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A Fully Dynamic Approximation Scheme for
Shortest Paths in Planar Graphs1

P. N. Klein2 and S. Subramanian2

Abstract. In this paper we give a fully dynamic approximation scheme for maintaining all-pairs shortest
paths in planar networks. Given an error parameterε such that 0< ε, our algorithm maintains approximate
all-pairs shortest paths in an undirected planar graphG with nonnegative edge lengths. The approximate paths
are guaranteed to be accurate to within a 1+ ε factor. The time bounds for both query and update for our
algorithm isO(ε−1n2/3 log2 n log D), wheren is the number of nodes inG andD is the sum of its edge lengths.
The time bound for the queries is worst case, while that for the additions is amortized. Our approximation
algorithm is based upon a novel technique for approximately representing all-pairs shortest paths among a
selectedsubset of the nodes by asparse substitute graph.
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1. Introduction. An algorithm for a given graph problem is said to bedynamicif
it can maintain the solution to the problem as the graph undergoes changes. These
changes could be additions or deletions of edges, or a change in the cost of some edge
(if applicable). In such a setting anupdatedenotes an incremental change to the input,
and aquery is a request for some information about the current solution. We expect
the dynamic algorithm to handle both queries and updates quickly, i.e., in time that is
substantially less than it would take to solve the problem from scratch every time the
input changes. An algorithm is said to befully dynamicif it supports both additions and
deletions of edges, while it is said to besemidynamicif it supports only one of them.
Unfortunately, due to the requirement that the query and update times be very small,
designing fully dynamic algorithms seems to be considerably harder than designing
sequential algorithms, and very few graph problems have fully dynamic solutions.

In this paper we consider the problem of maintaining shortest-path information in
planar graphs. This is a fundamental optimization problem since many applications
can be formulated as shortest-path problems. Furthermore, a number of more complex
problems can be solved by procedures which use shortest-path algorithms as subroutines.
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Given a graphG with n nodes andm edges (with nonnegative weights) the shortest
path between any two nodes can be computed efficiently by using Dijkstra’s algorithm
[1], [2] in O(m+n logn) time. For planar graphs a faster algorithm due to Frederickson
[3] runs in O(n

√
logn) time. Recently in joint work with Rao and Rauch [4] we have

given anO(n)-time algorithm from computing single-source shortest paths. However,
in the dynamic realm this problem is much less well understood. Though there are many
algorithms for the dynamic problem (see, for example, [5]–[7], see also [8]), none of
them can simultaneously handle both updates and queries in time that is sublinear in the
input size.

DEFINITION 1. Let G be ann-node planar undirected graph with nonegative integral
edge-lengths. LetD be the sum of lengths. Thelengthof a pathπ from u to v (denoted
asl (π)) is simply the sum of the length of the edges inπ . A minimum-length path from
u to v is called a shortest path.

The all-pairs shortest-path problem is the problem of finding shortest paths between
all pairs of nodesG.

Given the difficulty in constructing dynamic algorithms for shortest paths, in this paper
we focus on constructing dynamic algorithms for maintaining “approximate shortest
paths.”

DEFINITION 2. A pathπ is anε-approximate shortest path if its length is at most 1+ ε
times the distance (the length of the shortest path) between its endpoints.

In this paper we show that if we are willing to settle for approximate answers, then
substantial improvements are possible in both the query and update times for maintaining
shortest paths in a planar graph. In particular, we give a fully dynamic data structure that
maintainsε-approximate shortest paths. Both query and update times for maintaining
our data structure are sublinear inn whenε−1 is no more than a poly-logarithmic function
of n.

THEOREM1. Let G be an undirected n-node planar graph with nonnegative weights on
its edges such that the sum of the edge weights D is O(exponential(n)). Then, for any0<
ε ≤ 1 such thatε−1 is O(polynomial(n)), there exists a fully dynamic data structure to
maintainε-approximate all-pairs shortest-path information in G. The time per operation
is O(ε−1n2/3 log2 n log D). The time for queries, edge-deletion, and changing lengths is
worst-case, while the time for adding edges is amortized.

Our approximation algorithm is based upon a novel technique for compactly rep-
resenting approximate all-pairs shortest paths among a set ofk selectednodes by a
substitute graph with the following properties:

• Each edgeuv in the substitute graph corresponds to a pathπ from u to v in G.
• Each shortest path between selected nodes inG is approximated to within a 1+ ε

factor by a two-edge path in the substitute graph.

The size of the substitute graph depends both on the number of selected nodes and
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on their distribution over the faces inG. In particular, given ann-node undirected planar
graph with nonnegative edge-lengths that sum toD, we have the following bounds on
the size of sparse substitutes:

THEOREM2 (Face-Boundary Substitute).If there are k= O(
√

n) selected nodes, all
on the boundaries of a constant number of faces of G, then there exists a sparse substitute
graph having O(ε−1k logk log D)edges and O((ε−1+k) logk)nodes that approximates
the all-selected-node-pair shortest paths in G to within a1+ ε factor. Furthermore, the
substitute graph can be constructed in O(ε−1n log2 n log D) time.

2. Preliminaries. In this section we introduce some basic terminology regarding pla-
nar graphs. More details and related background can be found in [18], [9], [3], and
[11].

DEFINITION 3. A graphG is said to be planar if we can embed the nodes and edges of
the graph on the plane such that no two edges cross each other.

DEFINITION 4. A cycle in G is a set of nodesu1,u2, . . . ,uk such thatu1 = uk and
ui is connected toui−1 andui+1. A cycle C = {u1,u2, . . . ,uk} is a simple cycle if all
the nodesu1 throughuk−1 are distinct. Given an embedding ofG on the plane a simple
cyclec = {u1 . . . ,uk} is called a face if no other nodes ofg are topologically embedded
insidec in the embedding.

DEFINITION 5. A setX of nodes inG is called a separator if the removal ofX divides
G into two or more disconnected pieces. The nodes ofX are calledboundarynodes.

Lipton and Tarjan [12] showed that given an-node planar graphG and given a subset
B of the nodes ofG, in linear time one can find a separator such that|X| = 0(

√
n), and

none of the pieces created by the removal ofX has more than two-thirds of the nodes
from B. Such a separatorX is called abalanced separatorof B. Miller [13] showed that
if G is two-connected and triangulated, then we can find a balanced separatorX that is
a simple cycle. IfG is not two-connected we can first two-connect it in the following
manner:

• MakeG connected by adding edges between all the disconnected pieces.
• Add one dummy node per face of the original graph, with dummy edges connecting

the dummy node to the nodes on the boundary of the original face.

After this process none of the faces will have more than three boundary nodes; thus the
resulting graph is triangulated.

LEMMA 1. Given a planar graph G the process of adding dummy nodes and edges
described above results in a triangulated two-connected graph.
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PROOF. The second step results in a triangulated graph as noted above. To prove that
it is two-connected assume for a contradiction thatG is not two-connected after the
addition of the dummy nodes and edges. This implies that there is a nodeu that is a
separator. Let the two components thatu separates beC1 andC2. Let f be the outer
face containingu and nodes fromC1 andC2. By constructionf can have only three
nodes. ThereforeC1 andC2 (since they are both nonempty) each contribute one node
(x1 andx2, respectively) tof . This impliesC1 andC2 must contain only on node each.
Otherwise more than one node ofC1, andC2 will be on the facef . However, this leads
us to our base case since one ofu, x1, andx2 is a dummy node. Thus the resulting graph
is two-connected and triangulated.

Thus we can use Miller’s algorithm to find cycle separators for graphs that are not
necessarily two-connected and triangulated.

2.1. Cluster Decompositions. Frederickson [9], [3] showed how to construct dynamic
algorithms for graph problems by dividing a graph intoclusters. Such a division is called
a cluster decomposition. Frederickson [9] used the clustering idea to construct a fully
dynamic data structure for maintaining minimum spanning trees in general graphs. In the
context of planar graphs [3] he used a separator-based cluster decomposition (obtained by
repeated division of the graph using separators) to derive improved sequential algorithms
for single-source shortest paths.

Galil, Italiano, and Sarnak [10], [11] used the separator algorithm due to Lipton and
Tarjan [12] to divide repeatedly the underlying planar graph into clusters. Galil and
Italiano [10] used such a decomposition to derive a fully dynamic data structure for
maintaining two- and three-vertex connectivity information in planar graphs. Galil et al.
[11] used cluster decompositions to develop a fully dynamic planarity-testing algorithm.
We borrow this technique and their terminology. For reasons that will be apparent soon,
in this paper we use the planar separator algorithm by Miller [13] to construct our
decomposition. Our dynamic shortest-path data structure will require the decomposition
of the given planar graphG into clusters. However, we use a somewhat restrictive notion
of what is a decomposition of a planar graphG into clusters.

DEFINITION 6. A cluster partitionof a graphG is a partition of the edges ofG in to
edge-induced subgraphs. A node ofG is aboundary nodeof the partition if it belongs
to more than one subgraph. Anum-cluster partitionof ann-node planar graphG is a
cluster partition ofG into r = O(num) subgraphsG1,G2, . . . ,Gr with the following
properties:

1. Each subgraphG1 containsO(n/num) edges.
2. The number of boundary nodes in eachGi is O(

√
n/num).

3. In each subgraphGi , the boundary nodes all lie on the boundaries of a constant
number offaces. (Note that a face ofGi need not be a face ofG.)

Note that because the subgraphs of a cluster partition are edge-induced, a node belongs
to such a subgraph only if an edge incident to the node belongs to the subgraph. The
next lemma follows from the arguments of Frederickson [3].



A Fully Dynamic Approximation Scheme for Shortest Paths in Planar Graphs 239

LEMMA 2. Given a planar graph G, a num-cluster partition can be obtained in
O(n logn) time.

PROOF. To create a cluster decomposition ofG we two-connect and triangulate it as
described above by adding dummy nodes and edges. By applying Miller’s algorithm to
this graph, we can obtain a cycle separator that divides the nondummy nodes of the graph
into pieces none of which has more than2

3n nodes. The separator is a cycle that contains
both dummy and nondummy nodes. The setX of nondummy nodes of the separator
need not form a cycle in the original graph. However, it does divide the graph into two
piecesG1 andG2 such that, in the induces subgraphHi = Gi ∪ X, the nodes ofX all
lie on the boundary of a single face. The dummy nodes do not play any role in the data
structure, and are used only to divide up the graph.

To obtain anumcluster partition we start withG and repeatedly divide it using a planar
cycle separator [13] (as discussed above) until all the pieces haveO(n/num) edges. We
retriangulate subgraphs when faces get too big so that we are guaranteed to have small
cycle separators. As mentioned earlier, these dummy nodes and edges are transient and
play no role in the actual data structure.

Using techniques due to Frederickson [3] we can also make sure that none of the pieces
has too many boundary nodes. This is accomplished as follows: The separator algorithm
can be used to separate a node-weighted version of the graph into pieces none of which
has more than two-thirds the original weight. In order to split the boundary nodes we give
all the nonboundary nodes weight 0 and give weight 1 to the boundary nodes. We then
run the separator algorithm to find a weighted separation. This automatically gives us a
division of the boundary nodes. Proceeding in this fashion we can generate anum-cluster
partition.

DEFINITION 7. Consider anum-cluster partition ofG. In such a partition we define the
parentof edgeuv (denoted byGuv) to be the subgraphGi that contains it. Similarly,
if u is a nonboundary node, we define its parent (denotedGu) to be the subgraphGi

containing it. Ifu is a boundary node, we arbitrarily select one of the subgraphsGi that
containsu, and assign it to beu’s parent (denoted byGu).

The remainder of the paper is organized as follows: In Section 3 we describe our
dynamic data structure for maintaining approximate shortest paths. In Section 4 we
address the issue of constructing face-boundary substitutes and in Section 5 we discuss
some extensions of our algorithm.

3. A Fully Dynamic Data Structure for Approximate Shortest Paths. In this section
we describe our dynamic data structure for maintaining approximate shortest paths that
satisfies the bounds of Theorem 1. Our data structure uses the face-boundary substitutes
of Theorem 2. Section 4 gives the details of how the face-boundary substitutes are
constructed.

Throughout this paper we assume that all the edge-additions are planarity-preserving.
To see whether edge-additions preserve planarity we can run the planarity-testing
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procedure preprocess(G,num)
[Division]

Find anum-cluster partition ofG into regionsG1,G2, . . .Gr

each withn/numnodes andO(
√

n/num) boundary nodes.

[Local Computation]
for each regionGi do

construct a substitute grapĥGi representing
boundary-to-boundary shortest paths inGi .

[Forming the Skeleton]
S← Ĝ1 ∪ Ĝ2 ∪ · · · ∪ Ĝr .

end[procedure preprocess]

Fig. 1.The generic preprocessing step.

algorithm from [11] in the background to prevent addition of edges that destroy planarity.
Doing this only increase the time-complexity of our update operations by a constant fac-
tor. In the descriptions of our algorithms we do not explicitly mention these additional
steps.

Our data structure supports the following operations:

1. distance(u, v): Find the approximate distance betweenu andv in G.
2. add(u, v, w): Add a new edgeuv of lengthw.
3. change(uv,w): Change the length of the edgeuv tow.
4. delete(uv): Delete edgeuv.
5. remove(u): Remove an isolated node (a node that has no edges)u.

Figures 1–3 give the preprocessing, query, and update routines. The procedure for re-
moving an isolated nodeu involves no change to the data structure. We just remove it
from the corresponding parent clusterGu.

To initialize our data structure, we find anum-cluster partition ofG (the optimal value
for numwill be derived later), and precomputesubstitute graphŝG1, Ĝ2, . . . , Ĝr that
approximately represent the boundary-to-boundary shortest paths in the respective sub-
graphsG1,G2, . . . ,Gr . TheĜi are face-boundary substitutes as described in Theorem 2
that approximate the boundary-to-boundary shortest paths inGi to within a 1+ ε factor.
These substitute graphs are then unioned to form a skeletal graphS.

The skeletal graphS is a compact representation for the shortest-paths among the
boundary nodes and is used in the query stage to compute the distance between the two
query points.

To answer a query concerning the distance between two given nodesu andv, we
form an auxiliary graphH to compute the distance betweenu andv. See Figure 2 for
the query-proceduredistance.

To prove the correctness of our query-procedure we need to show that the distance
betweenu andv in H is an accurate estimate of the distance betweenu andv in G,
consider a pathπ of minimum length fromu to v in G. Mark all the boundary nodes
in π . This marking dividesπ into a sequence of subpaths such that the first and the last
subpaths lie entirely withinGu andGv, respectively, and each intermediate subpath is
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procedure distance(u, v)
[Forming the auxiliary graph]

H ← Gu ∪ Gv ∪ S.

[The Query]

1. Run Dijkstra’s algorithm inH with u as the source node.
2. Return the distance betweenu andv found in the previous step.

end [procedure distance]

Fig. 2.Performing a query using the skeletonSconstructed in the preprocessing step.

a boundary-to-boundary path that lies entirely within one of the subgraphsG1 through
Gr . Since the boundary-to-boundary shortest paths inGi are estimated by the substitute
graphĜi to within a 1+ ε factor, it follows thatH contains a path fromu to v whose
length is no more than 1+ ε times the length ofπ .

To perform an add operation we add a new edgeuv of lengthw to the parent region
Gu of u. Similarly to delete n edgeuv we simply remove it from its parent regionGuv.
To implement thechangeoperation we simply change the weight ofuv in Guv to w.
For each of these three operations we need to recompute the substitute graphs of the
affected regions. We do this using a procedureupdate that recomputes the substitute
graphs for all the regions that are affected by the change. Figure 3 gives the pseudocode
for procedureupdate. Lemma 3 shows that only a constant number of subgraphs are
affected during a single add, delete, or change operation.

LEMMA 3. Adding, deleting, or changing the length of an edge affects only a constant
number of subgraphs in the cluster partition. Therefore, only a constant number of
substitute graphs need to be recomputed to modify the skeletal graph S.

PROOF. We discuss the case of adeleteoperation. The arguments for addition and
changing edge-lengths are similar. Consider deleting the edgeuv. This results in a
change in the subgraphGuv. Furthermore, it is possible that deleting this edge could
make eitheru (or v) a nonboundary node (this could happen if all the remaining edges
incident atu (v) no lie in a single subgraph). Such a change in the boundary-status can

procedure update(u, v)
[Changing the boundary information]

if u or v change their boundary statusthen
change their labels inGu and/orGv;

[Rebuilding the skeletal graph]

1. RemoveĜu, Ĝv, andĜuv from S;
2. Recompute the substitutesĜu, Ĝv, andĜuv;
3. Add these substitutes toSand rebuild it

end [procedure update]

Fig. 3.Updating the data structure.
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affect only Gu and Gv. Therefore, to modifyS we need only recomputêGuv, Ĝu,
andĜv.

As we continue to add edges, more and more nodes will become boundary nodes,
since every time and edgeuv is added eitheru or v may become a boundary node. This
will cause the skeletal graphS to grow in size thus increasing the query time. Also the
cluster decomposition will start losing its properties, since all the added edges could end
up in the same region. We therefore recompute the cluster partition after the number of
add operations exceeds the value of a preset parameterlimit. This will imply that the
time for the add operation is amortized.

We are now ready to discuss our bounds for maintaining approximate shortest paths.
We first discuss the query time assuming the substitute graphs and the skeletal graphs
obey the restrictions of Theorem 2. Section 3.1 discusses the details of the peri-
odic recomputation of the cluster decompositions and the time required for the update
operations.

To maintain approximate shortest paths we set bothnumand limit to ben1/3. For
eachGi we let the substitute grapĥGi be the face-boundary substitute that represents
the all-boundary pair shortest paths inGi to within a 1+ ε factor.

To maintain approximate shortest paths we follow the description of the generic
algorithm except for one difference: Since the size of the face-boundary substitutes
depends on the distribution of the boundary nodes we modify our updating procedure
slightly. Whenever the number ofboundary faces(faces that contain boundary nodes)
in some clusterGi exceeds three, we apply Miller’s separator algorithm to the graph
with dummy nodes added. In order to reduce the number of boundary faces, we first
give two-connect and triangulate the graph as before. We then given a weight of 1 to the
dummy nodes corresponding to the boundary faces. All the other nodes are given weight
0. We then use Miller’s algorithm to find a separatorX that divides up the dummy nodes
corresponding to boundary faces. Each of the two resulting pieces has at most two-thirds
of the four boundary faces, hence at most two old boundary faces. The new separator
introduces an additional boundary face, for a total of three per piece. If the separator
includes dummy nodes corresponding to old boundary faces, then in the resulting pieces
these faces are merged with the new boundary face. Hence each piece ends up with
at most three boundary faces. This modification of the update procedure is shown in
Figure 4.

To bound the time taken for a query we consider the size of the skeletal graphS at
any time during the computation. InitiallyS is composed of the face-boundary substitute
graphsĜ1, Ĝ2, . . . , Ĝr . Sincenum= n1/3, the size ofGi for 1≤ i ≤ r is O(n2/3). Also
by the definition of anum-cluster partition the number of boundary nodes inGi is O(n1/3).
Therefore the size of̂Gi = O(ε−1n1/3 logn log D) (see Theorem 2). By definition of the
num-cluster partitionr = O(num) = O(n1/3). Therefore|S| = O(ε−1n2/3 logn log D).
Also the number of edges in the regionsGu andGv is O(n2/3). Therefore the size of
H = S∪Gu ∪Gv is O(ε−1n2/3 logn log D). Running Dijkstra’s algorithm onH there-
fore requiresO(ε−1n2/3 log2 n log D) time.

3.1. Recomputing the Cluster Decomposition after Multiple Additions. As discussed
earlier successiveadd operations cause new nodes to be labeled boundary nodes, in-
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[Modified version of skeletal graph rebuilding]

1. RemoveĜu, Ĝv, andĜuv from S.
2. if Gu(Gv) has more than three boundary-facesthen

Use a cycle separator to split them into smaller subgraphs
with boundary nodes on at most three faces.

3. Construct substitute graphs forGuv, Gu, andGv,
or for their pieces if they were divided into the previous step.

4. Add these substitutes toSand rebuild it.

end [modification]

Fig. 4.Modifying the rebuilding step in procedureupdate.

creasing the size ofS. In anaddoperation results in a split as described, then we have
to recompute the face-boundary substitutes of up to three subgraphsGu, Gv, andGuv.
The edge additions preserve planarity, therefore each of the corresponding substitutes
adds at mostO(ε−1n2/3 logn log D) edges toS. Sincelimit = n1/3, the total number of
edges added before the cluster partition is recomputed isO(ε−1n2/3 logn log D). Since
the auxiliary graphH is constructed fromSby unioningSwith Gu andGv, it also obeys
the same bound on the number of edges. Thus an execution of Dijkstra’s algorithm on
H takesO(ε−1n2/3 logn log D(logn+ log logD + log(ε−1))) time. If we assume that
ε−1 is at most a polynomial inn and thatD is no more than exponential inn, then we
get the bounds of the query time in Theorem 1.

To bound the update time we note that by Theorem 2 the face-boundary substitute for
any regionGi can be found inO(ε−1|Gi | log2 |Gi | log D) time. Sincelimit = O(n1/3),
the size ofGi at any time in between two global computations of the cluster partition
is O(n2/3 + n1/3) = O(n2/3). Therefore, the substitute grapĥGi can be constructed in
O(ε−1n2/3 log2 n log D) time. Thus, the time needed to modify the data structure for any
update operation isO(ε−1n2/3 log2 n log D).

We also recompute the cluster partition and all the substitute graphs once every
n1/3 add operations. The time taken to recompute the cluster partition and to build all
the substitute graphs isO(n1/3) × O(ε−1n2/3 log2 n log D) = O(ε−1n log2 n log D).
Amortizing this overn1/3 add operations gives us the bounds of Theorem 1.

4. Constructing a Face-Boundary Sparse Substitute. In this section we address the
issue of constructing a face-boundary substitute to approximately represent the all-pairs
shortest paths inG among a set ofN of O(

√
n) selected nodes (distributed over a constant

number of faces).
In Section 4.1 we describe a basic sparsification technique that is the key to the

construction of our substitutes, and in Section 4.2 we give a simple divide-and-conquer
procedure that repeatedly uses the sparsification technique to construct a face-boundary
substitute.

4.1. A Basic Sparsification Technique. Let ε be an error parameter, letd be a distance
parameter, and letP be a path inG of lengthO(d). In this subsection we show how to
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procedure basic-sparse
[Dividing the separating path ρ]

1. Partitionρ into O(ε−1) segmentss1, s2, . . . , sk of length at mostεd/2.
2. let xi be the first node of segmentsi .
3. for 1≤ i ≤ k do

[Sparsifying paths that cross segmentsi ]
a. Compute shortest paths fromxi .
b. For each boundary nodeu add the edge ofuxi (to the substitute),

with the shortest-path length found in Stepa.
end [Sparsification]

end [procedure basic-sparse]

Fig. 5.The basic sparsification technique.

sparsely represent selected node-pair shortest paths that intersectP and are betweend
and 2d in length. In particular, we show that there exists a substitute graph withO(ε−1k)
edges that approximates these shortest paths to within a 1+ε factor. We call this substitute
acrossing substitute.

To construct the crossing substitute we proceed as follows: We first divideP into
O(ε−1) node-disjoint segments of length at mostεd/2 each. The first nodexi in each
segmentsi is called thesegment nodeof that segment. We now perform single-source
shortest-path computations inG from each of theO(ε−1) segment nodes. Our crossing
substitute consists of a collection ofstars, one for each segment. The star for segment
si hasxi as its center and the selected nodes as its leaves. The edge between a selected
nodeu andxi is labeled with the length of the shortest path fromxi to u. A pseudocode
version of the basic sparsification procedure is given in Figure 5.

LEMMA 4. Let CS be the crossing substitute constructed as described above. Then, for
any pathπ ∈ G (d ≤ l (π) ≤ 2d) between selected nodes that intersect P, there is
a corresponding two-edge patĥπ ∈ CS between the same endpoint, such that l(π̂) ≤
(1 + ε)l (π). Furthermore, |CS| = O(ε−1k) and the time required to compute CS is
O(ε−1n).

PROOF. To prove our claim let the endpoints ofπ be the selected nodesu andv. Since
π intersectsP, as shown in Figure 6, there is an alternate path between the endpoints
u andv that detours throughxi alongsi . Since the length ofsi is εd/2 the additional
length acquired because of the detour is at most 2εd/2= εd.

In the substitute we approximateπ by two edges,uxi and xi v. Sinceuxi and xi v

represent shortest paths between their respective endpoints, the length of the two-edge
pathπ̂ = uxi , xi v is no more than the alternate path of Figure 6. Therefore,π̂ is at most
εd longer thanπ . This combined with the fact thatπ is at leastd in length implies that
π̂ is a 1+ ε factor approximation ofπ .

To bound the number of edges in our substitute we note that it consist ofO(ε−1) stars
each of which has at mostk edges. The bound on the size therefore follows. To bound
the time required to compute the crossing substitute we note that the most expensive



A Fully Dynamic Approximation Scheme for Shortest Paths in Planar Graphs 245

Fig. 6.Approximating a path that passes through segmentsi .

step is the single-source shortest path computations from he segment nodes. Since there
areO(ε−1) segment nodes, the entire computation can be carried out inO(ε−1n) time
using the shortest-path algorithm of [4].

4.2. Face-Boundary Substitutes. Let N be a set ofk selectednodes inG that lie on a
constant number of faces, and letε > 0 be an error parameter. In this section we show
how to construct face-boundary substitute that approximates the all-pairs shortest paths
between selected nodes to within a 1+ ε factor.

Here we describe a procedure for sparsification when all the selected nodes lie on
the boundary of a single facef . The case of multiple faces is similar. Our sparsification
algorithm uses a divide-and-conquer mechanism and makes use of the basic sparsification
technique from Section 4.1. The basic sparsification technique works best with paths that
are all roughly of same length. To accommodate this, we use agroupingtechnique (see,
e.g., [14]).

We consider the selected-node-pair shortest paths in logD different groups and for
each group we build a different substitute. Thei th substitute approximate selected-node-
pair shortest paths in the range [d,2d], whered = 2i . These logD substitutes are unioned
to get a substitute that sparsely represents paths of all lengths.

To sparsely represent selected-node-pair shortest paths with lengths in the range
[d,2d] we use the divide-and-conquer procedure described below. A pseudocode version
of the sparsification procedure is given in Figure 7.

1. Find separating paths:We use a procedure calledseparatethat gives a separating
setZ consisting of one or two paths of length at most 4d. These paths divideN into
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procedure sparsify
[Initializing the global substitute sub]

sub← ∅;
[Grouping the paths]

for each value ofi in [0, log D] do
[Group i sparsifies the paths in the rang[2,2i+1]]

let d← 2i ;
[Sparsifying the paths in group i ]

1. Useseparateto find a setZ of one or twoO(d)-length paths such thatZ
dividesN into two (roughly) equal setsN1 andN2, and cuts all groupi paths
betweenN1 andN2;

2. Recursively construct substitutesR1 and R2 for the groupi paths that have
both their endpoints inN1 andN2 respectively;

3. Use basic-sparseto construct a substituteR3 for the paths that have one
endpoint in each ofN1 andN2;

4. Union R1, R2, andR3 to getsubi , the substitute for groupi ;
[Adding to the global substitute]

5. sub← sub∪ subi ;

end [for]
end [procedure sparsify]

Fig. 7.Proceduresparsify.

subsetsN1 andN2 of size at most 3|N|/4 each such that every path of length at most
4d between them intersects some path inZ (see Figure 8).

2. Sparsify intersecting paths:To sparsely represent shortest paths that cross one of
the separating paths we use the basic sparsification technique from Section 4.1.

3. Divide G for the recursion: For each nodex in G we determine whether there is a
path of length at most 2d betweenx and some node inN1 (resp.N2) that does not
intersect any of the separating paths inZ. If there is such a path, then we placex in
V1 (resp.V2). We constructG1 andG2 by taking node-induced subgraphs ofV1 and
V2, respectively.

Note that no node can be in bothV1 and V2 at the same time. Otherwise, we
would get a path of length at most 4d betweenN1 andN2 that does not intersect any
separating path.

To find the nodes ofG that go intoV1 we combine all the nodes ofN1 into a single
supernodeSand find the nodes ofG that are within a distance 2d from S in G− Z.
The setV2 is determined similarly.

4. Recursive computation:Recursively compute sparse substitutes for [d,2d]-shortest
paths inG1 andG2 with both endpoints inN1 andN2, respectively. Union the two
recursive substitutes along with the crossing substitute found in step 2 to get the
face-boundary substitute for all the selected nodes.

Before we analyze our procedure for sparsification we describe procedureseparate.
Consider a division ofN into four subsetsA1, A2, A3, andA4 as shown in Figure 8. If
there is a path of length at most 4d from A1 to A3 or A2 to A4, then we can use it to
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Fig. 8.Using one or two paths to cut the boundary.

divide N into subsetsN1 and N2 as shown in Figure 8. Note that the nodes ofN1 are
topologically separated from those ofN2 by the separator. Thus every path betweenN1

andN2 crosses the separating path.
When there is no single path of the desired length that dividesN into roughly equal

subsets we can use two paths as shown in Figure 8. Each of the paths has length at most
4d, and their endpointsa1, b1 anda2, b2 satisfy the following properties: Nodea1 is in
A1 while nodea2 is in A3; b1 andb2 occur aftera1 anda2, respectively, in the cyclic
order aroundf ; and the separation betweenai andbi , i = 1,2, is the maximum possible
(in terms of their placement on the boundary off ) under the previous constraints. As
shown in Figure 8, the exterior of facef is topologically separated into three regions
R1, R2, andR3. Any path betweenN1 andN2 that has one of its endpoints inR1 or R2

is forced to cross one of the separating paths. Also, by the maximality of the separation
betweenai andbi there is no path fromN1 to N2 of length at most 4d that lies entirely
in R3.

These paths can be easily found by performingO(logk) single-source shortest-path
computations from the nodes onA1, A2, A3, andA4. Therefore, using the shortest-path
algorithm of [4] we can find the separating paths inO(n logk) time.

To bound the size of the substitute we note that the substitute for shortest paths in
any range [d,2d] is constructed inO(logk) stages. Furthermore, at each level in the
recursion the sum of the sizes of all crossing substitutes isO(ε−1/k). Hence the total
size of the substitute for groupd is O(ε−1k logk). Hence the total size of the substitute
for groupd is O(ε−1k logk). This combined with the fact there areO(log D) groups
implies that the size of the substitute isO(ε−1k logk log D).

To bound the running time of our sparsification procedure we note that the time
required for constructing the crossing substitute in step 2 isO(ε−1n) and the time
required to find the separating paths isO(n logk). This in conjunction with the fact that
the recursion depth isO(logk) and the fact that there are logD groups implies the total
time for the procedure isO(ε−1n log2 k log D).
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Fig. 9.Creating the composite facefi j .

For the case when the selected nodes are on a constant number of facesf1, f2, . . . , fr
to find a substitute for paths in the range [d,2d] we proceed as follows:

To find a substitute for paths that go between facesfi and f j (for 1 ≤ i, j ≤ r ) we
first find a path of length at most 2d betweenfi and f j . If no such path exists,then there
are no paths in the range [d,2d] between fi and f j . Otherwise letπ be one such path.
We first find a substituteSπ for all the paths in the range [d,2d] that crossπ by using
the basic sparsification technique from Section 4.1. Letx ∈ fi and y ∈ fi be the two
endpoints ofπ . For the purposes of the paths in the range [d,2d] that do not crossπ we
can conceptually think of the selected nodes offi and f j as located on a composite face
fi j constructed as follows:

Duplicate all the nodes on the pathπ creating two pathsπ ′ andπ ′′ one below the other
with endpointsx′, y′, andx′′, y′′, respectively. The facefi j is the single face formed in
this fashion. See Figure 9. The substitute for all the paths that do not intersectπ can now
be computed in the same manner as before by assumingfi j as the conceptual single face
containing the selected nodes. Since there are only a constant number of such faces we
get the bounds of Theorem 2.

5. Extensions. A similar technique has proved useful in solving the dynamic reach-
ability problem in planar digraphs [15]. These techniques can also be used to develop
a dynamic data structure for maintaining shortest paths in planar directed graphs. How-
ever, for that data structure we need some additional techniques [15], [16]. Details can
be found in [17].
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