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Abstract

Given an orthogonal representatiéhwith » vertices and bends, we study the problem of computing a planar
orthogonal drawing off with small area. This problem has direct applications to the development of practical
graph drawing techniques for information visualization and VLSI layout. In this paper, we introduce the concept of
turn-regularity of an orthogonal representati@nprovide combinatorial characterizations of it, and show that if
is turn-regular (i.e., all its faces are turn-regular), then a planar orthogonal drawthgvith minimum area can be
computed in @n) time, and a planar orthogonal drawing@fwith minimum area and minimum total edge length
within that area can be computed ir:®*logn) time. We also apply our theoretical results to the design and
implementation of new practical heuristic methods for constructing planar orthogonal drawings. An experimental
study conducted on a test suite of orthogonal representations of randomly generated biconnected 4-planar graph
shows that the percentage of turn-regular faces is quite high and that our heuristic drawing methods perform bettel
than previous onesl 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

Orthogonal drawings are drawings of graphs in which every edge is represented by a chain of
horizontal and vertical segments. An orthogonal representation is an equivalence class of orthogonal
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Fig. 1. Three planar orthogonal drawings of a graph. Two drawings of the same orthogonal representation are
shown in (a) and (b), while a drawing of a different orthogonal representation is shown in (c). The drawing in (a)
has optimal area among all planar drawings of that orthogonal representation.

drawings that have the same “shape” (see Fig. 1). This class is formally described by specifying the
bends along each edge and the angles between consecutive edges around each vertex. In this pap
we consider planar orthogonal representations, that is, equivalence classes of orthogonal drawings fo
which at least one of the drawings is planar. Given a planar orthogonal represetitatios problem of

finding a planar orthogonal grid drawing &f with small area is usually referred to as tt@mpaction

of H.

Orthogonal representations and planar orthogonal drawings have been extensively investigated (see
e.g., [1,9,11,13,15-17,19,30-33]) because of their direct applications to the development of practical
graph drawing techniques for information visualization [6]. In particular, it has been experimentally
shown that drawing algorithms for general graphs based on the compaction of orthogonal representation:
with minimum number of bends perform better in practice than other known orthogonal drawing
algorithms (see, e.g., [7,28]). Orthogonal representations and related concepts, such as slicing floorplans
are also widely used in VLSI layout compaction algorithms (see, e.g., [22,24,25,29,34]).

Despite the significant body of research on orthogonal representations, the development of effective
compaction techniques remains a challenging task. Vijayan and Wigderson [33] conjectured, and
Patrignani [27] recently proved, that the optimal compaction of planar orthogonal representations, i.e.,
computing a minimum area planar orthogonal grid drawing of a given planar orthogonal representation,
is an NP-complete problem. The only class of planar orthogonal representations for which a polynomial-
time optimal compaction algorithm is known is the trivial class of orthogonal representations whose faces
are all rectangular [6].

From a practical perspective, the compaction algorithms used by current graph drawing libraries
and systems, such #8GD?, GDToolkit?> and theGraph Drawing Servet, are all variations of the
compaction technique presented by Hoffmann and Kriegel [19] and Tamassia [30], which is based on
the idea of splitting faces into rectangles. Since the splitting imposes unnecessary constraints on the
geometry, the resulting drawings may have substantially suboptimal area.

L http:/Awww.mpi-sb.mpg.de/AGD/
2 http://www.dia.uniroma3.it/"gdt/
3 http://www.cs.brown.edu/cgc/graphserver/
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The importance of compaction techniques for graph visualization applications is confirmed by a recent
work of Klau and Mutzel [23]. They consider the problem of assigning coordinates to vertices and
edge bends of an orthogonal representation so that the total edge length is minimized. The problem
is formulated as an integer linear program, whose practical performance is fairly good. Also, they show
that the problem can be solved in polynomial time for those orthogonal representations in which there
is only one possible relative position of any two vertices that results in a planar drawing; in this case,
the inequalities of the corresponding ILP formulation form a totally unimodular matrix. The problem of
minimizing the area of the drawing is not considered.

The main results of this paper can be summarized as follows.

e Given a planar orthogonal representatidn we define the concept ¢drn-regularity of a face ofH,
which is based on the structure of the sequence of left and right turns encountered when traversing the
face. We show that the turn-regularity of a face can be tested in linear time.

e We relate turn-regularity to the concept @fitch-regularity[8]. Namely, we characterize the turn-
regularity of a facef in terms of the switch-regularity of two upward orientationsfof

e \We introduce the concept ofthogonal relationbetween two vertices aff . This relation establishes
the relative position of the two vertices in any planar orthogonal drawingf ofNe show that an
orthogonal relation is defined between every two vertices/ af and only if all the faces ofH are
turn-regular.

e \We show that ifH is turn-regular (i.e., all its faces are turn-regular), then any orthogonal drawing of
H such that the orthogonal relations between every two vertices are satisfied is planar.

e We show that ifH is turn-regular, then a planar orthogonal drawingtbfwith optimal area can be
computed in @n) time and space, whereis the number of vertices and bendsmf Furthermore, a
planar orthogonal drawing @i with optimal area and minimum total edge length within that area can
be computed in O:"/*logn) time.

e We present the results of an experimental study on a test suite of planar orthogonal representations o
randomly generated biconnected 4-planar graphs. The experiments show that the percentage of turn
regular faces is quite high (the average value is 89%). Motivated by this result, we have designed
compaction heuristics based on the idea of “face turn-regularization”. Namely, we decompose non-
turn-regular faces into turn-regular ones, and then perform an optimal compaction of the resulting
planar orthogonal representation. We implemented our compaction algorithms and experimentally
observed that the improvement in area is substantial when compared to the compaction algorithms
available in state-of-the-art graph drawing libraries.

The paper is organized as follows. We recall some basic definitions, the notion of switch-regularity and

its basic properties in Section 2. In Section 3, we define the orthogonal relations and the concept of turn-

regularity, and relate the latter to switch-regularity. Two partial orientations of a turn-regular orthogonal
representation and their properties are described in Section 4. In Section 5, we prove the existence
of an orthogonal relation between every two vertices of a turn-regular orthogonal representation. The
recognition algorithm and the two compaction algorithms are described in Section 6. In Section 7, we
present the results of the experimental study. Section 8 contains the conclusions and some plans for futur
work. Various symbols used throughout the paper are listed in Table 1.



56 S.S. Bridgeman et al. / Computational Geometry 16 (2000) 53-93

Table 1
The symbols used throughout the paper to denote graphs, orthogonal representations, and drawings
Symbol Description Section
G an embedded 4-planar graph 2.1
H an orthogonal representation Gf 2.1
r a drawing ofH 3.1
I, an orientation of/” with all vertical segments directed upward and 3.3
all horizontal segments directed rightward
Iy an orientation of/” with all vertical segments directed upward and 3.3
all horizontal segments directed leftward
H, the orientation of induced byl 3.3
Hy the orientation off induced byl 3.3
G, the orientation of5 induced byH, 3.3
Gy the orientation of5 induced byH, 3.3
H, a partially-directed graph representing the “left” relation between 4
maximal vertical chains off
H, a partially-directed graph representing the “below” relation between 4
maximal horizontal chains aff
Dy a planarst-digraph obtained by shrinking the maximal vertical 6
chains ofH,
Dy a planarsz-digraph obtained by shrinking the maximal horizontal 6
chains ofH,
Ny the dual planasz-digraph of D, 6
Ny the dual planasz-digraph ofD, 6

2. Preliminaries
2.1. Basic definitions

We assume familiarity with graph terminology and basic properties of planar graphs (see, e.g., [5,18]).
For background on graph drawing, see [6]. The graphs we consider are assumed to be connected.
A drawingof a graphG maps each vertex a to a distinct point of the plane and each edgev)
of G to a simple Jordan curve with endpoinatandv. In anorthogonaldrawing, each edge is represented
as a polygonal chain of alternating horizontal and vertical segments. A drawiplgriar if no two
edges intersect, except, possibly, at common endpoints. A graph is planar if it has a planar drawing.
A planar graph whose vertices have degree at most four is said teplamdr. Two planar drawings of
a planar graphG areequivalentif, for each vertexv, they have the same clockwise circular sequence
of edges incident om. Hence, the planar drawings Gf are partitioned into equivalence classes. Each
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of those classes is called ambeddingof G. A planar drawing divides the plane into topologically
connected regions, callddces Theexternalface is the unbounded region; all other facesiaternal.
Two equivalent planar drawings have the same facesmbedded planagraph is a planar graph with
a prescribed embedding.

An st-digraphis an acyclic digraph with a single sourcévertex with no incoming edges) and a single
sink ¢ (vertex with no outgoing edges). flanar sz-digraphis ansz¢-digraph that is planar and embedded
with verticess and¢ on the boundary of the external face. An important property of plandigraphs
is that the incoming edges of each vertexappear consecutively around as do the outgoing edges.
Also, the boundary of each fagé consists of two directed paths enclosifigwith common origin and
destination.

Let G be an embedded 4-planar graph andfléie a face ofG. In the following, we always traverse
the boundary off so thaty is on the left, i.e., counterclockwise jf is internal and clockwise iff is
external. The boundary of consists of an alternating circular sequence of vertices and edges. Note that
if G is not biconnected, there may be two occurrences of the same edge and multiple occurrences of the
same vertex on the boundary 6f We denote by: ; the number of vertices (or edges) pfeach counted
with its multiplicity.

Informally speaking, arorthogonal representationf an embedded 4-planar gragh describes an
equivalence class of orthogonal drawinggGotith “similar shape”. It consists of a “decorated” version
of G where each pair of consecutive edges around a verisxassigned an angle multiple of/2 and
each edgéu, v) is assigned a sequence of bends going froimv, each a left or right turn. In this paper
we considemplanar orthogonal representationghat is, equivalence classes of orthogonal drawings for
which at least one of the drawings is planar; in the rest of the paper, we omit the word planar when
referring to orthogonal representations.

An orthogonal representation 6f is formally defined as follows. Lat be a vertex ofG. We assign
ana - /2 angle, 1< o < 4, to each pair of consecutive edges arour(dote that ifv has degree one,
the two consecutive edges aroundoincide). We refer to these angles\astex-anglegsee Fig. 2(a)).

Lete be an edge of; with end-vertices: andv. We assign t@ two sequences of /2 and—rr /2 angles;

one contains the angles on the left of the bends atowben going fromu to v, and the other the angles

on the left of the bends alongwhen going fromw to u. A /2 angle corresponds to a left turn, while

a —m /2 angle corresponds to a right turn. We refer to these anglbsrakanglegsee Fig. 2(b)). Note

that one of the two sequences associated withn be obtained from the other by reversing the order and
changing the signs of its elements. The following properties must be satisfied by the above assignments.

Property 1. The sum of the vertex-angles around each vert@x is

Property 2. The sum of the vertex-angles minus the sum of the bend-angles along the boundary of each
face f is

(2ay —4)-m/2 if fis aninternal face

(2a;+4)-m/2 if fisthe external face

Properties 1 and 2 can be easily verified in Fig. 2. The grey portion of Fig. 2(b) (and of other figures
of the paper) represents the rest of the orthogonal representation.

Since each bend can be replaced by a dummy vertex of degree 2, in the rest of the paper we assume
for the sake of simplicity, that orthogonal representations have no bends. We also assume that different
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(a) (b)

Fig. 2. (a) The vertex-angles around a vertex of an orthogonal representation. (b) The vertex- and bend-angles
around a face of an orthogonal representation; the grey portion represents the rest of the orthogonal representatiot

drawings of the same orthogonal representation are iso-oriented, i.e., each edge has the same directic
and its end-vertices are in the same relative position.

2.2. Switch-regularity

We recall some terminology and results on upward planarity (see, e.g., [2,8,10]). A drawing of a
digraph is said to beipward if edges are mapped to curves monotonically increasing in a common
direction, for instance the vertical one. A digrapluvard planarif it admits an upward planar drawing.

As we are going to show in the next section, upward planar drawings and orthogonal representations are
strictly related.

We recall some notations and results that will be useful in the rest of the paper. A vedfean
embedded planar digragfi is said to bebimodalif all the incoming edges ob appear consecutively
around it in the embedding, and so do the outgoing edges. If all the verticesdd bimodal ther is
calledbimodal Let f be a face of a bimodal embedded planar digr&piA vertexv of f with incident
edgese; ande, on the boundary off is aswitchof f if e; ande, are both incoming or both outgoing
edges (note that; ande, may coincide if the digraph is not biconnected). In the former aagea
sink-switchof f, in the latter asource-switchof f. Observe that a source (sink) 6fis a source-switch
(sink-switch) of all its incident faces; a vertex 6f that is not a source or a sink is a switch of all its
incident faces except two. We denote by,2he number of switches of.

An upward consistent labelingf a bimodal embedded planar digraghis an assignment of and
L labels to the switches of each face @fsuch that (see Fig. 3(a)): (i) each source or sinkGohas
exactly oneL label; (ii) for each facef, the number ofL-labeled switches is equal oy — 1 if f
is an internal face, and to, + 1 if f is the external face. Th&-labeled (-labeled) source-switches
are calledsg-switches §; -switches) and th&-labeled ( -labeled) sink-switches are callegtswitches
(r.-switches). The circular sequence of labelsfado obtained is dabelingof f and is denoted by ;.

Also, S, (L,,) denotes the number ¢f-labels (-labels) ofo,. A face f of G labeled in this manner
is upward consistent

Property 3 [2]. For each upward consistent fagg

g 1 ]2 if f is aninternal face,
or °r | =2 if f isthe external face.
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Fig. 3. (a) A bimodal embedded planar digraghwith an upward consistent labeling. (b) An upward planar
drawing of G corresponding to the upward consistent labeling in (a). (c) A complete saturatgrsoand: are
represented as white circles, and the saturating edges are represented as dashed segments.

Property 3 can be easily verified in Fig. 3(a). For the external face, for instance, the numbefr 2
switches is 6, the labeling, is SLLSLL, the numberSUf of S-labels is 2, and the numbelraf of
L-labels is 4.

Theorem 1 [2]. A bimodal embedded planar digraph is upward planar if and only it admits an upward
consistent labeling.

Let G be a bimodal embedded planar digraph that admits an upward consistent labeling. For each
face of G, the S-label (L-label) assigned to a switch intuitively indicates that the angle formed by the
two edges identifying the switch is smaller (larger) tham an upward planar drawing @ . Any such
drawing is said ta@orrespondo the upward consistent labeling 6f On the other hand, given an upward
planar drawing of a bimodal embedded digraphan upward consistent labeling 6f can be obtained
by simply checking, for each face @f, whether the angle formed by each pair of edges identifying
a switch is smaller or larger than. Fig. 3(b) shows an upward planar drawing (corresponding to the
upward consistent labeling) of the bimodal embedded planar digraph in Fig. 3(a).

Given an embedded upward planar digrapha saturator of G is a set of vertices and edges, not
belonging toG, with which we augmen& . More precisely, a saturator consists of two verticesdz,
edge(s, 1), and a set of edge®, v) (each edge aaturating edggesuch that:

e verticesu andv are switches of the same face,wo&= s andv is ans; -switch of the external face, or

u is ar;-switch of the external face and=1¢,

o if u,v#s,t, eitheru is ansg-switch andv is ans; -switch oru is a; -switch andv is azg-switch; in

the former case we say thatsaturatesv and in the latter case we say thesaturatesu,
¢ the faces obtained with the insertion of a saturating edge are upward consistent.

A saturator ofG is said to becompleteif for every face f and for every switchu of f labeledL, u is an
end-vertex of an edge of the saturator (see Fig. 3(c)). Clearly, addiGgatcomplete saturator yields a
planarsz-digraph.
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Lemma 1 [8]. Every embedded upward planar digraph admits a complete saturator.

An embedded upward planar digraph may have, in general, several complete saturators. The clas:
of embedded upward planar digraphs for which there exists a unique complete saturator has beer
characterized in terms of a certain type of labeling [8]. NamelyGldie an embedded upward planar
digraph. Aninternal facg of G has aswitch-regular labelingf o does not contain two distinct maximal
subsequences; ando», of S-labels such thas$,, > 1 andS,, > 1. An external facef of G has a switch-
regular labeling ifo; does not contain two consecuti$elabels. (Note that a switch-regular labeling is
called just regular labeling in [8].) A face of with a switch-regular labeling isswitch-regularface. For
example, all faces of Fig. 3(a) are switch-regular. An embedded upward planar digsaytcisregular
if all its faces have a switch-regular labeling.

Theorem 2 [8]. An embedded upward planar digraph has a unique complete saturator if and only if it
is switch-regular.

3. Turn-regularity and switch-regularity
3.1. Orthogonal relations

Let G be an embedded 4-planar graphpe an orthogonal representation®fI” be a planar drawing
of H, andv be a vertex ofG. We denote byx(v) and y(v) the x- and y-coordinates of the point
representingv in I". We define four binary relations on the vertex setGaffor each pair{u, v} of
vertices ofG, these relations determine the relative positiom ehdv in all planar drawingsof H.

o u <, vif x(u) < x(v) for all planar drawings of; in this case, we say thatis left of v and thatv is

right of u.

e u =, vif x(u) = x(v) for all planar drawings o#; in this case, we say thatis x-alignedwith v.

e u <, vif y(u) < y(v) for all planar drawings off; in this case, we say thatis belowv and thatv is
aboveu.

e u=,vif y(u)=y(v) for all planar drawings of{; in this case, we say thatis y-alignedwith v.

We refer to the first two binary relations asrelations and to the second two binary relations as

y-relations. As an example, in the orthogonal representation in Rig.<l, vg, v =, v7, V2 <, vz and

V1 =y Us.

We define three new binary relations on the vertex set pbbtained by combining an-relation
and ay-relation:=, A <,, <, A =, and<, A <,. These three binary relations together with the binary
relations<, and<, are collectively referred to agthogonal relationsAs an example, in the orthogonal
representation in Fig. 15 =, va A vs <y va, V1 <, Vg A V1 =, vg aNd vy <, v7 A v1 <, v7, While no
orthogonal relation holds fdws, ve}.

3.2. Turn-regularity

To characterize those orthogonal representations for which there is an orthogonal relation between
every two vertices, we introduce the notiontofn-regularity.

Let G be an embedded 4-planar graphpe an orthogonal representation®fand f be a face of5.
For each occurrence of vertexon the boundary off, let prevv) andnexiv) be the edges preceding
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Fig. 4. A face of an orthogonal representation.

and followingv, respectively, on the boundary ¢gf Note thatprevv) andnexiv) may coincide if the

graph is not biconnected. We associate with each occurrencertd or twocorners Namely:

e If the angle internal tof betweenprevv) andnextv) is 7/2 in H, we associate withr oneconvex
corner, and say that corresponds to keft turn.

e If the angle internal tof betweernprev(v) andnextv) is 7 in H, we associate with oneflat corner,
and say that corresponds to fat turn.

e If the angle internal tof betweenprev(v) andnextv) is 37/2 in H, we associate witlhr onereflex
corner, and say that corresponds to ght turn.

¢ Ifthe angle internal tgf betweerpreW(v) andnext(v) is 27 in H, we associate with an ordered pair
of reflexcorners, and say thatcorresponds to dE-turn.

Hence, a circular sequence of corners can be associated with the boundgafyonfeach corner of f,

let turn(c) = 1 if ¢ is convex,turn(c) = 0 if ¢ is flat, andturn(c) = —1 if ¢ is reflex. As an example, in

Fig. 4 a convex corner is associated with a flat corner withv,, a reflex corner withiz, and an ordered

pair of reflex corners withy,.

For each ordered paft;, c;} of corners associated with vertices foflet rotation(c;, ¢;) = 3. turn(c)
for all cornersc along the boundary of from ¢; (included) toc; (excluded). Ifc; andc; are associated
with distinct vertices); andv;, respectivelyrotation(c;, c;) - w/2 is the net angle turned betwegrew(v;)
and prevv;). As an example, in Fig. 4 let;, ¢, and c3 be the corners associated with, v, and
vs, respectively, and lefcy, c;} be the ordered pair of corners associated withrotation(cs, c2) = 3,
rotation(cs, c;) = 1, rotation(cs, c;) = 0 androtation(cs, ¢1) = —3.

The following property is a direct consequence of the results in [30].

Property 4. For each facef,

if f isan internal face,

rotation(c;, ¢;) = 4
CHLC= 4 if f is the external face.

From the definition ofotation(c;, ¢;) and from Property 4, Properties 5 and 6 easily follow.

Property 5. For each ordered triplet of corner:;, ¢k, ¢;} on the boundary of a face,

rotation(c;, c;) = rotation(c;, cx) + rotation(c, c;).

Property 6. For each facef', rotation(c;, c¢;) = 2 if and only if

if f isan internal face,

rotation(c;, ¢;) = 2
=126 if f is the external face.
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Two reflex corners; andc; are calledkitty cornersif rotation(c;, c;) = 2 or rotation(c;, ¢;) = 2.
In Fig. 1, the corners associated with vertiagsand ve are kitty corners. A face of an orthogonal
representation isurn-regular if it has no kitty corners. As an example, the face shown in Fig. 4 is
turn-regular. An orthogonal representatiorum-regularif all its faces are turn-regular.

The reflex corners of a face of an orthogonal representation can be partitioned into four clasges. Let
be a face of an orthogonal representation, abé a reflex corner associated with vertegf 1.
e NE-corners (i) if v is the left end-vertex oprev(v) and the bottom end-vertex oextv); (i) if v is

the left end-vertex of botprev(v) andnext(v), andc is the first corner associated with (iii) if v is

the bottom end-vertex of botirev(v) andnextv), andc is the second corner associated with
e NW-corners(i) if v is the bottom end-vertex girevv) and the right end-vertex afexi(v); (i) if v is

the bottom end-vertex of botirev(v) andnext(v), andc is the first corner associated with (iii) if v

is the right end-vertex of botpreM(v) andnextv), andc is the second corner associated with
e SW-corners(i) if v is the right end-vertex gbrevv) and the top end-vertex ofext(v); (ii) if v is the

right end-vertex of botiprevv) andnexi(v), andc is the first corner associated with (iii) if v is the

top end-vertex of botlprev(v) andnext(v), andc is the second corner associated with
e SE-corners(i) if v is the top end-vertex girevv) and the left end-vertex afext(v); (i) if v is the

top end-vertex of botlpreV(v) andnext(v), andc is the first corner associated with (i) if v is the

left end-vertex of botlprev(v) andnexiv), andc is the second corner associated with
As an example, the reflex corner associated with vertgr Fig. 4 is a SW-corner, and the two corners
associated with vertex, are a SE-corner (the first one) and a SW-corner (the second one). The following
property is a direct consequence of the definition of kitty corners.

Property 7. Two reflex corners are kitty corners only if they form either a SW—NE pair or a SE-NW pair.

3.3. Turn-regularity and switch-regularity

Let G be an embedded 4-planar grag,be an orthogonal representation @f andI" be a planar
drawing of H. Let I', be an orientation of™ such that all vertical segments are directed upward and

>0- o<

$
4

(a) (b)

Fig. 5. Two orientations of the same orthogonal representatio® {a() H,.
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(a) (b)

Fig. 6. (a) Afacef of an orthogonal representation. The vertices affected by the expansion are represented as white
circles. (b) The expanded face corresponding to

all horizontal segments are directed rightward, and’lebe an orientation of " such that all vertical
segments are directed upward and all horizontal segments are directed leftward. Obsefyeighat
an upward planar drawing in the North-East direction and fiias an upward planar drawing in the
North-West direction.l, and I'; induce two orientations orlf. We denote the oriented orthogonal
representations byZ, and H,, respectively (see Fig. 5). In tur#f, and H, induce two orientations on
G. We denote the embedded 4-planar digraph&flyand G, respectively. Observe that” and G/
are embedded upward planar digraphs. Also, note that different orthogonal representatianswie,
in general, different orientations ai; since we work with a fixed orthogonal representation of a graph,
we useG, andG, in the rest of the paper, omitting the referenceto

To simplify the proofs of this section, we assume that the boundary of each fadecohtains no
vertices of degree one and no multiple occurrences of the same vertex. There is no loss of generality in
this assumption, since a fagewhose boundary contains vertices of degree one or multiple occurrences
of the same vertex can be replaced, for the purpose of the proofs of this sectionghkyaaedace
obtained fromf as follows (see Fig. 6): (i) each degree one venteaf f is replaced by a pair of
vertices and by an edge connecting them, perpendicular to the edge incidentimvith (ii) each vertex
occurringk times on the boundary of is replaced by distinct vertices (note that< 4 in an orthogonal
representation); (iii) each edge occurring twice on the boundary isfreplaced by two edges having
the same direction. Note that the proofs of this section consider a single face independently from the
rest of H; thus, the expansion process is to be considered local to a single fate\Wfth the above
assumption, each vertexon the boundary of a face & has exactly one associated corner, as described
in Section 3.2. We denote with the corner associated with.

In order to show the connection between switch-regularity and turn-regularity, we first establish a
connection between switches@f andG, and corners of. Let f be a face oG, or G,; two switches
v; andv; of f areconsecutivef no vertex on the portion of the boundary gffrom v; to v; is a switch
of f. We observe that sincé&, (1) is an upward planar drawing &, (G,), it induces an upward
consistent labeling oy, (Gy).

Property 8. Letv; and v; be two consecutive switches of a face®f or G,, and¢; and c¢; be the
associated corners. One of the following holds
e If v; andv; are bothL-labeled switchegan LL-transitior), then rotatioric;, c;) = —2 (see Fig.7(a)).
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(d)

Fig. 7. The possible arrangements of non-flat corners between two consecutive switches (represented as whit
circles) of a facef of G,. The “staircase” portion of the boundary ¢f(represented by dashed segments) may
consist of a single edge. (h).-transitions. (bl S-transitions. (c)SL-transitions. (dSStransitions.
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e If v; is anL-labeled switch and; is an S-labeled switci{an LS-transitiof, then rotatioric;, ¢;) = —1
(see Fig.7(b)).

e If v; is anS-labeled switch and; is an L-labeled switch{an SL-transitiod, then rotatioric;, ¢;) =1
(see Fig.7(c)).

e If v; andv; are bothS-labeled switchegan SS-transitio)) then rotatioric;, c;) = 2 (see Fig.7(d)).

Proof. We only considelG,; the proof forG, is similar. Sincev; andv; are consecutive switches, they

are either connected by a single edge or by a “staircase” portion of the face boundary. Fig. 7 shows the
possible arrangements of non-flat corners betwgemdv;, from which it is immediate to compute the
values ofrotation(c;, c¢;). Note that flat corners do not affect the valueathtion(c;, c;), and can safely

be ignored. O

Let o be a sequence df-labels andS-labels. In the rest of the section, we denote the number of
LL-transitions ino asn{| , the number oL Stransitions ino asnf{g, the number oSL-transitions ino as
ng,, and the number ddStransitions ino asngq

Property 9. Leto be a sequence df-labels andS-labels, and letp = [,01,. We have
if ;=L andl, = L, thenn{s=n%;

if /1 =L andl, = S, thenn{s=ng + 1;

if ;=S andl, =L, thenng =n{g+ 1;

if ;=S andl, =S, thenng =n{s.

Lemma 2. Leto be a sequence df-labels andS-labels, and lefo = Lo S. Then, we have
o L,=n{ +ng+1,
o S,=nds+ng +1

Proof. We first prove that, = n{, + n% + 1. For each sequence 6flabels, the number of labels is
equal to the number dfL-transitions plus one. So the numberoflabels inp is equal to the number
of LL-transitions inp plus the number of sequences lbflabels inp. In turn, since each sequence of
L-labels inp, except the first one, is preceded by $tabel, the number of sequences loflabels is
equal to the number @L-transitions inp plus one. Hence, the claim.

The proof thatS, = ngs+ ng + 1 is similar, once we observe that each sequencg-labels inp,
except the last one, is followed by dnlabel. O

We now describe how to simplify portions of the boundary of a facgfoby removing switches
(and hence corners), without affecting the valueatétion for the remaining corners. In the rest of the
section, we denote the label of a switchby label(v;) and add an index teotation to denote with
respect to which face it is computed. Let, vy, vs, v4} be four consecutive switches of a fageof H.

If either label(v,) = S andlabel(vs) = L, or label(v,) = L andlabel(vs) = S, we collapsethe pair of
switches{v,, v3} by replacing the portion of the boundary ptbetweerprev(v,) (included) anchexi(vz)
(included) with a single edge having the same directiopragv,) andnexi(vs).

Lemma 3. Let f be a face offf and let{vy, vo, v3, v4} be four consecutive switches ffin G, or G,
such that either labéb,) = S and labelvz) = L, or label(v,) = L and labelvs) = S. Let f’ be the face
obtained fromf by collapsing the pair of switcheg$,, vs}. Then, rotation (c1, c4) = rotation (c1, ca).
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Proof. We prove the caskbel(v,) = S andlabel(vz) = L by case analysis. Let be the sequence of
labels ofvy, vy, vz andv, in f ando’ be the sequence of labels efandv, in f'. From Property 8 we
have:

o rotationy (c1, ca) o’ rotationss(c1, ca)
SSLS 24+1-1=2 SS 2
SSLL 241-2=1 SL 1
LSLS —-1+1-1=-1 LS -1
LSLL -1+1-2=-2 LL -2

The proof of the caskabel(v,) = L andlabel(vs) = S is analogous. O

Lemma 4. Let f be a face ofH, V = {v1, W, v} be a sequence @fconsecutive switches ¢fin G, or
G, ando be the sequence of labels correspondingitoLet f’ be the face obtained frorfi by applying
the collapse operation to pairs of switcheslofas many times as possible, ald= {v;, W’, v} be the
resulting sequence of switches. We have: that

rotationy (c1, ¢x) = rotationy(c1, cx);

if S, > L,,thenW’ is a sequence of, — L, S-labeled switches

if S, <L,,thenW’is asequence df, — S, L-labeled switches

if Sy = L,, thenW’ is empty.

Proof. Clearly,rotation,(c1, cx) = rotations(c1, cx) by Lemma 3. We now prove the caSg > L, ; the
other two cases are analogous.

If L, =0, theno consists entirely of-labeled switches, and so the lemmais trivially true because no
collapse operation can be applied, and heiite= W. Otherwise, there is at least one subsequence
{vii1, Vi, viv1, vige}, L <i <k — 1, of V such that eithedabel(v;) = S and label(v; 1) = L, or
label(v;) = L andlabel(v; 1) = S. Hence, the collapse operation can be applied, and the process can
be repeated as long ds, > 0. The first and last switches 6&f, v, and v, will never be eliminated,
because they can only mateh ; or v;,» in the pattern of four consecutive switches. Their presence also
guarantees that eveS{. or LS subsequence af can be matched to a pattern and thus eliminated. Since
one L-labeled switch and ong-labeled switch are removed each time the collapse operation is applied,
there will beS, — L, S-labeled switches left when the process is complete.

An example of the collapsing process is shown in Fig. 8.dLbe the sequence of labels corresponding
to a sequencdV of consecutive switches of a face ¢of, or G,, and let W’ be the sequence of
switches obtained froniV as described in Lemma 4. In the rest of the section, the sequence of labels
o’ corresponding tdV’ is referred to as theollapsed versionf o .

Theorem 3. An orthogonal representatiofd of an embedded 4-planar graph is turn-regular if and
only if the embedded upward planar digrapfis and G, are both switch-regular.

Proof. In the proof we adopt the regular expression formalism (see, e.g., [20]); in particular, we use the
concatenation of strings and the Kleene star operator.
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(a) S SS(SL)LS L (b) S SS(LS) L (c)SSSL

Fig. 8. Collapsing a sequence of switches in a facg,0fin each step, the switches being collapsed are represented
as white circles, and th&L or LS pair of labels being removed is shown between parentheses.

Only if. We prove the claim foG,; the proof forG, is similar. Suppose, for a contradiction, tttis
turn-regular ands, is not switch-regular; then, there is a fat®f G, that does not have a switch-regular
labeling.

We first consider the case in which is an internal faceo, must contain two distinct maximal
subsequences f-labels with length greater than one. Thus, the labeling afan be expressed as
or = SS01555* Loy, whereo, = L((SL)*L*)* is any sequence with an initidl-label and with no two
consecutiveS-labels, ando, is any (possibly empty) sequence $flabels andL-labels such that
satisfies Property 3. We show that there is/atabeled switchv; in o, and anL-labeled switchyy
in Lo, such thatc; and ¢, are kitty corners. This implies that and thusH are not turn-regular; a
contradiction.

To simplify matters, we consider, = SSo;SSS* Lo, instead ob;, whereo; ando; are the collapsed
versions ofo; ando,. Note that every label i} is also ino, and that the corresponding switch is
associated with a corner ¢f. In the regular expression describiag, eachsS-label is followed by an
L-label; thus, the initialL-label ofo; guarantees that, contains at least one morelabel thanS-label.
Hence, by Lemma 4¢; = LL*. Let/ > 1 be the length ob] ands > 2 be the length of theSSS*
subsequence betweef and Lo;. The following table shows the general structurerpfand the values
of rotation, which can be easily verified by Property 8.

o1 SSS* o3
=~
] Ul V2 U3 V4 -cc V24l U3y V44 - V24145 U34/+s
a} S S L L --- L S NEEEE S L
rotation(c1,¢;)|0 2 3 1-..5-2014-216-2 ---2(s+1) -2 2s+3—-2[ ---

We consider two cases for the valuesofnamely 2< s <1+ 1 ands > [ + 2, and prove the claim
differently in the two cases.

If 2 <s <1+1, thenvy_,,; is an L-labeled switch, since 8 4 — s +1 <2+ 1; vz, iS also an
L-labeled switch, and we have, by Property 5:

rotation(cs_s47, ¢34145) = rotation(cy, ca4y4s) — rotation(cy, ca—s1y)
=(25+3-2)—-{5-2[4—-s+01)—-2]} =2
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Hence4_,4; andcs,,,, are Kitty corners.

If s >1+ 2, we consider the structure of the sequenegs, where the finalS is the label ofv; (we
recall thato ; is a circular sequence). For ease of reference, we dénotg& asp. By Properties 8 and 9,
we have:

rotation(cz /4, c1) = —2n{| — n{'s+ ng + 2nls
=—2n{) — (ng + 1) +ng + 2n§s
=2(ngs—n() — 1.
On the other hand, by Properties 4 and 5, and by the above table, we have:
rotation(cays4y, c1) =4 — rotation(cy, ca1i4s)
=4—-(2s+3-2)
<4-[20+2+3-2] < -3
And thus, by combining the two results:
2(ngs—nf) —1< =3,
nfL —ngs> 1.
Now, by Lemma 2, we have:
Loy=L,—1= niL + ”gLs
Sy, =S, — 1=ngg+ng,.
And thusL,, > S,,, because
Lo, — So, =nf| —ng> 1.

Let f’ be the face obtained frony by repeatedly collapsing pairs of consecutive switches of
{v34i4s, ..., v1}. By Lemma 4 and the above discussiar}, has only L-labels; letv, be the last
(L-labeled) switch inr;. Then, by Properties 4 and 5, and by Lemma 4, we have:

rotation(cs, cx) = 4 — rotationy (cx, c3) = 4 — rotations (cy, c3).
And since between, andvz in f’ there are alhS-, anSS and anSL-transition, we have, by Property 8:
rotation(cs, ¢;) =4— (=1+2+1) =2.

Hence,c3 andc; are kitty corners.

We now consider the case in whighis the external facer, must contain two consecutive-labels.
Thus, the labeling off can be expressed as = SSo1 Whereo; is any (possibly empty) sequence of
S-labels andL-labels such that; satisfies Property 3. Again, to simplify matters, we consigler=
SSo; instead ofo s, whereo is the collapsed version of,. Note that, by Property 3,,, > S,,. Hence,
by Lemma 4,01 has onlyL-labels; in particular, since also; must satisfy Property 3y; = LLLL.
The following table shows the structure ®f and the values abtation, which can be easily verified by
Property 8.

v; v1 V2 V3 V4 U5 U6
o } S S L L L L
rotation(c1,¢;) O 2 3 1 -1 -3
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t, s s; 1

(a) (b)

Fig. 9. The two possibilities for a pair of kitty corners: (a) a SW-NE pair of corners associated with two switches
in G,; (b) a SE-NW pair of corners associated with two switche§ in

Then, by Property 5, we have:
rotation(cs, cg) = rotation(cy, cg) — rotation(cy, c3) = —6.

Hence, by Property Gz andcg are kitty corners.

If. Suppose, for a contradiction, th@t andG, are both switch-regular and is not turn-regular; then,
there is a facef of H with a pair{c;, c;} of kitty corners. Note that; andc, are associated with a pair
of L-labeled switches in eithe¥, (see Fig. 9(a)) o6, (see Fig. 9(b)).

We assume that; andc, are associated with thie-labeled switches; andv, in G,; the proof forG,
is similar. The labeling of the facg of G, can be expressed as = Lo1Lo, whereo; ando, are any
two sequences df-labels andL-labels such that ; satisfies Property 3. The following table shows the
general structure afy.

o1 02
v Vj Vjgy1 o+ V-1 Uk Vg4l e Uy vy - vj—1
of L L
rotation(c;, c;)

We show thatr; contains at least two consecuti¥dabeled switches and that, jfis an internal face,
o, also contains at least two consecutivdabeled switches. Thus; does not have a switch-regular
labeling andG, is not switch-regular; a contradiction. For ease of reference, we dénqgte as p. By
Property 9,n{s = n%, and thus, by Property 8, the total contribution of tt® and SL-transitions to
rotation(c;, ¢x) is zero. Sincaotation(c;, c;) = 2, still from Property 8, it follows thatds> n{, > 0.
Hencep; contains at least two consecuti¥dabeled switches. If is an internal face, the same argument
can be used to prove tha contains at least two consecutif§dabeled switches, because, by Property 6,
alsorotation(cy, c;) =2. O

4. Orientations and paths

Let G be an embedded 4-planar graph didoe a turn-regular orthogonal representationGofAs
seen in Section 2.2, a complete saturator of an embedded upward planar digraph consists of two vertice
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Fig. 10. (a)G, (edges represented as solid segments) and its complete saturator (edges represented as dashe
segments). (b§5, (edges represented as solid segments) and its complete saturator (edges represented as dotte
segments).

s andt and a set of (directed) saturating edges. Fig. 10(a) shows the complete saturator offgraph
corresponding to the oriented orthogonal representatiprshown in Fig. 5(a). Fig. 10(b) shows the
complete saturator of grapti, corresponding to the oriented orthogonal representatiprshown in
Fig. 5(b). In the rest of the paper we never consider the saturating edggsasid G, incident withs

or ¢, even when not explicitly stated. Lgt be an internal face off; a maximal vertical or horizontal
chain of f is said to beunconstrainedf both its end-vertices correspond to a right turnfofNote that

an unconstrained maximal chain ffmay consist of a single, degree one vertex.

We now construct two partially-directed graphs, one representing the “left” relation between maximal
vertical chains ofH, the other representing the “below” relation between maximal horizontal chains
of H. The graph representing the “left” relation between maximal vertical chai#s isfconstructed as
follows. We first augmen# with the saturating edges @f, and G, incident with an end-vertex of an
unconstrained maximal vertical chain Bf. We then orient the horizontal edges@ffrom left to right,
reverse the orientation of the saturating edge& gfand leave the vertical edges Hf not oriented so
that they can be traversed in both ways. We denoté& bthe resulting graph (see Fig. 11(a)). Similarly,
the graph representing the “below” relation between maximal horizontal chaiAsisfconstructed as
follows. We first augmen# with the saturating edges @f, and G, incident with an end-vertex of an
unconstrained maximal horizontal chainf@f We then orient the vertical edges Bffrom bottom to top
and leave the horizontal edges Bfnot oriented so that they can be traversed in both ways. We denote
by H, the resulting graph (see Fig. 11(b)).

The following theorem shows how turn-regularity characterizes those orthogonal representations for
which the “left” relation between maximal vertical chains and the “below” relation between maximal
horizontal chains are uniquely determined.

Theorem 4. Let H be an orthogonal representation of an embedded 4-planar gréhhand H, are
uniquely determined if and only H is turn-regular.
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Fig. 11. (a)H,. (b) H,. Both graphs are obtained using the complete saturators shown in Fig. 10.

Proof. Easily follows from Theorem 3, the construction &f and H,, and the definition of switch-
regular embedded upward planar digrapkn

Note thatH, and H, are no longer orthogonal representations, and may, in general, be non-planar.
From the definition of saturator, it follows that each saturating edge ftgmand G, used in the
construction of, andH, has both end-vertices on the same fac&offwo saturating edges ii, or H,
are said tarosseach other if their end-vertices appear alternately on the boundary of a common face of
H . Inthe rest of the paper we refer to the maximal chains of non-oriented ed@gsasfmaximal vertical
chains ofH,, and denote bynvqv) the maximal vertical chain aoff, containing vertex. Analogously,
we refer to the maximal chains of non-oriented edgeg/pfas maximal horizontal chains @f,, and
denote bymhav) the maximal horizontal chain df, containing vertex.

In the rest of this section, we present a series of technical lemmas that will be used in Section 5. In the
proofs, we can assume the absence of degree one vertices; otherwise, the expansion mechanism describ
at the beginning of Section 3.3 can be applied.

Lemma 5. Let H be a turn-regular orthogonal representation. L@t v) be a saturating edge fror&,
not used in the construction &, (H,); then, there exists a path fromto v in H, (H,). Similarly, let
(u, v) be a saturating edge frorg, not used in the construction @, (H,); then, there exists a path
fromvtou in H, (fromutov in H,).

Proof. We prove the claim for a saturating edge v) from G, not used in the construction &f,; the
proof for the other three cases is similar.

Let f be the face off containingu andv. We consider in detail the case in whighis ansg-switch
andv ans; -switch of f in G,; the case in whiclx is ar; -switch andv azg-switch of f in G, is similar.
Let f(u,v) be the portion off from u to v. Clearly, the last turn off (u, v) beforev is a left turn,
otherwisev would be the leftmost vertex of an unconstrained horizontal chain@ng would be used
in the construction of4,. If f(u, v) contains at least one unconstrained horizontal chain whose leftmost
vertex is ans; -switch of 1 in G,, let uhcbe the last of these chains ande the leftmost vertex afhc
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(a) (b)

Fig. 12. The two cases in the proof of Lemma 5.

Fig. 13. Impossible cases of crossing saturating edgés in

(see Fig. 12(a)). A saturating edge x) from G, is used in the construction &f,, and the path between

u andv in H, consists of(x, x) and the subpath of («, v) from x to v. Note that all the vertical edges

of the subpath are traversed according to their directioH,irffrom bottom to top). Iff (u, v) does not
contain such an unconstrained horizontal chain (see Fig. 12(b)), then the path betarnin H, is

f(u, v) itself. Note, again, that all the vertical edges of this path are traversed according to their direction
in H, (from bottom to top). If not, lek be the top end-vertex of the first vertical edgefaef:, v) traversed

from top to bottom; then, the corners associated wiindx would be kitty corners, and would not

be turn-regular. O

Lemma 6. Let H be aturn-regular orthogonal representation, and(etv) and(x, y) be two saturating
edges inH, or H, crossing each other; theq, v) and (x, y) cannot be both frond, or both fromG,.

Proof. We prove the claim forH,; the proof for H, is similar. In the proof, we denote the corner
associated with vertex asc,. Suppose, for a contradiction, that, v) and (x, y) are both fromG,.
We recall thatz, v, x andy belong to the same face &f; four cases are possible:
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1. u andx are bothsg-switches (see Fig. 13(a)). It follows thatand y are boths; -switches. Letp be
the portion of the boundary of between: andx not containingv andy. Clearly, there must be at
least one right turn ip; let w be the corresponding vertex. Thdn,, c,} and{c,, c,} are two pairs
of Kitty corners, andH is not turn-regular; a contradiction.

2. u is ansg-switch andx is a; -switch (see Fig. 13(b)). It follows that is ans; -switch andy is a
ts-switch. Then{c,, c¢,} is a pair of kitty corners, and is not turn-regular; a contradiction.

3. u is at;-switch andx is ansg-switch. Similar to Case 2.

4. u andx are bothr; -switches. Similar to Case 1.

The proof for(u, v) and(x, y) both fromG, is analogous. O

Lemma 7. Let H be aturn-regular orthogonal representation, and(&tv) and(x, y) be two saturating
edges inH, crossing each other; then, either mu¢ = mvax) or mvav) = mvay). Similarly, let
(u,v) and (x, y) be two saturating edges if/, crossing each other; then, either niag = mhax)
or mhav) = mhqy).

Proof. We prove the claim forH,; the proof for H, is similar. In the proof, we denote the corner

associated with vertex asc,. By Lemma 6,(u, v) and(x, y) cannot be both front;, or G,. We assume

that (u, v) is from G, and(x, y) is from G,. We recall that., v, x andy belong to the same face &f.

The proof proceeds by case analysis.

1. u is ansg-switch in G, andx is ansg-switch in G, (see Fig. 14(a)). It follows that is af; -switch
in G, andy is ar;-switch in G,. Let p be the portion of the boundary gf betweenz and x not
containingv andy. We have thap contains no right turns; suppose the opposite, for a contradiction,
and letw be the corresponding vertex. Eithier,, ¢,} or {c,, c,} is a pair of kitty corners, and/ is
not turn-regular; a contradiction. Heneehqu) = mhax).

2. u is ansg-switch in G, andx is ar; -switch in G, (see Fig. 14(b)). It follows that is ans; -switch
in G, andy is atg-switch in G,. Note that, from the construction @f,, mhav) andmhqx) are
unconstrained; let» andz be the other end-vertices ofhqv) andmhdx), respectively. This case is
impossible, sincé¢c,, ¢,} and{c,,, ¢, } are two pairs of kitty corners anfl is not turn-regular.

3. uis at;-switch inG, andx is anss-switch inG,. Similar to Case 2.

4. uis ar;-switch inG, andx is at;-switch inG,. Similar to Case 1; hencehyhqv) = mhqy).

Fig. 14. Crossing saturating edgesHf.
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The proof for(u, v) from G, and(x, y) from G, is analogous. O

Let H be an orthogonal representation andfidie a face off. Two reflex corners off aremutually
visibleif there exists a planar drawing &f such that the vertices associated with the two corners can be
connected by a straight-line segment that does not cross any egige of

Lemma 8. Let f be a face of an orthogonal representatiar, be a NE-, or a NW-, or a SW-, or a
SE-corner off andc, be a NW-, or a SW-, or a SE-, or a NE-corner fafrespectively. It, andc, are
mutually visible, then rotatio,, ¢,) = 1.

Proof. We prove the claim for a NE-corney, and a NW-cornet,. The proofs for the other three cases
are similar. LetH be an orthogonal representation afide a planar drawing off such that vertices
andv, associated with cornetg andc,, can be connected by a straight-line segment that does not cross
any edge off. Let I'’ be the drawing obtained from as follows: if y(#) = y(v), we add a horizontal
segment between andv; if y(u) < y(v), we add a polyline fronv to u that consists of a horizontal
segment, a vertex' corresponding to a right turn, a vertical segment, a vartecorresponding to a left
turn, and a horizontal segmentyifx) > y(v), we add a polyline fromy to u that consists of a horizontal
segment, a verten’ corresponding to a left turn, a vertical segment, a vestecorresponding to a right
turn, and a horizontal segment. LBt be the corresponding orthogonal representation. We denaofé by
and /" the two faces o’ replacingf, and letf” be the face above edge, v). Note thatf’ is an internal
face of H', regardless of being an internal or an external facef#f and that, andc, are both convex
corners inf’. Clearly, rotation, (c,, ¢,) = turns (c,) = 1, sinceturny (c,/) andturn (c,/) (if «" andv’
exist) cancel each other out. Thus, by Properties 4 anat&tjon (c,, ¢,) = 4 — rotation(c,, ¢,) = 3.
Sincec, is a reflex corner iry, we have

rotation, (c,, ¢,) = rotations (c,, c,) — turny(c,) +turmns(c,) =3 -1+ (-1) =1 O

Lemma 9. Let f be a face of a turn-regular orthogonal representatiéh Let ¢, be a NE-corner
(SW-corney of f, associated with vertex, and letc, be a NW-corne(SE-corney of f, associated
with vertexv, such thate, andc, are mutually visiblethen, there exists a path fromto « (fromu to v)
in H,. Similarly, letc, be a NW-cornefSE-corney of f and letc, be a SW-corne(NE-cornej of f,
such thatc, andc, are mutually visiblethen, there exists a path fromto » (fromu to v) in H,.

Proof. We prove the claim for a NE-corner, and a NW-corner,. The proofs for the other three
cases are similar. Lef (u,v) be the portion of the boundary of from u to v, and let{wg =
u,wy, ..., W, Wrr1 = v} be the sequence of vertices pfu, v). We assume thaf (u«, v) does not contain
vertices associated with flat corners, since their presence is irrelevant to this progfbegte (only)
corner associated with vertex;. From the definitions of NE- and NW-corners, it follows thnaext(i)
andprev(v) are vertical edges; hencé(u, v) contains at least four vertices.

We first show that: cannot be followed by more than two consecutive left turng (m, v). Suppose,
for a contradiction, that vertices:, w,, andws all correspond to left turns (see Fig. 15(a)). Since
corresponds to a right turmysz # v, and thusk > 3. We haverotation(c,, c4) = 2. Since, by Lemma 8,
rotation(c,, ¢,) = 1, and since the only corners with a negative valuduofi (exactly —1) are reflex
corners, it follows, by Property 5, that there is a veriex (possibly coincident withw, itself) in
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(a) (b) (©) ()

Fig. 15. Four cases in the proof of Lemma 9.

f(ws, v), whose associated corner is reflex and suchrttation(c,, ¢;) = 2. ThusH is not turn-regular;
a contradiction.

We now consider the possible cases #ar, w,, ws andw,, discard the impossible ones, and prove
the claim by induction on the number of verticesfait, v). Vertexw; cannot correspond to a right turn,
since otherwise; andc, would be kitty corners anél would not be turn-regular. Hence; corresponds
to a left turn. Ifw, corresponds to a left turn as well, then, by the above discussi®must be a right
turn. If wz = v (see Fig. 15(b)), there clearly exists a path froito « in H,; this is the base case of the
induction. Ifwsz # v (see Fig. 15(c)), then, sindarn(c;) = 1 andturn(cz) = —1, we can remova, and
w3 from the sequence of vertices ¢fu, v) without affecting the value abtation(c,, ¢,), and the claim
is proved by the induction hypothesis. Note that this process is similar to the switch collapsing process
described and used in Section 3.3. Analogouslyy.ifcorresponds to a right turn (see Fig. 15(d)), then,
sinceturn(c;) = 1 andturn(c,) = —1, we can remova; andw, from the sequence of vertices 6fu, v)
without affecting the value abtation(c,, ¢,), and the claim is proved by the induction hypothesisi

Lemma 10. Let H be a turn-regular orthogonal representation, anddeand v be two vertices off. If
there is no path betweenandv in H, (H,), then there is a path betwearandv in H, (H,).

Proof. We consider the case in which there is no path betweandv in H,; the other case is similar.
Let s, andz, be the source and the sink, respectively, of the complete saturator, @nd lets, andz,
be the source and the sink, respectively, of the complete satura@yr. ofi order to simplify the proof,
instead ofH, and Hy, we consider the partially-directed grapH$ and H; constructed in the same way
asH, andH,, but using all the saturating edges fr@mandG, (except(s,, t.) and(s, ,)). Note that the
existence of a path betweerandv, u, v ¢ {s,, t., s¢, t;}, In H, (Hy/) implies, by Lemma 5, the existence
of a path between andv, in H, (H,).

For each vertexv of H, we define four paths iﬁ{}’,, denotedpne(w), paw(w), psw(w) and pse(w).
Informally speaking, they are paths i from w to the external face, going in the North-East, North-
West, South-West and South-East direction, respectively. In the rest of the proof, the subpath of path
pne(w) (paw(w)) from w to z is denoted bypne(w, z2) (paw(w, 2)), and the subpath of pathsw(w)
(pse(w)) from z to w is denoted bypsw(z, w) (pse(z, w)). The operator+ is used to denote the
concatenation of vertices, edges and subpaths of a given path. The formal definitions of all four paths
are given for completeness, although they are very similar.

Path pne(w) is a path inH| from w to #,, and is recursively defined as follows: (i)df = 7., then
pne(w) = w; (i) otherwise, since the only unsaturated sink-switchGinis 7., there exists a vertex
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Fig. 16. The four regions of vertax.

such that(w, z) is either a saturating edge fro6i,, or a (directed) vertical edge, or a horizontal edge
with z as right end-vertex (tested in this order), ang(w) = w + (w, z) + pne(z). Note thatpye(w)

is non-decreasing in both the andy-coordinate. Similarly, patpnw(w) is a path inH; from w to ¢,
and is recursively defined as follows: (i) i = z,, then pyw(w) = w; (ii) otherwise, since the only
unsaturated sink-switch i6v, is #,, there exists a vertex such that(w, z) is either a saturating edge
from G, or a (directed) vertical edge, or a horizontal edge wils left end-vertex (tested in this order),
and pyw(w) = w + (w, z2) + paw(z). Note thatpyw (w) is hon-increasing in the-coordinate and non-
decreasing in the-coordinate.

Path psw(w) is a path inH; from s, to w, and is recursively defined as follows: (i)df = s,, then
psw(w) = w; (ii) otherwise, since the only unsaturated source-switcly iris s,, there exists a vertex
z such that(z, w) is either a saturating edge fro@,, or a (directed) vertical edge, or a horizontal edge
with z as left end-vertex (tested in this order), amglv(w) = psw(z) + (z, w) + w. Note thatpne(w)
is non-decreasing in both the and y-coordinate. Similarly, patipse(w) is a path inH; from s, to w,
and is recursively defined as follows: (i) i = s,, then pse(w) = w; (ii) otherwise, since the only
unsaturated source-switch @y is s, there exists a vertexsuch that(z, w) is either a saturating edge
from G,, or a (directed) vertical edge, or a horizontal edge withs right end-vertex (tested in this
order), andpsg(w) = pse(z) + (z, w) + w. Note thatpsg(w) is non-increasing in the-coordinate and
non-decreasing in the-coordinate.

Let wne (wnw) be the next-to-last vertex ofye(w) (paw(w)), and letwsyw (wsg) be the second vertex
of psw(w) (pse(w)). Note thatwne, wnw, wsw andwsg are all vertices of the external face &f. For
each vertexw of H, pathspne(w), pnw(w), psw(w) and psg(w) define four regions irH}’, (see Fig. 16):
R;(w) is the subgraph off] with external face formed byne(w), pnw(w), and the portion of external
face of H betweenwne andwnw; R;(w) is the subgraph oHy’ with external face formed bynw(w),
psw(w), and the portion of external face &f betweenuyw andwsw; Ry, (w) is the subgraph off;, with
external face formed bysw(w), pse(w), and the portion of external face &f betweenwsy andwsg;
R.(w) is the subgraph ofi; with external face formed byse(w), pne(w), and the portion of external
face of H betweenwsg andwyeg.

We now show that itz € R, (v), then there is a path from to v in Hj. We consider pathgne(u),
pnw (@), psw(v) and psg(v). By the definition of these paths, at least one of the following six cases
applies: (i) pne(u) and psg(v) have a vertexg in common; then,pne(u, g) + pse(g, v) is a path
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from u to v in Hj. (i) pne(u) and pse(v) cross, that is there is a saturating edge x) from G,
in pne(u) and a saturating edg@, z) from G, in psg(u) that cross each other; thus, by Lemma 7,
either mhqw) = mhay) or mhax) = mhdz); without loss of generality, assume that the former
holds, and lemhqw, x) be the portion of the common maximal horizontal chain franto x; then,
pne(u, w) + mhaw, x) + pse(x, v) is a path fromu to v in Hy’. (i) une € Ry(v); note thatung is
a t;-switch of the external face ofi,, since it is adjacent t@., and thatvsg is ans; -switch of the
external face of5,, since it is adjacent te,. Henceung is a SW-corner andsg is a NW-corner of the
external face ofH, and they are clearly mutually visible. By Lemma 9, there exists a path fgm
to vsg in Hj. Let f(une, vsp) be this path (note that it is a portion of the external faceQf then,
pne(, une) + f (une, vse) + pse(vsg, v) is a path fromu to v in H}{. Cases (iv)—(vi) are similar to
Cases (i)—(iii), and involvenw (1) and psw(v).

If u € R,(v), then there is a path fromto « in H;. This can be proved in a similar way by considering
pathspsw(u), pse(u), pne(v) and paw(v).

Finally, with the same technique, it is possible to prove thatdf R;(v) (u € R, (v)), then there is a
path fromu tov (fromv towu) in H,. O

5. Turn-regularity and orthogonal relations

In this section we use graphd, and H, to characterize all possible orthogonal relations in a
turn-regular orthogonal representatiéh. This leads to a characterization of turn-regular orthogonal
representations in terms of orthogonal relations. We denote-byv a directed path from vertex to
vertexv in H, containing at least a horizontal edge orHi containing at least a vertical edge, and by
u 4 v the absence of such a path from verieto vertexv.

Lemma 11. Let H be a turn-regular orthogonal representation.Af, or H, contains a saturating edge
(u,v) from G,, thenu <, v andu <, v. If H, or H, contains a saturating edge, v) from G, then
v <,uandu <, v.

Proof. We prove that, ifH, contains a saturating edge, v) from G,, thenu is left of and belowv in
any planar drawing of{; the proofs for a saturating edge, v) from G,, and for H, instead ofH, are
similar. In particular, we show this for a saturating edge from-awitch to arg-switch; the proof for a
saturating edge from any-switch to ans; -switch is similar.

Let f be a face ofG,, u be ar,-switch of f, andv be arg-switch of . We begin by showing that is
left of v in any planar drawing off. Sinceu is at,-switch of f in G,, it cannot be one of the rightmost
vertices off in any planar drawing off . On the other handj is one of the rightmost vertices g¢fin any
planar drawing off . Suppose, for a contradiction, that there exists a planar draWwiafyH in which v
is not one of the rightmost vertices ¢t Then there exists a maximal vertical chaircin f, containing
at least one edge, whose vertices are right of I™; let x andy be the bottommost and topmost vertices
of mvg respectively. Two cases are possible: eithecprecedes in the traversal off starting atu (see
Fig. 17(a)), omvcfollows v (see Fig. 17(b)). In the first case, there must be at least one right turn in the
path fromy to v; in the second case, there must be at least two right turns in the path fimm In both
cases, there exists a vertexcorresponding to one of these right turns such that its associated corner and
the corner associated withare kitty corners, thus violating the turn-regularity 8f a contradiction.
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Fig. 17. The two cases in the proof of Lemma 11.

And since, by Theorem 4i, and H, are uniquely determined, we have proved thas left of v in
any planar drawing oH. The proof that: is belowv in any planar drawing off is similar, hence the
thesis. O

Lemma 12. Let I be a planar drawing of a turn-regular orthogonal representatiin and let mve

and mve be two maximal vertical chains d@f ( possibly consisting of a single verjesuch that mvgis

to the left of mvg. If the endpoint of one chain can be connected to any point of the other by a horizontal
segment that does not cross any other vertical chaif ghen there exists a path i, connecting any
vertex of mvgto any vertex of myc

Proof. We consider only the case in which the bottom endpoinhe; can be connected tovg; the
other cases are similar. In this proof, we call two such cheamsecutiveClearly, if there is a path from
some vertex omvg to some vertex omve in H,, there is a path from any vertex ofvg to any vertex
of mve, because vertical edges &f, are undirected. Let be the bottom end-vertex eofivg; u and
the object (either an edge or a vertex)rmong at the same-coordinate oft belong to the same facg

of H. Vertexu may correspond to a left turn, a right turn, or a U-turnfofwe consider the three cases
separately.

If u corresponds to a left turn gf, then the first turn following: along the boundary of corresponds
to a vertexv of mvg, since otherwise the horizontal segment conneatitgmve would cross a vertical
chain of I" different frommvg andmve. The path fromu to v in H, is the portion of the boundary gof
fromu to v.

If u corresponds to a right turn df, let ¢, be the corner associated with and letvc, be the portion
of mvg that is part of the boundary gf. We first observe thatc, cannot be a single, degree one vertex,
namely vertexv, sincec, and the second corner associated witlvould be kitty corners, and would
not be turn-regular. Thus, letbe the bottom end-vertex @t,. Two cases are possible: {i}corresponds
to a right turn (see Fig. 18(a)) or a U-turn gf(see Fig. 18(b)). Then the cornerassociated with (the
second one ib corresponds to a U-turn) is a NE-corner, and sinces a NW-corner, and,, andc, are
mutually visible, there exists a path franto v in H, by Lemma 9. (ii)v corresponds to a left turn of
(see Fig. 18(c)). Thenis ansg-switch inG,, and since: is ans; -switch in G, there exists a saturating
edge(v, u) in G, (recall that, by Theorems 2 and 3,Af is turn-regular, thert;, has a unique complete
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(a) (b) (c)

Fig. 18. Three cases in the proof of Lemma 12. The horizontal segment connedtimyve is represented as a
dashed segment.

saturator). If the saturating edge, u), with its orientation reversed, has been used in the construction of
H,., then the path fromx to v in H, is (v, u) itself; otherwise, such path exists by Lemma 5.

If u corresponds to a U-turn of, the proof is analogous to that of the previous case, once wg let
be the first corner associated with if the only edge incident with is vertical, or the second corner
associated withy, otherwise. 0O

Lemma 13. For each pair{u, v} of vertices ofH, the following conditions hotd

1. mvdu) = mvqv) if and only ifu =, v,

2. u—vifandonly ifu <, v,

3. v—uifand onlyifv <, u,

4. mvdu) # mvdqv), u 4 v andv 4 u if and only if nox-relation can be established betwegand v.

Proof. Only if. We first prove that conditions 1-4 are necessary.

Condition 1 If u andv belong to the same maximal vertical chain, they are clearly drawn with the
samex-coordinate in any planar drawing &f.

Condition 2 We prove that: <, v by induction on the number of edges of the path: ¥ v consists
of only one edge = (u, v), then, since: andv do not belong to the same maximal vertical chain, there
are three possible cases:dils a horizontal edge aff ; then,v is clearly right ofu in any planar drawing
of H. (ii) e is a saturating edge froi, ; then, by Lemma 11y is left of v in any planar drawing of{;

(i) e is a saturating edge frorf¥, with its orientation reversed; themw, ) is a saturating edge af,
and, again by Lemma 11, is left of v in any planar drawing of{ .

We now suppose that <, v for each pathu — v consisting ofk — 1 edgesk > 2, and prove the
claim for a pathu — v consisting ofk edges. Le{w, v) be the last edge of of the path. Two cases are
possible: (i)w belongs to the same maximal vertical chairvpthen, by condition 1, we have =, v,
and, by the inductive hypothesis, we have:, w, which impliesu <, v; (i) w does not belong to the
same maximal vertical chain of then, by the inductive hypothesis, we have<, v andu <, w, which
impliesu <, v.

Condition 3 Analogous to the proof of condition 2.

Condition 4 Let I" be a planar orthogonal drawing &f. Without loss of generality, we assume that
x(w) < x(v) andy(u) > y(v) in I". We show how to construct from a different planar drawing off
such thate(u) > x(v), thus showing that ne-relation can be established betweeandv.
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We consider the two vertical lines = x (1) — % andx, = x(v) + % We denote by, the portion ofl”
betweeny, andx,. We define anoving-linein I" with the following properties:
e itis directed and orthogonal,
e it starts at the intersectiail betweeny, and a horizontal ling, throughu and ends at the intersection
v" betweeny, and a horizontal ling, throughv,
e itis entirely contained within the boR defined byx,, x,, y, andy,,
e it does not intersect any vertical edges/of and
e its first and last segments are vertical.
Using compaction techniques developed for VLSI layout [12,21,24], the moving-line guarantees that it
is possible to stretch and shift partsiéfto obtain a planar orthogonal drawing such that) > x (v).

We construct a moving-lind such that all of its bends are displaced a half-unit from grid-points. This
implies that the only intersections betweérand I are between vertical segments.bfand horizontal
segments ofi", and that the first and last segmentsJoare vertical, as required/ is constructed as
follows, where the possibility or impossibility of traveling in a certain direction is given by the above
properties. Travel downward from' until it is possible to travel right. Travel right as far as possible
until eitherx, is reached or a vertical segment Bfis half-unit distant. Ifx, is half-unit distant, travel
downward tov’, and the construction af is complete. Otherwise, travel either downward or upward
until it is again possible to travel right. Choose the upward direction only if it is not possible to travel
right before reaching, when going down. If it is not possible to travel rightward by going either up or
down (staying withinB), there is no moving-line. Otherwise, continue the process uhtd reached.
Observe that this method will construct ammonotone moving-line if any moving-line exists, and that it
will construct ay-monotone moving-line if there is any possiblanonotone moving-line.

If there is no moving-line, then there must be a vertical civaiof I" that intersects botly, andy,.
Since bothmvdau) andvc intersecty,, either Lemma 12 applies and there is a path fioto any vertex
of vc, or there is another vertical cham’ betweermvau) andvcthat also crosses,. The argument can
then be applied tonvau) andvc, and tovc andvc, yielding a path fromu to vc. A similar argument
can be applied tec andmvqv) because both chains intersegt yielding a path fronvcto v, and thus
a path fromu to v.

We now show that if/ is not y-monotone, there is a path fromto v in H,. Consider the sequence
of vertical chainaC = {vc, ..., vg} that define/: ve; = mvdu), vg, = mvav), and the others are those
that determine upward or downward turns .bf ordered from left to right. Levc; andvc 1 be two
(consecutive) elements @f. Then there is a horizontal segment connecting one endpout tf ve , ;
that either crosses no other vertical chains/obr touches only one of their endpoints. By (possibly
repeated) application of Lemma 12, there is a path from any verteg o6 any vertex olvg ;1. If J is
not y-monotone, there is at least one chairCithat defines an upward turn ify let vc; be the first such
chain. This chairvc; must cross,, or else it would have been possible to make a downward turn instead.
By repeatedly applyrng the previous argument, there is a path Yigre mvau) to vc;. We now must
show that there is a path frort; to vg, = mvav). Since bothvec; andvc mtersectyv, the argument
used in the previous paragraph applies, resulting in a path\frrprm V¢, and thus a path from to v.

As a result, there exists a moving-lifethat is monotone in both andy. This moving-line can then
be used to stretch” horizontally so thai (1) > x(v). ExtendJ by continuing its first vertical segment
(i.e., the one that starts at) in the positivey direction and its last vertical segment (i.e., the one that
ends at’) in the negativey direction until they both intersect the external facelofsee Fig. 19(a)).
Also, letd, = x(v) — x(u). StretchI” by increasing the:-coordinates of the vertices to the right bHf
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(a) (b)

Fig. 19. (a) A planar orthogonal drawirig with the extended moving-line for verticasandv. (b) The stretched
version of".

by an amount/ > d,. As a result, a new planar orthogonal drawing is constructed in whigh> x(v)
(see Fig. 19(b)). This implies that there is niwelation betweem andv.

If. The sufficiency of conditions 1-4 follows from the completeness and mutual exclusiveness of the
four cases. O

As an example, we identify in the grag. shown in Fig. 11(a) three pairs of vertices corresponding
to the various cases of Lemma 13: and v, belong to the same maximal vertical chain, there exists a
directed path fromx, to v,, while there is neither a path betwegfnandvs, nor they belong to the same
maximal vertical chain.

The proof of the following lemma is similar to that of Lemma 13, and hence is omitted.

Lemma 14. For each pair{u, v} of vertices ofH, the following conditions hotd

1. mhau) = mhaqv) if and only ifu =, v,

2. u— vifandonly ifu <, v,

3. v—uifandonly ifv <, u,

4. mhdu) # mhdv), u 4 v, andv 4 u if and only if noy-relation can be established betweeandv.

As an example, we identify in the gragh, shown in Fig. 11(b) three pairs of vertices corresponding
to the various cases of Lemma 13:andv, belong to the same maximal horizontal chain, there exists a
directed path fronu, to vz, while there is neither a directed path betwagrandv,, nor they belong to
the same maximal vertical chain.

We are interested in those orthogonal representations for which there is an orthogonal relation betweer
every two vertices; that is, those orthogonal representations for which the relative position of any two
vertices is the same (at least for one coordinate) in any planar drawing. As the following theorem shows,
this class of orthogonal representations is characterized by turn-regularity.
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Table 2
Orthogonal relations for a pafr, v} of vertices in a turn-regular orthogonal representafion

mhe(u) = mhe(v) u—v v otherwise
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Theorem 5. An orthogonal representatiofl of an embedded 4-planar graph is turn-regular if and only
if there is an orthogonal relation between every two verticeH of

Proof. Only if. By considering all possible combinations of the four (mutually exclusive) cases of
Lemma 13 forH, with the four (mutually exclusive) cases of Lemma 14 foy, we obtain the sixteen
(mutually exclusive) cases shown in Table 2. For twelve of these cases, the orthogonal relations are
simply obtained by taking the “logical and” of the corresponding relations given in Lemmas 13 and 14.

We now show that the remaining four cases are impossible. Cleariwdfx) = mvav) in H,, then
there is a patht — v or v — u in H,, and if mhau) = mhav) in H,, then there is a path — v or
v — u in H,. As for the “otherwise—otherwise” case, it is impossible by Lemma 10.

If. Suppose, for a contradiction, that there is an orthogonal relation between every two vertices of
H and thatH is not turn-regular. Hence, there exists a fgcef H with two verticesu andv, whose
associated corneks andc, are kitty corners. Assume, without loss of generality, that the kitty corners
form a SW-NE pair (see Fig. 9(a)). We generate two new orthogonal representatioasd H, as
follows. H; is obtained by connecting andv with a horizontal edge such thatis the left end-vertex
of the new edge and is the right end-vertexH, is obtained by connecting andv with a vertical edge
such thaitu is the bottom end-vertex andis the top end-vertex. Note that adding these edges is always
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possible because is not the left or bottom end-vertex of an edgeAn andv is not the right or top
end-vertex of an edge iA .

H, and H, are orthogonal representations, since they satisfy Properties 1 and 2. We show this for an
internal face ofH,; the proofs for the external face @f; and for H, are similar. We assume that
contains no vertex of degree one and no multiple occurrences of the same vertex; if not, we can use the
same expansion technique adopted for the proofs in Section 3.3. Note that the only vertices affected by
the insertion of the new edge areandv, and that the only face ig. Let /" and f” be the two faces of
H, replacingf, and letf” be the face below edge, v) and f” be the face above. The anglesan f’ is
equal torr /2, while the angle at in f” is equal tar. Similarly, the angle ab in f” is equal tor, while
the angle ab in f” is equal tar /2. Property 1 is clearly satisfied lyandwv, since the angles atandv
in f are both & /2. As for Property 2, we prove that it is satisfied py the proof for f” is analogous.

Let p be the portion off from u (excluded) tov (excluded);; be the number of left turns ip, n, be
the number of flat turns ip, andn, be the number of right turns ip. Note that the vertices of in p
are also vertices of’, and that, in additionf’ containsu andv. Thus, Property 2 is satisfied by if

n-mw/24+nsg-m+n,-3n/24+n/24+7=[20+ns+n,+2)—4]-7/2,
(m+2n;4+3n,+14+2) -7n/2=(2n+2ny +2n,) -7/2,

n;+3n, +3=2n; + 2n,,

n,—n,=3.

And this is indeed the case. Letbe the first vertex of afteru, and letc,, be its associated corner. Since
¢, andc, are kitty corners inf, rotation,(c,, ¢,) = 2, and thugotation (c,,, ¢,) = rotation (c,, ¢,) =

3. That is, from the definition afotation, the number of left turns ip minus the number of right turns
in p is equal to three.

Since the edge connectingandv in H, is horizontal, it follows thai: must be left of and-aligned
with v in any planar drawing of{;. Similarly, © must be below and-aligned withv in any planar
drawing of H,. Also, note that a planar drawing &f can be obtained from any planar drawingrf or
H, by simply removing the extra edge. As a result, there is not an orthogonal relation bet\aedn;

a contradiction. O

6. Turn-regularity and drawing algorithms

In this section we first study the problem of efficiently checking whether an orthogonal representation
is turn-regular. Then we show how an optimal area orthogonal drawing of a turn-regular orthogonal
representation can be computed.

Theorem 6. A turn-regular orthogonal representation of an embedded 4-planar graph mvitartices
and bends can be recognizedQxin) time and space.

Proof. Let H be an orthogonal representation and/fdbe a face ofd with n ; vertices. We show how
to test whethelf is turn-regular in @u ¢) time and space. Since, for a planar grapty n ; = O(n), this
proves the claim.

We first consider the case in whighis an internal face. We index tliereflex corners off from c¢; to
¢, according to a counterclockwise visit of the boundaryfdfom an arbitrary vertex. We construct a
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circular list L of k elements, and we set itth elementL (i) = rotation(cy, ¢; 1), where, by convention,
cr+1 = c1. Sincek = O(ny), the size ofL is linear with the number of vertices of. Also, for each
1<i <k we haveL(i) = O(ny), because each vertex ¢fis associated with one or two corners, and
for each corner we have—1 < turn(c) < 1. Clearly, the construction of requires linear time. By
Property 6, in order to test the turn-regularity 6f we must verify whether there exist two indices
1<i < j <ksuchthatL(j)— L(i) =rotation(cy, ¢;j+1) — rotation(cs, c;+1) = rotation(c; 41, ¢j+1) = 2.

Let min and maxbe the minimum and maximum values storedLinrespectively. We construct an
array A of max— min+ 3 Boolean elements whose index is in the range— 2, ..., max We denote
theith element ofd by A(i) and we set it equal to true if there existsliran element whose valueis
equal to false otherwise.

The algorithm to test whethef is turn-regular consists of the following test for each elemgnf
L. Let p be the value ofL(j); if A(p — 2) is true, then there exists an elemeént j of L such that
L(i)=p —2.Hence,L(j)— L(i) =2, ;41 andc; 1 are Kitty corners, and is not turn-regular. If for
each element of. the result of the above test is false, thgis turn-regular.

We now consider the case in which is the external face. By Property 6, in order to test the
turn-regularity of f, we must verify whether there exist two indices<li < j < k such that either
L(j)—L(i)=2o0rL(j)— L(i) =—6. Thus, the array consists oimax— min+ 9 Boolean elements,
its index is in the rangmin—2, ..., max+ 6, and, in addition tol (p — 2), we also test whethet(p + 6)
is true.

Since verifying the value of an element afrequires constant time, and the number of elementis of
is O(n f), the overall procedure requires linear timea

The optimal area drawings that we want to compute are planar. The next theorem guarantees the
planarity of drawings that satisfy the orthogonal relations of a turn-regular orthogonal representation.

Theorem 7. Let H be a turn-regular orthogonal representation of an embedded 4-planar graph, and let
I" be an orthogonal drawing aff such that, for each paifu, v} of vertices ofH, the orthogonal relation
between: andv is satisfied. Thei” is planar.

Proof. Since H is a turn-regular orthogonal representation, by Theorem 5 for each pair of vertices
of H exactly one orthogonal relation is satisfied in all possible planar drawings. Suppose, for a
contradiction, that there exists a drawihgof H such that:
e ["is anon-planar drawing aff, and
e I satisfies all orthogonal relations defined by the turn-regularitif of
Let (u, v) and(w, z) be two edges of" that cross each other. We assume thav) is a vertical edge with
u below v, and that(w, z) is a horizontal edge withw left of z. The proof for the case of overlapping
vertices or edges is similar. Sinde satisfies all orthogonal relations defined by the turn-regularity of
H and, by Theorem 5, for each pair of verticesifexactly one orthogonal relation is satisfied in all
possible planar drawings dff, we conclude that the following orthogonal relations hold:u(ix, z,
(i) w <, u, (i) z <y vand (V)u <, w.

Since H is a planar orthogonal representation, there exists at least one planar diaofgH .
Since inI"’ edges(u, v) and (w, z) do not cross, the four orthogonal relations given above cannot be
simultaneously satisfied, contradicting the fact that in a turn-regular orthogonal representation exactly
one orthogonal relation holds between any two vertices.
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Fig. 20. (a)Dy. (b) D,. The corresponding grapl#s, andH,, from Fig. 11, are represented in grey.

We are now ready to present two different algorithms that compute optimal area drawings of turn-
regular orthogonal representations. These algorithms are variations of the two compaction procedures
described by Di Battista et al. [6]. For the first algorithm, we define two digraphs, deryteahd
D,. D, is obtained fromH, by shrinking each maximal vertical chain to a single vertex, by removing
possible multiple edges, and by adding a super-source and a super-sink (see Fig. 20(a)). Thus, there is
one-to-one correspondence between maximal vertical chaifg ahd vertices ofD,, and a many-to-
one correspondence between directed edd®,aind edges oD, . Note that in the shrinking process we
“preserve the embedding”, i.e., the circular ordering of the edges around eachweftéx is induced
by the circular ordering of the directed edges “around” the maximal vertical chaify abrresponding
to v. D, is obtained analogously frorif, by shrinking the maximal horizontal chains (see Fig. 20(b)).
Observe that, by Theorem &, and D, are uniquely determined.

Proposition 10. D, and D, are planarsz-digraphs.

Proof. We first prove thatD, and D, are planar. In particular, we prove the planarity/af; the proof
for D, is analogous. LeD be the graph obtained from, by removing the edges that correspond to
saturating edges i#/,. Note that, if we ignore the direction of the edgés,can be thought of as the
result of the shrinking process applied#a SinceH is an embedded planar graph,is an embedded
planar graph as well. In particular, there is a one-to-one correspondence between internal faees! of
faces ofD, and if the end-vertices of a saturating edge H, belong to facef of H, the end-vertices
of the directed edge aP, corresponding te belong to the face ab corresponding tgf. Let (x, v) and
(w, z) be two saturating edges i, that cross each other. We recall thav, w andz belong to the same
face f of H. Thus, from the discussion above, we can concentrate our attentignatome. We prove
that the crossing “disappears” during the shrinking process through vihiéch obtained. By Lemma 7,
eithermhau) = mhqw) or mhav) = mhqz). It follows that either: andw, or v andz are shrunk to the
same vertex irD, and the crossing “disappears” in the process.
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It remains to prove thaD, and D, arest-digraphs. The non-vertical edges Hf, are all directed
from left to right, and the non-horizontal edges #f are all directed from bottom to top. Hence, by
construction,D, and D, are acyclic. And still by construction, they have a single source and a single
sink. O

Theorem 8. Let H be a turn-regular orthogonal representation of an embedded 4-planar graph, and let
n be the number of vertices and bendstbf A planar orthogonal drawing off with optimal area can
be constructed i©(n) time and space.

Proof. We recall that there is a one-to-one correspondence between maximal vertical chdiis of
(and hence off) and vertices oD, ; similarly, there is a one-to-one correspondence between maximal
horizontal chains of, (and hence off) and vertices oD,.

We compute thec-coordinates of the vertical segments representing the maximal vertical chains of
H as follows. We assign unit weights to the edgedefand compute an optimal weighted topological
numberingX of D, (see [6, p. 89]). We then set the length of each horizontal directed@dgg of H
equal toX (v') — X (i), whereu’ andv’ are the vertices oD, representing the maximal vertical chains
of H containingu andv, respectively. In the same way, it is possible to computetheordinates of the
horizontal segments representing the maximal horizontal chaifs bkt I be the resulting drawing.

Lemma 13 shows thatl, represents all the-relations between vertices @ . This information is
represented by),, as well, since there is a many-to-one correspondence between directed ddlge of
and edges oD,. A similar argument holds foD,. Since the edges dp, and D, are assigned positive
weights, and sinc&X andY are weighted topological numberings Df, and D,, the x-relations and
y-relations between every two verticesifare satisfied i”. Thus, by Theorem 7 is planar.

Since the edges db, andD, are assigned unit weights, and since the weighted topological numbering
X andY are both optimal, the width and height Bfare both minimum. Hencd; has optimal area.

We finally prove that the time and space complexity of the algorithm(is) Q.et G, and G, be the
two switch-regular embedded upward planar digraphs obtained by suitably orienting the edges of the
underlying graph off (see Section 3.3). The unique saturatoGofand the unique saturator 6f, can
be constructed in @) time and space [8]. The construction 8f (H,) from H and the construction of
D, (Dy) from H, (H,) also require @) time and space. Since the number of vertice®o{D,) is not
greater than the number of verticesif and computing an optimal weighted topological numbering of
ann-vertex planasz-digraph requires 1) time and space, the claim is provedo

Theorem 9. Let H be a turn-regular orthogonal representation of an embedded 4-planar graph, and let
n be the number of vertices and bendg#fA planar orthogonal drawing off with optimal area4 and
whose total edge length is optimal among all drawings with afeean be constructed i®(n"/#logn)

time andO(n) space.

Proof. To compute a planar orthogonal drawing with minimum aréand whose total edge length
is minimum among all drawings with ared, we use a flow technique similar to that described by
Di Battista et al. [6]. LetH be a turn-regular orthogonal representation withertices. As seen in the
proof of Theorem 8, a planar orthogonal drawingfbfwith optimal area can be found by computing an
optimal weighted topological numbering @n andD,, independently. This means that the widttand

the height of the drawing can be minimized independently.
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(a) (b)

Fig. 21. (a)N,. (b) N,. The corresponding planar-digraphsD, andD, are represented in grey.

We construct two flow networka/, and N, associated wittD, and D,, respectively, and show that
the cost of any integer feasible flow with valueon N, plus the cost of any integer feasible flow with
values on N, is equal to the total edge length of a planar orthogonal drawing efith width w and
heighth. Consider the planar-digraph D,, and consider the external face Bf split into two regions,
the “left” external face and the “right” external face. We constigtas follows (see Fig. 21(b)):

e For each internal facg of D,, we consider a nodey in N,.

e For the external face ab,, we consider two nodes iN,, one for the “left” external face and one for
the “right” external face.

e Foreach edgeof D,, let f; be the face to the left af and £, be the face to the right @f. We consider
adual arc fromv;, to vy, in N,. The upper capacity of this arc is set+@o and the lower capacity is
set to 1. Finally, the cost of the arc is set to 2 dorresponds to an edge Hf and to 0 ife corresponds
to a saturating edge.

Since all arcs oV, have an infinite upper capacity, there always exists an integer feasible flow with value

h in N,. Each unit of flow on an arc oV, corresponds to a unit of length of the dual edgeDin In

particular, the flow on each arc with cost 1Af) corresponds to the length of a vertical edgeffThus,

computing a minimum cost flow with value on N, corresponds to minimizing the total length of the
vertical edges oH in an orthogonal drawing with heiglt

The construction ofV, is analogous to that a¥,, and computing a minimum cost flow with value
on N, corresponds to minimizing the total length of the horizontal edgd$ of an orthogonal drawing
with width w.

In order to prove that the obtained drawingis planar, we observe thd@, and D, represent the-
and y-relations between every two vertices in any planar drawingf oThese relations are satisfied by
the x- and y-coordinates obtained by computing the minimum cost flowsvgprand N,, and thus, by
Theorem 7,1 is planar. In particular, we observe that:

e If there is a directed edge:, v) in D, (Dy), u will be right of (below)v in I, since the flow on the
dual arc of(«, v) in N, (N,) is at least 1.
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e The lengths of the edges @&f, and D, are consistent. Recall th&t, and D, are planasz-digraphs,
and that the boundary of each fageof a planarsz-digraph consists of two directed paths enclosing
f, with.common origin and destinatiow, and N, are the dual planasz-digraphs ofD, and D,;
thus, for each facg of D, (D,), the incoming arcs ob; in N, (N,) are duals of the edges of the
“top” (“left”) path of f, and the outgoing arcs of; in N, (N,) are duals of the edges of the “bottom”
(*right”) path of f. The consistency of the lengths of the edgedofand D, then follows from the
conservation property of the flow. And since there is a many-to-one correspondence between directed
edge ofH, (H,) and edges oD, (D,), also the lengths of the edgesGfare consistent.

Hence, the minimum total edge length of a planar orthogonal drawigwith optimal aread = w*- h*,

is equal to the minimum cost of a flow with valug' on N, plus the minimum cost of a flow with value

h* onNj.

Finally, constructingV, (N,) from D, (D,) requires Qr) time and space, and the minimum cost flow

on N, (N,) can be computed in @"/#logn) time and Qn) space [16]. O

We recall that the minimum number of bends for an orthogonal representation of a 4-planar graph
with n vertices is @Qn) [3,32]. The algorithm described by Tamassia [30] produces such an orthogonal
representation, and there exist various algorithms for producing an orthogonal representation with a sub-
optimal Q(n) number of bends (see, e.g., [4,26,31]).

7. Experiments

In this section, we present the results of an experimental study on a test suite of planar orthogonal
representations of randomly generated biconnected 4-planar graphs. The analysis of the test suite ha
shown that the percentage of turn-regular faces is quite high. Motivated by this result, we have designed
compaction heuristics based on the idea of “face turn-regularization”.

7.1. Compaction heuristics

We have implemented a compaction algorithm for orthogonal representations based on the results
described in the previous sections. Namely,Hebe a given orthogonal representation of an embedded
4-planar graph. The algorithm proceeds as follows:

e H is first tested for turn-regularity, using the algorithm described in Theorem 6.
e If H isturn-regular, the algorithm computes an orthogonal drawirfg wfith optimal area and optimal

total edge length within that area by applying the techniques in Theorem 9.

e If H contains some faces that are not turn-regular, an algorithm is applied to make these faces turn-
regular. The algorithm adds dummy vertices and edgés, toreating a new orthogonal representation

H’ that is turn-regular. The techniques in Theorem 9 are then used to find a drAWwafgH’ with

optimal area and optimal total edge length within that area. Finally, the dummy vertices and edges are

removed fromI™’ to yield an orthogonal drawing of H. In general the orthogonal drawing does

not have optimal area and total edge length.

Two simple approaches are used to make non-turn-regular faces turn-regular:

1. The first approach is an improvement of one of the standard rectangularization methods [30]. When

a dummy edge is inserted, a dummy vertex is added only if it really needed. Each non-turn-regular
face is divided into two or more smaller, rectangular faces.
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2. In the second approach, a straight edge (randomly chosen to be either horizontal or vertical) is
recursively added between two kitty corners, until the face has been decomposed in smaller (but not
necessarily rectangular) turn-regular faces. In general, this technique adds a much smaller numbet
of dummy edges than the first approach.

In the following, we call the two heuristic compaction algorithms derived from the two turn-regularization
approaches described abddeurl andHeur2 , respectively. They are implemented in @B®Toolkit
library 4.

7.2. Test suite and experimental results

HeuristicsHeurl andHeur2 were tested on a set of 530 randomly generated biconnected 4-planar
graphs with number of vertices in the range, 10,3000. The results are compared with a third
compaction heuristicStdComp, in which all faces, both turn-regular and not, are decomposed into
rectangles using the rectangularization methodefirl .

The graphs in the test suite have been generated with a technique used in other experimental studie
on orthogonal drawings [1]. Each biconnected 4-planar graph is generated from a cycle of three vertices
by performing a random series bisert\Vertexand InsertEdgeoperations. ThénsertVertexoperation
subdivides an existing edge into two new edges separated by a new vertelns&€h&dgeoperation
inserts a new edge between two existing vertices on the same face. Any biconnected planar graph cau
be generated by a sequence of these two operations. Also, for each graph to be generated, the densi
of the graph, i.e., the number of edges divided by the number of vertices, is randomly chosen before the
generation algorithm is run.

Percentage of Turn-Regular Faces
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Fig. 22. The percentage of turn-regular faces of each graphxJheés indicates the density. The horizontal line
indicates the average value.

4 http://ww.dia.uniroma3.it/"gdt/
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Fig. 23. The average percentage improvement in area, total edge length, and maximum edge ldegtt of
andHeur2 with respect tdstdComp. Thex-axes indicate the number of vertices. The interval lines indicate the
minimum and maximum improvement.
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Our first experiment consisted in studying the percentage of turn-regular faces in the graphs of our test
suite. We have found that the percentage of turn-regular faces increases logarithmically with the density
of the graphs, stabilizes at around 95%, and has an average value of 89% (see Fig. 22).

We have then analyzed the results of the three heuristics. In particular, we have consideétedyfor
andHeur2 , the improvement in the drawing area, total edge length, and maximum edge length with
respect tastdComp. Heur2 performs better thakleurl in most cases; also, the improvement in area
and total edge length dleur2 with respect taStdComp increases with the number of vertices of the
graph (see Fig. 23). The average improvements of area and total edge length are 25 and 19%, respectivel
for graphs with 3000 vertices; and there are some graphs in the test suite for which the area improvemen
is more than 45%.

We have also executed the three heuristics on a very large graph with 10,000 vertices. The drawing
computed byHeur2 improves the area by 41% and the total edge length by 22% with respect to the
drawing computed b$tdComp.

8. Conclusions and future work

We introduced the notion of turn-regularity which allows the characterization of a class of orthogonal
representations that are optimally compactable in terms of area in polynomial-time. In particular, given
a turn-regular orthogonal representation of an embedded 4-planar graph, we provided a linear-time
algorithm to compute a planar drawing with minimum area, and a polynomial-time algorithm to compute
a planar drawing with optimal area and minimum total edge length within that area.

We provided several implementations of heuristics for making orthogonal representations turn-regular
and we used them in the compaction algorithm, in place of the standard rectangularization step.
Experiments on a randomly generated test suite of biconnected 4-planar graphs showed that the nev
compaction strategy performs much better than the standard one, especially for very large graphs.

The results presented in this paper motivate some future work, which includes:

e To continue the experimental study of the described heuristics on non-biconnected 4-planar graphs,
comparing their behavior also with that of VLSI compaction algorithms.
e Toinvestigate other effective heuristics for making an orthogonal representation turn-regular by adding

a small number of edges.

e To find other families of orthogonal representations for which an optimal area drawing can be
computed in polynomial time.

e The problem of computing an orthogonal representation with the minimum number of bends has been
extensively investigated in a variable embedding setting [1,9,11,14]. It would be interesting to study
the compaction problem when it is possible to change the embedding of the input graph.
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