm to find a weighted separation. This automatically gives us a
division of the boundary nodes. Proceeding in this fashion we can genenateduster
partition. O

DEFINITION 7. Consider amumcluster partition ofG. In such a partition we define the
parentof edgeuv (denoted byG,,) to be the subgrapfs; that contains it. Similarly,
if uis a nonboundary node, we define its parent (den@gxto be the subgrapfs;
containing it. Ifu is a boundary node, we arbitrarily select one of the subgr&phkat
containsu, and assign it to ba’s parent (denoted bg,,).

The remainder of the paper is organized as follows: In Section 3 we describe our
dynamic data structure for maintaining approximate shortest paths. In Section 4 we
address the issue of constructing face-boundary substitutes and in Section 5 we discuss
some extensions of our algorithm.

3. AFully Dynamic Data Structure for Approximate Shortest Paths. Inthis section
we describe our dynamic data structure for maintaining approximate shortest paths that
satisfies the bounds of Theorem 1. Our data structure uses the face-boundary substitutes
of Theorem 2. Section 4 gives the details of how the face-boundary substitutes are
constructed.

Throughout this paper we assume that all the edge-additions are planarity-preserving.
To see whether edge-additions preserve planarity we can run the planarity-testing
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procedure preprocess$G, num
[Division]
Find anumcluster partition ofG into regionsG,, G,, ... G,
each withn/numnodes andD (,/n/num) boundary nodes.

[Local Computation]
for each regiorG; do
construct a substitute graﬁh representing
boundary-to-boundary shortest path<Gn

[Forming the Skeleton]
S« GUGU---UG,.
end[procedure preprocess]

Fig. 1. The generic preprocessing step.

algorithm from [11] in the background to prevent addition of edges that destroy planarity.
Doing this only increase the time-complexity of our update operations by a constant fac-
tor. In the descriptions of our algorithms we do not explicitly mention these additional
steps.

Our data structure supports the following operations:

. distancg(u, v): Find the approximate distance betwaeandv in G.

. add(u, v, w): Add a new edgeiv of lengthw.

. changguv, w): Change the length of the edge to w.

. deletg(uv): Delete edgeiv.

. remove(u): Remove an isolated node (a node that has no edges)

G~ wN P

Figures 1-3 give the preprocessing, query, and update routines. The procedure for re-
moving an isolated node involves no change to the data structure. We just remove it
from the corresponding parent clust&y.

Toinitialize our data structure, we finchamcluster partition oG (the optimal value
for numwill be derived later), and precompusebstitute graph$1, Go, ..., G, that
approximately represent the boundary-to-boundary shortest paths in the respective sub-
graphsGy, Gy, ..., G;. TheG; are face-boundary substitutes as described in Theorem 2
that approximate the boundary-to-boundary shortest patBsto within a 1+ ¢ factor.
These substitute graphs are then unioned to form a skeletal §raph

The skeletal grapls is a compact representation for the shortest-paths among the
boundary nodes and is used in the query stage to compute the distance between the two
query points.

To answer a query concerning the distance between two given moded v, we
form an auxiliary grapiH to compute the distance betwegmandv. See Figure 2 for
the query-procedureistance

To prove the correctness of our query-procedure we need to show that the distance
betweenu andv in H is an accurate estimate of the distance betweandv in G,
consider a patlr of minimum length fromu to v in G. Mark all the boundary nodes
in 7. This marking dividesr into a sequence of subpaths such that the first and the last
subpaths lie entirely withiiG, andG,, respectively, and each intermediate subpath is
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procedure distancéu, v)
[Forming the auxiliary graph]
H<«~G,UG,US.

[The Query]

1. Run Dijkstra’s algorithm irH with u as the source node.
2. Return the distance betwearandv found in the previous step.

end [procedure distance]

Fig. 2. Performing a query using the skeletBrtonstructed in the preprocessing step.

a boundary-to-boundary path that lies entirely within one of the subgi@plisrough
G, . Since the boundary-to-boundary shortest patl@;iare estimated by the substitute
graphG; to within a 1+ ¢ factor, it follows thatH contains a path fror to v whose
length is no more than % ¢ times the length of:.

To perform an add operation we add a new edgef lengthw to the parent region
G, of u. Similarly to delete n edgev we simply remove it from its parent regi@s,, .
To implement thechangeoperation we simply change the weightwf in G, to w.
For each of these three operations we need to recompute the substitute graphs of the
affected regions. We do this using a procedupelate that recomputes the substitute
graphs for all the regions that are affected by the change. Figure 3 gives the pseudocode
for procedureupdate. Lemma 3 shows that only a constant number of subgraphs are
affected during a single add, delete, or change operation.

LEmmA 3. Adding deleting or changing the length of an edge affects only a constant
number of subgraphs in the cluster partitiohherefore only a constant number of
substitute graphs need to be recomputed to modify the skeletal graph S

PROOFE We discuss the case ofdeleteoperation. The arguments for addition and
changing edge-lengths are similar. Consider deleting the adgé&his results in a
change in the subgrap®,,. Furthermore, it is possible that deleting this edge could
make eithew (or v) a nonboundary node (this could happen if all the remaining edges
incident atu (v) no lie in a single subgraph). Such a change in the boundary-status can

procedure updatgu, v)
[Changing the boundary information]
if u or v change their boundary stattien
change their labels i, and/orG,;

[Rebuilding the skeletal graph]

1.RemoveG,, G,, andG,, from S;
2. Recompute the substitutés,, G,, andG,,;
3. Add these substitutes ®and rebuild it

end [procedure update]

Fig. 3. Updating the data structure.
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affec} only G, and G,. Therefore, to modifyS we need only recomputéuU, Gy,
andG,. O

As we continue to add edges, more and more nodes will become boundary nodes,
since every time and edge is added eitheu or v may become a boundary node. This
will cause the skeletal graphto grow in size thus increasing the query time. Also the
cluster decomposition will start losing its properties, since all the added edges could end
up in the same region. We therefore recompute the cluster partition after the number of
add operations exceeds the value of a preset parartigtiér This will imply that the
time for the add operation is amortized.

We are now ready to discuss our bounds for maintaining approximate shortest paths.
We first discuss the query time assuming the substitute graphs and the skeletal graphs
obey the restrictions of Theorem 2. Section 3.1 discusses the details of the peri-
odic recomputation of the cluster decompositions and the time required for the update
operations.

To maintain approximate shortest paths we set lmotim andlimit to ben®3. For
eachG; we let the substitute grapB; be the face-boundary substitute that represents
the all-boundary pair shortest pathsGi to within a 1+ ¢ factor.

To maintain approximate shortest paths we follow the description of the generic
algorithm except for one difference: Since the size of the face-boundary substitutes
depends on the distribution of the boundary nodes we modify our updating procedure
slightly. Whenever the number dbundary facegfaces that contain boundary nodes)
in some clustelG; exceeds three, we apply Miller's separator algorithm to the graph
with dummy nodes added. In order to reduce the number of boundary faces, we first
give two-connect and triangulate the graph as before. We then given a weight of 1 to the
dummy nodes corresponding to the boundary faces. All the other nodes are given weight
0. We then use Miller’'s algorithm to find a separaXothat divides up the dummy nodes
corresponding to boundary faces. Each of the two resulting pieces has at most two-thirds
of the four boundary faces, hence at most two old boundary faces. The new separator
introduces an additional boundary face, for a total of three per piece. If the separator
includes dummy nodes corresponding to old boundary faces, then in the resulting pieces
these faces are merged with the new boundary face. Hence each piece ends up with
at most three boundary faces. This modification of the update procedure is shown in
Figure 4.

To bound the time taken for a query we consider the size of the skeletal §raph
any time during the computation. Initiallyis composed of the face-boundary substitute
graphsGy, Go, ..., G;. Sincenum= n*3, the size ofG; for 1 < i <r is O(n%3). Also
by the definition of mum-cluster partition the number of boundary nodeGjiis O (n*/3).
Therefore the size @ = O(¢~1n¥3lognlog D) (see Theorem 2). By definition of the
numecluster partitiom = O(num = O(n/3). TherefordS| = O(¢~*n%3lognlog D).

Also the number of edges in the regioBg andG, is O(n?3). Therefore the size of
H = SUGLUG, is O(e~n%3lognlog D). Running Dijkstra’s algorithm o there-
fore requiresO (¢ ~*n?3log? nlog D) time.

3.1. Recomputing the Cluster Decomposition after Multiple Addition&s discussed
earlier successivadd operations cause new nodes to be labeled boundary nodes, in-
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[Modified version of skeletal graph rebuilding]

1.RemoveG,, G,, andG,, from S.
2. if Gy(G,) has more than three boundary-fatiesn
Use a cycle separator to split them into smaller subgraphs
with boundary nodes on at most three faces.
3. Construct substitute graphs f@,, G,, andG,,
or for their pieces if they were divided into the previous step.
4. Add these substitutes ®and rebuild it.

end [modification]

Fig. 4. Modifying the rebuilding step in proceduupdate.

creasing the size dd. In anadd operation results in a split as described, then we have

to recompute the face-boundary substitutes of up to three subg&pls,, andG,.

The edge additions preserve planarity, therefore each of the corresponding substitutes
adds at mos©(¢*n%3lognlog D) edges tdS. Sincelimit = n'/3, the total number of
edges added before the cluster partition is recomput@ddsn?2lognlog D). Since

the auxiliary graptH is constructed fron® by unioningSwith G, andG,, it also obeys

the same bound on the number of edges. Thus an execution of Dijkstra’s algorithm on
H takesO(s~1n?2lognlog D(logn + loglogD + log(¢1))) time. If we assume that

¢~1is at most a polynomial im and thatD is no more than exponential m then we

get the bounds of the query time in Theorem 1.

To bound the update time we note that by Theorem 2 the face-boundary substitute for
any regionG; can be found ir0(s1|G; | log? |G | log D) time. Sincdimit = O(n%/3),
the size ofG; at any time in between two global computations of the cluster partition
is O(n%3 4+ n/3) = O(n%3). Therefore, the substitute grafh can be constructed in
O(¢~n?3log? nlog D) time. Thus, the time needed to modify the data structure for any
update operation i® (¢ ~*n%3log? nlog D).

We also recompute the cluster partition and all the substitute graphs once every
n'/3 add operations. The time taken to recompute the cluster partition and to build all
the substitute graphs ©(n3) x O(s~*h¥3log’?nlogD) = O(s'nlog?nlog D).
Amortizing this ovem'/3 add operations gives us the bounds of Theorem 1.

4. Constructing a Face-Boundary Sparse Substitute. In this section we address the
issue of constructing a face-boundary substitute to approximately represent the all-pairs
shortest paths i among a set dfl of O(,/n) selected nodes (distributed over a constant
number of faces).

In Section 4.1 we describe a basic sparsification technique that is the key to the
construction of our substitutes, and in Section 4.2 we give a simple divide-and-conquer
procedure that repeatedly uses the sparsification technique to construct a face-boundary
substitute.

4.1. A Basic Sparsification TechniquelLete be an error parameter, létbe a distance
parameter, and le® be a path irG of lengthO(d). In this subsection we show how to
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procedure basic-sparse
[Dividing the separating path p]

1. Partitionp into O(e 1) segments,, s,, .. ., s of length at mostd/2.
2. letx be the first node of segmest
3.forl<i <kdo

[Sparsifying paths that cross segmens |
a. Compute shortest paths from
b. For each boundary nodeadd the edge aix (to the substitute),
with the shortest-path length found in Step
end [Sparsification]

end [procedure basic-sparse]

Fig. 5. The basic sparsification technique.

sparsely represent selected node-pair shortest paths that interaedtare betweed
and 21 in length. In particular, we show that there exists a substitute grapraith'k)
edges that approximates these shortest paths to withia fglctor. We call this substitute
acrossing substitute

To construct the crossing substitute we proceed as follows: We first divigeto
O(e1) node-disjoint segments of length at medi/2 each. The first node in each
segmeng is called thesegment nodef that segment. We now perform single-source
shortest-path computations @ from each of thed (¢ ~1) segment nodes. Our crossing
substitute consists of a collection stars one for each segment. The star for segment
s hasx; as its center and the selected nodes as its leaves. The edge between a selected
nodeu andy; is labeled with the length of the shortest path frgnto u. A pseudocode
version of the basic sparsification procedure is given in Figure 5.

LEMMA 4. Let CS be the crossing substitute constructed as described.aliogfor
any pathr € G (d < I(w) < 2d) between selected nodes that intersectere is

a corresponding two-edge path € CS between the same endposgiich that [7) <

(1 + &)l (). Furthermore |CS = O(e k) and the time required to compute CS is
O(e~n).

PROOFE  To prove our claim let the endpoints ofbe the selected nodesandv. Since

7 intersectsP, as shown in Figure 6, there is an alternate path between the endpoints
u andv that detours througlk; alongs. Since the length of is ed/2 the additional
length acquired because of the detour is at medy2 = ed.

In the substitute we approximate by two edgesux andxjv. Sinceux andx;v
represent shortest paths between their respective endpoints, the length of the two-edge
path7 = ux, X v is no more than the alternate path of Figure 6. Therefbiie,at most
ed longer thanr. This combined with the fact that is at leasd in length implies that
7 is a 1+ ¢ factor approximation ofr.

To bound the number of edges in our substitute we note that it congixiof') stars
each of which has at moktedges. The bound on the size therefore follows. To bound
the time required to compute the crossing substitute we note that the most expensive
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The alternate path from
utov

Fig. 6. Approximating a path that passes through segrgent

step is the single-source shortest path computations from he segment nodes. Since there
are O(¢~1) segment nodes, the entire computation can be carried @idn'n) time
using the shortest-path algorithm of [4]. O

4.2. Face-Boundary SubstitutesLet N be a set ok selectechodes inG that lie on a
constant number of faces, and éet- O be an error parameter. In this section we show
how to construct face-boundary substitute that approximates the all-pairs shortest paths
between selected nodes to within & % factor.

Here we describe a procedure for sparsification when all the selected nodes lie on
the boundary of a single facke The case of multiple faces is similar. Our sparsification
algorithm uses a divide-and-conquer mechanism and makes use of the basic sparsification
technique from Section 4.1. The basic sparsification technique works best with paths that
are all roughly of same length. To accommodate this, we ggewpingtechnique (see,

e.g., [14]).

We consider the selected-node-pair shortest paths i Iddferent groups and for
each group we build a different substitute. Ttresubstitute approximate selected-node-
pair shortest paths in the rangk Pd], whered = 2'. These logD substitutes are unioned
to get a substitute that sparsely represents paths of all lengths.

To sparsely represent selected-node-pair shortest paths with lengths in the range
[d, 2d] we use the divide-and-conquer procedure described below. A pseudocode version
of the sparsification procedure is given in Figure 7.

1. Find separating paths: We use a procedure callsgparatethat gives a separating
setZ consisting of one or two paths of length at modt Zhese paths divid8l into
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procedure sparsify
[Initializing the global substitute sub]
sub « @;
[Grouping the paths]
for each value of in [0, log D] do
[Group i sparsifies the paths in the rand?2, 2'+1]]
letd « 2';
[Sparsifying the paths in groupi]

1. Useseparateto find a setZ of one or twoO(d)-length paths such that
dividesN into two (roughly) equal set; andN,, and cuts all group paths
betweenN; andNy;

2. Recursively construct substitut® and R; for the groupi paths that have
both their endpoints iftN; and N, respectively;

3. Usebasic-sparseto construct a substitut®; for the paths that have one
endpoint in each oN; and Np;

4. Union Ry, Ry, andR; to getsuly, the substitute for group

[Adding to the global substitute]

5. sub <« subU suby;

end [for]
end [procedure sparsify]

Fig. 7. Proceduresparsify.

subsetdN; andN; of size at most @\ |/4 each such that every path of length at most
4d between them intersects some patfZifsee Figure 8).

2. Sparsify intersecting paths: To sparsely represent shortest paths that cross one of
the separating paths we use the basic sparsification technique from Section 4.1.

3. Divide G for the recursion: For each node& in G we determine whether there is a
path of length at mostd®betweenx and some node il (resp.N,) that does not
intersect any of the separating path<inif there is such a path, then we placén
V1 (resp.V,). We constructG; andG, by taking node-induced subgraphs\gfand
V5, respectively.

Note that no node can be in both andV, at the same time. Otherwise, we
would get a path of length at mostl detweenN; and N, that does not intersect any
separating path.

To find the nodes of that go intoV; we combine all the nodes &f; into a single
supernodes and find the nodes @b that are within a distancedZrom Sin G — Z.

The setV; is determined similarly.

4. Recursive computation:Recursively compute sparse substitutesdofd]-shortest
paths inG; and G, with both endpoints ifN; and N,, respectively. Union the two
recursive substitutes along with the crossing substitute found in step 2 to get the
face-boundary substitute for all the selected nodes.

Before we analyze our procedure for sparsification we describe proceshaeate
Consider a division oN into four subset®\;, A,, Az, and A4 as shown in Figure 8. If
there is a path of length at mostl 4rom A; to Az or A, to A4, then we can use it to
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Fig. 8. Using one or two paths to cut the boundary.

divide N into subsetsN; and N, as shown in Figure 8. Note that the noded\afare
topologically separated from those ld§ by the separator. Thus every path betwégn
and N, crosses the separating path.

When there is no single path of the desired length that dividl@sto roughly equal
subsets we can use two paths as shown in Figure 8. Each of the paths has length at most
4d, and their endpointa;, b; anda,, b, satisfy the following properties: Nod® is in
A; while nodea; is in Asz; b; andb, occur aftera; anday, respectively, in the cyclic
order aroundf ; and the separation betwearandb;,i = 1, 2, is the maximum possible
(in terms of their placement on the boundaryfgfunder the previous constraints. As
shown in Figure 8, the exterior of fackis topologically separated into three regions
R:, Ry, andRs. Any path betweerN; and N, that has one of its endpoints Ry, or R,
is forced to cross one of the separating paths. Also, by the maximality of the separation
betweerg; andb; there is no path froniN; to N, of length at most & that lies entirely
in Rs.

These paths can be easily found by performihgogk) single-source shortest-path
computations from the nodes &q, A, Az, andA4. Therefore, using the shortest-path
algorithm of [4] we can find the separating pathsdin logk) time.

To bound the size of the substitute we note that the substitute for shortest paths in
any range {, 2d] is constructed inO(logk) stages. Furthermore, at each level in the
recursion the sum of the sizes of all crossing substituté(is'*/k). Hence the total
size of the substitute for groupis O(¢~tk logk). Hence the total size of the substitute
for groupd is O(e¢~*klogk). This combined with the fact there a@(log D) groups
implies that the size of the substitute@ge 'k logk log D).

To bound the running time of our sparsification procedure we note that the time
required for constructing the crossing substitute in step @is~*n) and the time
required to find the separating path<ign logk). This in conjunction with the fact that
the recursion depth i© (logk) and the fact that there are I&groups implies the total
time for the procedure i® (¢ 'nlog® k log D).
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Fig. 9. Creating the composite fadg .

For the case when the selected nodes are on a constant number dffaiges. ., f;
to find a substitute for paths in the rangk d] we proceed as follows:

To find a substitute for paths that go between fagesnd f; (for 1 <i, j <r)we
first find a path of length at mostibetweenf; and f;. If no such path exists,then there
are no paths in the rangd,[2d] betweenf; and f;. Otherwise letr be one such path.
We first find a substitut&, for all the paths in the rangel] 2d] that crosst by using
the basic sparsification technique from Section 4.1. 1 et f; andy € f; be the two
endpoints ofr. For the purposes of the paths in the rardye?fl] that do not crosg we
can conceptually think of the selected noded;adnd f; as located on a composite face
fij constructed as follows:

Duplicate all the nodes on the pattcreating two paths’ andsz” one below the other
with endpointsx’, y', andx”, y”, respectively. The facé;j is the single face formed in
this fashion. See Figure 9. The substitute for all the paths that do not intersantnow
be computed in the same manner as before by assufpiag the conceptual single face
containing the selected nodes. Since there are only a constant number of such faces we
get the bounds of Theorem 2.

5. Extensions. A similar technique has proved useful in solving the dynamic reach-
ability problem in planar digraphs [15]. These techniques can also be used to develop
a dynamic data structure for maintaining shortest paths in planar directed graphs. How-
ever, for that data structure we need some additional techniques [15], [16]. Details can
be found in [17].
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