Artificial
Intelligence

ELSEVIER Artificial Intelligence 122 (2000) 71-109
www.elsevier.com/locate/artint

Bounded-parameter Markov decision processes

Robert Givart*, Sonia Leach, Thomas Deah

@ Department of Electrical and Computer Engineering, Purdue University, 1285 EE Building,
West Lafayette, IN 47907, USA
b Department of Computer Science, Brown University, 115 Waterman Street,
Providence, Rl 02912, USA

Received 28 May 1999; received in revised form 22 May 2000

Abstract

In this paper, we introduce the notion obaunded-parameter Markov decision procéBSDP)
as a generalization of the familiaxactMDP. A bounded-parameter MDP is a set of exact MDPs
specified by giving upper and lower bounds on transition probabilities and rewards (all the MDPs in
the set share the same state and action space). BMDPs form an efficiently solvable special case of
the already known class of MDPs wittmprecise parameter@IDPIPs). Bounded-parameter MDPs
can be used to represent variation or uncertainty concerning the parameters of sequential decision
problems in cases where no prior probabilities on the parameter values are available. Bounded-
parameter MDPs can also be used in aggregation schemes to represent the variation in the transition
probabilities for different base states aggregated together in the same aggregate state.

We introduceinterval value functionss a natural extension of traditional value functions. An
interval value function assigns a closed real interval to each state, representing the assertion that
the value of that state falls within that interval. An interval value function can be used to bound
the performance of a policy over the set of exact MDPs associated with a given bounded-parameter
MDP. We describe an iterative dynamic programming algorithm catieztval policy evaluation
that computes an interval value function for a given BMDP and specified policy. Interval policy
evaluation on a policyr computes the most restrictive interval value function that is sound, i.e., that
bounds the value function for in every exact MDP in the set defined by the bounded-parameter
MDP. We defineoptimistic and pessimisticcriteria for optimality, and provide a variant of value
iteration (Bellman, 1957) that we caliterval value iterationthat computes policies for a BMDP
that are optimal with respect to these criteria. We show that each algorithm we present converges to
the desired values in a polynomial number of iterations given a fixed discount fa@600 Elsevier
Science B.V. All rights reserved.
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1. Introduction

The theory of Markov decision processes (MDPs) [1,2,10,11,14] provides the semantic
foundations for a wide range of problems involving planning under uncertainty [5,7].
Most work in the planning subarea of artificial intelligence addresses problems that can
be formalized using MDP models—however, it is often the case that such models are
exponentially larger than the original “intensional” problem representation used in Al
work. This paper generalizes the theory of MDPs in a manner that is useful for more
compactly representing Al problems as MDPs via state-space aggregation, as we discuss
below.

In this paper, we introduce a generalization of Markov decision processes called
bounded-parameter Markov decision procesddgDPs) that allows us to model uncer-
tainty about the parameters that comprise an MDP. Instead of encoding a parameter such
as the probability of making a transition from one state to another as a single number, we
specify a range of possible values for the parameter as a closed interval of the real numbers.

A BMDP can be thought of as a family of traditional (exact) MDPs, i.e., the set of all
MDPs whose parameters fall within the specified ranges. From this perspective, we may
have no justification for committing to a particular MDP in this family, and wish to analyze
the consequences of this lack of commitment. Another interpretation for a BMDP is that
the states of the BMDP actually represent sets (aggregates) of more primitive states that
we choose to group together. The intervals here represent the ranges of the parameters
over the primitive states belonging to the aggregates. While any policy on the original
(primitive) states induces a stationary distribution over those states that can be used to
give prior probabilities to the different transition probabilities in the intervals, we may be
unable to compute these prior probabilities—the original reason for aggregating the states
is typically to avoid such expensive computation over the original large state space.

Aggregation of states in very large state spaces was our original motivation for
developing BMDPs. Substantial effort has been devoted in recent years within the Al
community [6,8,9] to the problem of representing and reasoning with MDP problems
where the state space is not explicitly listed but rather implicitly specified witkctared
representation In such problems, an explicit listing of the possible system states is
exponentially longer than the more natural implicit problem description, and such an
explicit list is often intractable to work with. Most planning problems of interest to Al
researchers fit this description in that they are only representable in reasonable space using
implicit representations. Recent work in applying MDPs to such problems (e.g., [6,8,9])
has considered state-space aggregation techniques as a means of dealing with this problem:
rather than work with the possible system states explicitly, aggregation techniques work
with blocks of similar or identically-behaving states. When aggregating states that have
similar but not identical behavior, the question immediately arises of what transition
probability holds between the aggregates: this probability will depend on which underlying
state is in control, but this choice of underlying state is not modelled in the aggregate
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model. This work can be viewed as providing a means of addressing this problem by
allowing intervals rather than point values for the aggregate transition probabilities: the
interval can be chosen to include the true value for each of the underlying states present
in the aggregates involved. It should be noted that under these circumstances, deriving a
prior probability distribution over the true parameter values is often as expensive as simply
avoiding the aggregation altogether and would defeat the purpose entirely. Moreover,
assuming any particular probability distribution could produce arbitrarily inaccurate
results. As a result, this work considers parameters falling into intervals with no prior
probability distribution specified over the possible parameter values in the intervals,
and seeks to put bounds on how badly or how well particular plans will perform in
such a context, as well as to provide means to find optimal plans under optimistic or
pessimistic assumptions about the true distribution over parameter values. In Section 6,
we discuss the application of our BMDP approach to state-space aggregation problems
more formally. Also, in a related paper, we have shown how BMDPs can be used as part
of an state-space aggregation strategy for efficiently approximating the solution of MDPs
with very large state spaces and dynamics compactly encoded in a factored (or implicit)
representation [10].

We also discuss later in this paper the potential use of BMDP methods to evaluate the
sensitivity of the optimal policy in an exact MDP to small variations in the parameter values
defining the MDP—using BMDP policy selection algorithms on a BMDP whose parameter
intervals represent small variations (perhaps confidence intervals) around the exact MDP
parameter values, the best and worst variation in policy value achieved can be measured.

In this paper we introduce and discuss BMDPs, the BMDP analog of value functions,
calledinterval value functionsand policy selection and evaluation methods for BMDPs.
We provide BMDP analogs of the standard (exact) MDP algorithms for computing the
value function for a fixed policy (plan) and (more generally) for computing optimal value
functions over all policies, calleihterval policy evaluatiorand interval value iteration
(IV1) respectively. We define the desired output values for these algorithms and prove that
the algorithms converge to these desired values in polynomial time, for a fixed discount
factor. Finally, we consider two different notions of optimal policy for a BMDP, and show
how IVI can be applied to extract the optimal policy for each notion. The first notion
of optimality states that the desired policy must perform better than any other under the
assumption that an adversary selects the model parameters. The second notion requires the
best possible performance when a friendly choice of model parameters is assumed.

Our interval policy evaluation and interval value iteration algorithms rely on iterative
convergence to the desired values, and are generalizations of the standard MDP algorithms
successive approximatiaandvalue iteration respectively. We believe it is also possible
to design an interval-valued variant of the standard MDP algoritloiity iteration but
we have not done so at this writing—however, it should be clear that our successive
approximation algorithm for evaluating policies in the BMDP setting provides an essential
basic building block for constructing a policy iteration method; all that need be added
is a means for selecting a new action at each state based on the interval value function
of the preceding policy (and a possibly difficult corresponding analysis of the properties
of the algorithm). We note that there is no consensus in the decision-theoretic planning
and learning and operations-research communities as to whether value iteration, policy
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iteration, or even standard linear programming is generally the best approach to solving
MDP problems: each technique appears to have its strengths and weaknesses.

BMDPs are an efficiently solvable specialization of the already known clagadfov
Decision Processes with Imprecisely Known Transition ProbabiliBPIPs) [15,17,

18]. In the related work section we discuss in more detail how BMDPs relate to MDPIPs.
Here is a high-level overview of how conceptual, theoretical, algorithmic, and experi-
mental treatments are woven together in the remainder of the paper. We begin by intro-
ducing the concept of a Bounded-Parameter MDP (BMDP), and introducing and justifying
BMDP analogues for optimal policies and value functions. In terms of the theoretical de-
velopment, we define the basic mathematical objects, introduce notational conventions,
and provide some background in MDPs. We define the objects and operations that will be
useful in the subsequent theoretical and algorithmic development, e.g., composition op-
erators on MDPs and on policies. Finally, we define and motivate the relevant notions of
optimality, and then prove the existence of optimal policies with respect to the different

notions of optimality.

In addition to this theoretical and conceptual development, in terms of algorithm
development we describe and provide pseudocode for algorithms for computing optimal
policies and value functions with respect to the different notions of optimality, e.g.,
interval policy evaluation and interval value iteration. We provide an analysis of the
complexity of these algorithms and prove that they compute optimal policies as defined
earlier. We then describe a proof-of-concept implementation and summarize preliminary
experimental results. We also provide a brief overview of some applications including
sensitivity analysis, coping with parameters known to be imprecise, and support for state
aggregation methods. Finally, we survey some additional related work not covered in the
primary text and summarize our contributions.

Before introducing BMDPs and their algorithms in Section 4 and Section 5, we first
presentin the next two sections a brief review of exact MDPs, policy evaluation, and value
iteration in order to establish notational conventions we use throughout the paper. Our
presentation follows that of [14], where a more complete account may be found.

2. Exact Markov decision processes

An (exact) Markov decision proced4 is a four-tupleM = (Q, A, F, R) whereQ is a
set of statesA is a set of actionsk is a reward function that maps each state to a real value
R(g)! andF is a state-transition distribution so that foe A andp, g € Q

Fpg(@) =Pr(X;11=¢q| X;=p, U =), (1)

whereX,; andU, are random variables denoting, respectively, the state and action at time
When needed we writ€ to denote the transition function of the MDIP.

A policy is a mapping from states to actions; Q — A. The set of all policies is
denotedl7. An MDP M together with a fixed policyr € IT determines a Markov chain

1The techniques and results in this paper easily generalize to more general reward functions. We adopt a less
general formulation to simplify the presentation.
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such that the probability of making a transition frgnto ¢ is defined byF,, (7 (p)). The
expected value functiqor simply thevalue functiofassociated with such a Markov chain
is denotedVy, . The value function maps each state teeitpected discounted cumulative
reward defined by

Vi (P) = R(p) +7 Y Fpg(m(p)) Vi 2 (@), 2
q€Q

where 0< y < 1 is called thaliscount rate? In most contexts, the relevant MDP is clear
and we abbreviat®y, , asV;.

The optimal value functior¥/;; (or simply V* where the relevant MDP is clear) is
defined as follows.

V¥(p) = T&X(MP) +vy % Fpq (Ot)V*(q)) (3
qe

The value functiorV* is greater than or equal to any value functignin the partial order
>dom defined as followsVi >q4om V2 if and only if for all states;, V1(¢) > V2(g) (in this
case we say thdt; dominatesVz). We write V1 >qom V2 to meanVi >qom V2 and for at
least one state, Vi(g) > V2(q).

An optimal policy is any policyr* for which V* = V,+. Every MDP has at least one
optimal policy, and the set of optimal policies can be found by replacing the in the definition
of V* with argmax.

3. Estimating traditional value functions

In this section, we review the basics concerning dynamic programming methods for
computing value functions for fixed and optimal policies in traditional MDPs. We follow
the example of [14]. In Section 5, we describe novel algorithms for computing the interval
analogs of these value functions for bounded-parameter MDPs.

We present results from the theory of exact MDPs that rely on the concept of normed
linear spaces. We define operators, andVI, on the space of value functions. We then
use the Banach fixed point theorem (Theorem 1) to show that iterating these operators
converges to unique fixed pointg; andV* respectively (Theorems 3 and 4).

Let V denote the set of value functions gnh For eachv € V, define the (supormof
v by

vl = max|v(g)]. (4)
q€Q
We use the terrnonvergencéo mean convergence in the norm sense. The spaogether

with || - || constitute a complete normed linear spaceBanach spacef U is a Banach
space, then an operatbr. U — U is acontraction mappingf there exists &, 0 < A < 1,

2 Inthis paper, we focus on expected discounted cumulative reward as a performance criterion, but other criteria,
e.g., total or average reward [14], are also applicable to bounded-parameter MDPs.
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such that|Tv — Tu| < Allv — ul| for all u andv in U. DefineVI:V — V and for each
7 ell,Vl;:V — Voneachp € Q by

VI()(p) = TEiX<R(p) +y Z Fpq (a)v(q)>, and (%)
q€Q
Viz@)(p) = R(p) +v Y Fpg(m(p)v(@). 6)
qeQ

In cases where we need to make explicit the MDP from which the transition function
F originates, we writeV/l, , andVl,, to denote the operatokd, andVI just defined,
except that the transition functidnis F*. More generally, we writ&/1,, , : V — V and
Vly.o:V — V to denote operators defined on each Q as:

Vi @)(p) = R(p)+v Y Fpt (m(p))v(9),

qeQ @)
Vina@)(p)=R(p)+v Y Fal@v(g).
q€Q
Using these operators, we can rewrite the definitiorVfdrandV,, as
Vi(p)=VI(V*)(p) and Vz(p)=VIz(Vz)(p) (8)

for all statesp € Q. This implies thatV* and V, are fixed points ofVl and VI,
respectively. The following four theorems show that for each operator, iterating the
operator on an initial value estimate converges to these fixed points. Proofs for these
theorems can be found in the work of Puterman [14].

Theorem 1. For any Banach spac¥ and contraction mappin@ : U — U, there exists a
uniquev* in U such thatl' v* = v*; and for arbitrary1° in U, the sequenc@”} defined
by v = Tv"~1 = 70 converges ta*.

Theorem 2. VI and VI, are contraction mappings.

Theorems 1 and 2 together prove the following fundamental results in the theory of
MDPs.

Theorem 3. There exists a unique* € V satisfyingv* = VI(v*); furthermore,v* = V*.
Similarly V;; is the unique fixed point of YI

Theorem 4. For arbitrary v° € V, the sequenc@”} defined by = VI(v"~1) = VI (%)
converges td/*. Similarly, iterating VI, converges td/,, .

An important consequence of Theorem 4 is that it provides an algorithm for finding
and V. In particular, to findV* we can start from an arbitrary initial value functiof
in V, and repeatedly apply the opera¥rto obtain the sequende”}. This algorithm is
referred to avalue iteration Theorem 4 guarantees the convergence of value iteration to
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the optimal value function. Similarly, we can specify an algorithm caglelity evaluation
that findsV, by repeatedly applyiny|, starting with an initiab® € V.

The following theorem from [12] states a convergence rate of value iteration and
policy evaluation that can be derived using bounds on the precision needed to represent
solutions to a linear program of limited precision (each algorithm can be viewed somewhat
nontrivially as solving a linear program).

Theorem 5. For fixed y, value iteration and policy evaluation converge to the optimal
value function in a number of steps polynomial in the number of states, the number of
actions, and the number of bits used to represent the MDP parameters.

Another important theorem that is used extensively in the proofs of the succeeding
sections results directly from the monotonicity of the, operator with respect to the
<dom and>q4om orderings, together with the above theorems.

Theorem 6. Letx € IT be a policy and¥ an MDP. Suppose there exisis V for which
u <dom (ZdomVlum » (1), thenu <gom (=dom) V.. Likewise for the orderings:gom and
>dom:

4. Bounded-parameter Markov decision processes

A bounded-parameter MDEBMDP) is a four-tupleMy = (Q, A, Fy, Ry) whereQ and
A are defined as for MDPs, arfd and R4 are analogous to the MDP and R but yield
closed real intervals instead of real values. That is, for any act@nd statep, ¢, R4 (p)
and Fy , () are both closed real intervals of the fofimu] for real numbersg andu
with / < u, where in the case df; we require 0< ! < u < 1.3 To ensure thaf; admits
only well-formed transition functions, we require that for any actioand statep, the
sum of the lower bounds aof} , ,(«) over all states; must be less than or equal to 1
while the upper bounds must sum to a value greater than or equal to 1. Fig. 1 depicts the
state-transition diagram for a simple BMDP with three states and one action. We use a one-
action BMDP to illustrate various concepts in this paper because multi-action systems are
awkward to draw, and one action suffices to illustrate the concepts. Note that a one action
BMDP or MDP has only one policy available (select the only action at all states), and so
represents a trivial control problem.

ABMDP My =(0, A, Fy, Ry) defines a set of exact MDPs that, by abuse of notation,
we also callpy. For any exact MDRM = (Q', A, F', R"), we haveM € My if Q = Q’,
A = A’, and for any actionx and stateg, ¢, R'(p) is in the intervalR; (p) and F;,’q(oz)
is in the intervalFy , ,(a). We rely on context to distinguish between the tuple view of
My and the set of exact MDPs view 81 . In the remaining definitions in this section, the
BMDP M, is implicit. Fig. 3 shows an example of an exact MDP belonging to the family

3 To simplify the remainder of the paper, we assume that the reward bounds are always tight, i.e., that for all
q € Q, for some real, Ry(q) = [1,1], and we refer td as R(¢). The generalization of our results to nontrivial
bounds on rewards is straightforward.
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_10.89,1.0]
Reward =9
[0.7,0.8]
[0.1, 0.15]
Reward =1 /
[0.0,0.1]
[0.7,1.0]

[0.2,0.5] Reward = 10

Fig. 1. The state-transition diagram for a simple bounded-parameter Markov decision process with three states
and a single action. The arcs indicate possible transitions and are labeled by their lower and upper bounds.

described by the BMDP in Fig. 1. We use the convention that thick wavy lines represent
interval valued transition probabilities and thinner straight lines represent exact transition
probabilities.

An interval value functionV, is a mapping from states to closed real intervals. We
generally use such functions to indicate that the value of a given state falls within the
selected interval. Interval value functions can be specified for both exact MDPs and
BMDPs. As in the case of (exact) value functions, interval value functions are specified
with respect to a fixed policy. Note that in the case of BMDPs a state can have a range of
values depending on how the transition and reward parameters are instantiated, hence the
need for an interval value function.

For each interval valued function (e.dgy, Ry, V4, and those we define later) we define
two real valued functions that take the same arguments and return the upper and lower
interval bounds, respectively, denoted by the following syntactic variatiBpsR, Vy
for upper bounds, anff, R, V, for lower bounds, respectively. So, for example, at any
stateg we haveVy(q) =[V(q), V4(q)].

We note that the number of MDPH € My is in general uncountable. We start our
analysis by showing that there is a finite sub&gf, € My of these MDPs of particular
interest. Given any orderin@ of all the states inQ, there is a unique MDR/ € M, that
minimizes, for every statge and actionx, the expected “position in the ordering” of the
state reached by taking actiann stateg—in other words, an MDP that for every state
and actior sends as much probability mass as possible to states early in the or@ering
when taking actiomr in stateq. Formally, we define the following concept:

Definition 1. Let O =gq1, q2, ..., qx be an ordering o). We define th@rder-maximizing
MDP M with respect to orderin@ as follows.

Let r be the index K r < k that maximizes the following expression without letting it
exceed 1:

r—1 k
Z Ftp g (@) + Z Fyp g (@) (©)
i=1 i=r

The valuer is the index into the state orderifig;} such that below index we assign the
upper bound, and above indexve assign the lower bound, with the rest of the probability
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mass fromp undero being assigned tq,. Formally, we selecty € M4 by choosing
F,’,‘ﬂf () for all g € Q as follows:

Fqul_(Ol) if j<r,

F%fj(a)Z @ if i and
¢pq[a It j>r,
i=k

M M,

FMo (@) =1— Z F)o(a).
i=1,i#r

Fig. 2 shows a diagrammatic representation of the order-maximizing MDP at a particular
state p for the particular ordering of the state space shown. Fig. 3 shows the order-
maximizing MDP for the particular BMDP shown in Fig. 1 using a particular state order
(2> 3> 1), as a concrete example.

Definition 2. Let Xm, be the set of order-maximizing MDR¥ in My, one for each
orderingO. Note that since there are finitely many orderings of statgs, is finite.

Fig. 2. An illustration of the transition probabilities in the order-maximizing MDP at the gtefta the order
shown. The lighter shaded portions of each arc represent the required lower bound transition probability and the

darker shaded portions represent the fraction of the remaining allowed transition probability assigned to the arc
by T.

—0.89
07 \ Reward =9
0.11
Reward =1 —
0.1
0.9
03 Reward = 10

Fig. 3. The order-maximizing MDP for the BMDP shown in Fig. 1 using the state ordeB 2 1.
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We now show that the sét,, in some sense contains every MDP of interest fidm
In particular, we show that for any policy and any MDPM in My, the value ofr in M
is bracketed by values af in two MDPs inX y, .

Lemma 1. For any MDPM € My:
(a) Forany policyr € I1, there are MDPsM1 € X, and M2 € Xy, such that

VMl,n <dom VM,zr <dom VMz,n- (10)

(b) Also, for any value function € V, there are MDPsV/3 € Xwm, andMy € Xy, such
that

V|M3,n(v) gdomV|M,n(U) gdomV|M4,71 (v). (11)
Proof. See Appendix A. O
Interval value functions for policies

We now define the interval analogue to the traditional MDP policy-specific value func-
tion V;, and state and prove some of the properties of this interval value function. The
development here requires some care, as one desired property of the definition is not im-
mediate. We first observe that we would like an interval-valued function over the state space
that satisfies a Bellman equation like that for traditional MDPs (as given by Eq. (2)). Unfor-
tunately, stating a Bellman equation requires us to have specific transition probability dis-
tributions F rather than a range of such distributions. Instead of defining policy value via a
Bellman equation, we define the interval value function directly, at each state, as giving the
range of values that could be attained at that state for the various choigealiofved by
the BMDP. We then show that the desired minimum and maximum values can be achieved
independent of the state, so that the upper and lower bound value functions are just the val-
ues of the policy in particular “minimizing” and “maximizing” MDPs in the BMDP. This
fact enables the use of the Bellman equations for the minimizing and maximizing MDPs to
give an iterative algorithm that converges to the desired values, as presented in Section 5.

Definition 3. For any policyr and statey, we define thenterval valueVy _(¢) of = atg
to be the interval

V =| min V, max V . 12
42 (@) [MEM M,zr(‘])’MeM)i M. (q)] (12)

We note that the existence of these minimum and maximum values follows from Lemma 1
and the finiteness of the s&ty,, —because Lemma 1 implies thet_(¢) is the same as
the following where the minimization and maximization are done over finite sets:

v —[ min v, % . 13
42 (@) [M@;rﬂl% M,n(‘])’MT)?-;; M7 (q)] (13)

In preparation for the discussion in Section 5, we show in Theorem 7 that for any policy
there is at least one specifiolicy-maximizingDP in M that achieves the upper bound
in Definition 3 at all stategy simultaneously (and likewise a different specifiolicy-
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minimizingMDP that achieves the lower bound at all statessmultaneously). We formally
define these terms below.

Definition 4. For any policyz, an MDP M € My is m-maximizingif Vj; . dominates
Vi o foranyM’ € My, i.e., foranyM € M}, Vi x >dom Vi - Likewise,M € My is -
minimizingif it is dominated by all suctVy , i.e., foranyM’ € My, Vi » <dom V' x-

Fig. 4 shows the interval value function for the only policy available in the (trivial) one-
action BMDP shown in Fig. 1, along with the-maximizing andz-minimizing MDPs for
that policy.

V = [80.1,85.2]
Reward =9

(07,08 o
V = [66.8,76.7] °
Reward = af /[0.1, 0.15]

[0.0,0.1]
[0.7,1.0] ‘ 5

[0.89, 1.0]

[0.2,0.5]
Reward = 10
V = 1[70.1,79.8]
V = 80.1 V =852
Reward =9 Reward =9
0.89 0.9
03 - 0.8 -
V = 66.8 \ V =767 \
Reward =1 Reward = 1
_0.11 0.1
0.0 0.1
0.9
0.2
Reward = 10 Reward = 10
V = 170.1 V =798

n—minimizing MDP

n—maximizing MDP

Fig. 4. The interval value function (shown &g on the top subfigure), policy-minimizing MDP with state values
(lower left), and policy-maximizing MDP with state values (lower right) for the one-action BMDP shown in
Fig. 1 under the only policy. We assume a discount factor of 0.9. Note that the lower-bound values in the interval
value function are the state values under the policy-minimizing MDP, and the upper-bound values are the state
values under the policy-maximizing MDP. Also, note that the policy-maximizing MDP is the order-maximizing
MDP for the state order 3 2 > 1 and the policy-minimizing MDP is the order-maximizing MDP for the order

1> 2 > 3—policy-minimizing and -maximizing MDPs are always order-maximizing for some order (but the
orders need not be reverse to one another as they are in this example).
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We note that Lemma 1 implies that for any single statand any policyr we can select
an MDP M € M, to maximize (or minimize)y » (q) by selecting the MDP irX y;, that
gives the largest value for at . However, we have not shown that a single MDP can
be chosen to simultaneously maximize (or minimig) - (¢) at all statesy € Q (i.e.,
that there existr-maximizing andrz-minimizing MDPs). In order to show this fact, we
show how to compose two MDPs (with respect to a fixed patigyto construct a third
MDP such that the value of in the third MDP is not less than the value ofin either
of the initial two MDPs, at every state. We can then construetrmaximizing MDP by
composing together all the MDPs that maximize the value af the different individual
states (likewise forr-minimizing MDPs using a similar composition operator). We start
by defining the just mentioned policy-relative composition operators on MDPs:

Definition 5. Let @, and®y;,, denote composition operators on MDPs with respect to
a policyr € I1, defined as follows:
If M1, M> € My, thenM3z = M1 &}, M> if for all statesp, g € Q,

FM3(O[) _ ngl(()l) if Vi, z(P) 2 Vi n (P) anda = 7 (p),
" F)2(@) otherwise

If M1, M2 € My, thenM3z = M1 &, M- if for all statesp, q € O,

F)i@)  if Vigyx (p) < Vitpr (p) anda = (p),

M .
FM2 (x) otherwise

M —
Fpg'(e) =

We give as an example in Fig. 5 two MDPs from the BMDP of Fig. 1, along with
their composition under they,,, operator wherer is the single available policy for that

V =848 V =850 V =852
Reward =9

Reward = 10 Reward = 10 Reward = 10
V =794 V =793 V =798
T
MDP M, MDP M, M, ®%. M,

Fig. 5. Two MDPsM1 and M» from the BMDP shown in Fig. 1, and their composition unég,x Wheresx

is the only available policy in the one-action BMDP. State-transition probabilities for the composition MDP are
selected from the component MDP that achieves the greater value for the source state of the transition. State
values are shown for all three MDPs—note that the composition MDP achieves higher value at every state, as
claimed in Lemma 2.
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one-action BMDP. We now state the property claimed above for this MDP composition
operator:

Lemma 2. Lets be a policy infT and M1, M> be MDPs inM}.
(a) For M3 = M1 ®f,4x M2,

VM3,71 Zdom VMl,rr and VM3,71 Zdom VMZ,J'[’ and (14)
(b) for M3 = M1 &7, M2,
Vmz,n <dom Vmy,n and Vmz,n <dom Vy,x- (15)

Proof. See Appendix A. O

These MDP composition operators can now be used to show the existence of policy-
maximizing and policy-minimizing MDPs withii ;.

Theorem 7. For any policyr € I, there existr -maximizing andr-minimizing MDPs in
XM¢ - M¢.

Proof. EnumerateXy,, as a finite sequence of MDRdy, ..., M. Consider composing
these MDPs together to construct the MB#Pas follows:

M= (((Ml 69jr;ax[WZ) 69%ax' : ) 69jr%ax Mk)- (16)

Note that M may depend on the ordering @ff4, ..., My, but that any ordering is
satisfactory for this proof. It is straightforward to show by induction using Lemma 2 that
VM = =dom Vu,,» foreach 1< i < k, and then Lemma 1 implies th¥l;, ; >dom V. for
anyM’ e My. M is thus ar-maximizing MDP. AlthoughV/ may not be inX;,, Lemma 1
implies thatVy, , must be dominated by, , for someM’ € X, which must also be
-maximizing.

An identical proof implies the existence af-minimizing MDPs, replacing each
occurrence of “max” with “min” and eachqom With <gom. O

Corollary 1. 'V, = minyepm, (Vi z) and V4 = maxyem, (Vi ») where the minimum
and maximum are computed relativet@om and are well-defined by Theorem

We give an algorithm in Section 5 that convergesftg, by also converging to a-
minimizing MDP in M (similarly for V; _, exchangingr -maximizing forz -minimizing).

Optimal value functions in BMDPs

We now consider how to define an optimal value function for a BMDP. First, consider
the expression max 7 (Vy ). This expression is ill-formed because we have not defined
how to rank the interval value functiong  in order to select a maximurh.We focus

4 Similar issues arise if we attempt to define the optimal value function using a Bellman style equation such as
Eq. (3) because we must compute a maximization over a set of intervals.
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here on two different ways to order these value functions, yielding two notions of optimal
value function and optimal policy. Other orderings may also yield interesting results.
First, we define two different orderings on closed real intervals:

(U1, ual <pesll2, uz]) < (I1 < Iz or (I1 =l anduy < up)),

17)
(U1, u1] <optll2, u2]) < (u1 <uz or (uy =uz andly < 12)).

We extend these orderings to partial orders over interval value functions by relating two
value functionsVy; <opt V4, only whenVy,(q) <opt V4,(gq) for every stateg. We can

now use either of these orderings to compute fagxVy., ), yielding two definitions of
optimal value function and optimal policy. However, since the orderings are partial (on
value functions), we prove first (Theorem 8) that the set of policies contains a policy that
achieves the desired maximum under each ordering (i.e., a policy whose interval value
function is ordered above that of every other policy).

Definition 6. An optimistically optimal policyropt is any policy such thaV%Opt Zopt Vi,
for all policies. A pessimistically optimal policypesis any policy such that/%pes Zpes
vy, for all policiesr.

In Theorem 8, we prove that there exist optimistically optimal policies by induction
(an analogous proof holds for pessimistically optimal policies). We develop this proof in
two stages, mirroring the two-stage definitionedp (first emphasizing the upper bound
and then breaking ties with the lower bound). We first construct a pelidgr which the
upper bounds of the interval value functigfn_, dominate thosé’; , of any other policy
7””. We then show that the finite set of such policies (all tied on upper bounds) can be
combined to construct a policyop: with the same upper bound valulzf§ﬂom and whose
lower boundsvhom dominate those of any other policy. Each of these constructions relies
on the following policy composition operator:

Definition 7. Let @opt and @pes denote composition operators on policies, defined as
follows. Consider policieg, 72 € I1.
Let w3 = 1 @opt 2 if for all statesp € Q:

mi(p) i Vi (p) Zopt Vi, (P). (18)

3(p) =
3 m2(p) otherwise

Let 3 = 1 @pes2 If for all statesp € Q:

m1(p) if Vinl(l’) >pesV¢n2(P), (19)

w3(p) =
3P m2(p) otherwise

Our task would be relatively easy if it were necessarily true that

V¢(7Tl®opt772) Zopt V¢H1 and V¢(7T1®opt772) Zopt V¢772 (20)
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(and likewise for the pessimistic case). However, because of the lexicographic nature of
>opt, these statements do not hold (in particular, the lower bound values for some states
may be worse in the composed policy than in either component even when the upper
bounds on those states do not change). For this reason, we prove a somewhat weaker result
that must be used in a two-stage fashion as demonstrated below:

Lemma 3. Given a BMDPMy, and policiesny, 2 € IT, w3 = w1 @opt 72, and w4 =
71 Bpesm2:

(a) VTng >dom VT?Tl and VT?Ts Zdom VTnz'

(b) If VTnl = VTnz thenV%s Zopt V¢n1 and V¢n3 Zopt V¢ﬂ2.

(c) Vim; Zdom V¢n1 and Vln4 Zdom Vinz.

(d) If V¢n1 = V¢n2 then V¢n4 Zpes V¢n1 and V¢n4 >pesv¢n2.

Proof. See Appendix A. O
Theorem 8. There exists at least one optimisticalpessimisticallyoptimal policy.

Proof. EnumeratdT as a finite sequence of policies, . . ., 7. Consider composing these
policies together to construct the poligyptup as follows:

Toptup = (((Tfl Dopt 72) Bopt - - ) Dopt 7Tk)~ (21)

Note thatmoptup may depend on the ordering afi, ..., m, but that any ordering is
satisfactory for this proof. It is straightforward to show by induction using Lemma 3 that
VTﬂopwp >dom VTn,- for each 1< i < k. Now enumerate the subset of for which the

value function upper bounds equal thosergftup, i.€., enumeratér’ | V; _, = VTnopwp}
as{ny,...,;}. Consider again composing the policiestogether as above to form the
policy mopt:

7opt = (((1 Bopt773) Sopt - - -) Bopt 7} )- (22)
Itis again straightforward to show using Lemma 3 thg; Z>dom V- foreach 1<i <.
It follows immediately thatV%0 Zopt V3, for everyx e 17 as desired. A similar con-
struction usingbpesyields a peSS|m|st|caIIy optimal policypes O

Theorem 8 justifies the following definition:

Definition 8. The optimistic optimal value functiorv¢Opt and thepessimistic optimal
value functionv¢pesare given by:

Viopt= m%x(V%) using<opt to order interval value functions
e
Vi pes= m%x(V%) using<pesto order interval value functions
e
The above two notions of optimal value can be understood in terms of a two-player

game in which the first player chooses a polieyand then the second player chooses
the MDP M in M, in which to evaluate the policy (see Shapley’s work [16] for the
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origins of this viewpoint). The goal for the first player is to get the highestsulting

value functionVy, . The upper boundB’TOpt of the optimistically optimal value function
represent the best value function the first player can obtain in this game if the second player
cooperates by selecting an MDP to maximiZzg . (the lower boundl@0 ; corresponds

to how badly this optimistic strategy for the first player can misfire if the second player
betrays the first player and selects an MDP to minimize, ). The lower bound%

the pessimistically optimal value function represent the best the first player can do under
the assumption that the second player is an adversary, trying to minimize the resulting
value function.

We conclude this section by stating a Bellman equation theorem for the optimal interval
value functions just defined. The equations below form the basis for our iterative algorithm
for computing the optimal interval value functions for a BMDP. We start by stating two
definitions that are useful in proving the Bellman theorem as well as in later sections. It
is useful to have notation to denote the set of actions that maximize the upper bound at
each state. For a given value functign we write py for the function from states to sets
of actions such that for each state

pv(p) = argmaxAgnax Vip,a(V)(p). (23)

aEA

Likewise, for the pessimistic case, we defimg for the function from states to sets of
actions giving the actions that maximize the lower bound. For eachstate(p) is given

by
ov(p) =argmaxr mm Vip.a(V)(p). (24)

aeA

Theorem 9. For any BMDP My, the following Bellman-like equations hold at every
statep,

VioptP) = ozeTagxopt[MrQIAI;l] ViM.a (Vi o) (P), A;TIE% V|M,a(V¢0pt)(P)], (25)

and

V. max | min VI \%4 , max VI V. . 26
¢pes(p) acA, gpeS[M€M¢ MD(( lpeg(p) MEM¢ M,O{( Tpeg)(l’)] ( )

Proof. See Appendix A. O

5. Estimating interval value functions

In this section, we describe dynamic programming algorithms that operate on bounded-
parameter MDPs. We first define the interval equivalent of policy evalu&tiby) which
computesVy ., and then define the variantyly , and IVl .o which compute the
optimistic and pessimistic optimal value functions.

5 value functions are ranked Bygom.



R. Givan et al. / Artificial Intelligence 122 (2000) 71-109 87

5.1. Interval policy evaluation

In direct analogy to the exact MDP definition \gf; in Section 3, we define a function
IVl (for interval value iteratiop which maps interval value functions to other interval
value functions. We prove that iteratinyl,_on any initial interval value function
produces a sequence of interval value functions that convergég_tan a polynomial
number of steps, given a fixed discount factor

IVI4 . (Vy) is aninterval value function, defined for each states follows:

Vg, (V) (p) = [Mﬁ;lﬂ% Viy=(Vy)(p), A;ne% Viyz (V)(p)]. (27)

We definelVl, andIVI;  to be the corresponding mappings from value functions to
value functions (note that for inpi, IVl does not depend ovi, and so can be viewed
as a function fronV to V—likewise forIVI; _andV,).

The algorithm to computéVl,_ is very similar to the standard MDP computation
of VI, except that we must now be able to select an MEPfrom the family M,
that minimizes (maximizes) the value attained. We select such an MDP by selecting a
transition probability functiorF within the bounds specified by thfe, component ofi/4
to minimize (maximize) the value—each possible way of seleckingprresponds to one
MDP in M. We can select the values 6}, (o) independently for each and p, but the
values selected for different statggfor fixed @ and p) interact: they must sum up to one.

We now show how to determine, for fixedand p, the value ofF,, («) for each state

S0 as to minimize (maximize) the express@)]EQ(FM (x)V(q)). This step constitutes
the heart of theéVl;_ algorithm and the only significant way the algorithm differs from
standard policy evaluation by successive approximation by itersifgs .

To compute the lower bound¥| ,  the idea is to sort the possible destination states
into increasing order according to thély value, and then choose the transition probabili-
ties within the intervals specified l#y; so as to send as much probability mass to the states
early in the ordering as possible (upper bounds are computed similarly, but sorting the
states into decreasing order by th&irvalue). LetO = g1, g2, .. ., g« be such an ordering
of Q—so thatfor alli and; if 1 <i < j <kthenV,(g;) <V, (g;) (increasing order). We
can then show that the order-maximizing MBR, is the MDP that minimizes the desired
expressioanEQ(F%(a)V(q)). The order-maximizing MDP for the decreasing order
based or; will maximize the same expression to generate the upper bound in Eq. (27).

Fig. 6 illustrates the basic iterative step in the above algorithm, for the upper bound, i.e.,
maximizing, case. The statgs are ordered according to the value estimate¥,inThe
transitions from a statg to states;; are defined by the functioh such that each transition
is equal to its lower bound plus some fraction of the leftover probability mass. For a more
precise account of the algorithm, please refer to Fig. 7 for a pseudocode description of the
computation ofVIy _(Vy).

Techniques similar to those in Section 3 can be used to prove that iterating (or
IVI4 ) converges td/,  (or V4 ). The key theorems, stated below, assert first b
is a contraction mapping, and second tha{ is a fixed point oflvVl, and are easily
proven.

Theorem 10. For any policyr, IVl and IVI;_ are contraction mappings.
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Vir(ay)

v

VTn(Ciz)

Fig. 6. An illustration of the basic dynamic programming step in computing an approximate value function for a
fixed policy and bounded-parameter MDR. . gives the upper bounds of the current interval estimate.of

The lighter shaded portions of each arc represent the required lower bound transition probability and the darker
shaded portions represent the fraction of the remaining transition probability to the upper bound assigned to the
arcbyF.

Proof. See Appendix A. O

Theorem 11. For any policyr, V,_ is a fixed point of IV]_and V;_ of IVl;_, and
thereforeV, _ is a fixed point of IV} .

Proof. See Appendix A. O

These theorems, together with Theorem 1 (the Banach fixed point theorem) imply that
iteratingIV14_ on any initial interval value function converges¥g_, regardless of the
starting point.

Theorem 12. For fixedy < 1, interval policy evaluation converges to the desired interval
value function in a number of steps polynomial in the number of states, the number of
actions, and the number of bits used to represent the BMDP parameters.

Proof (Sketch. We provide only the key ideas behind this proof.

(@) By Theorem 10|VI,  is a contraction by on both the upper and lower bound
value functions, and thus the successive estimate¥;of produced converge
exponentially to the unique fixed point.

(b) By Theorem 11, the unique fixed point is the desired value function.

(c) The upper bound and lower bound value functions making up theyyeare the
value functions ofr in particular MDPs £ -maximizing andr -minimizing MDPs,
respectively) inX y, .

(d) The parameters for the MDPs iy, can be specified with a number of bits
polynomial in the number of bits used to specify the BMDP parameters.

(e) The value function for a policy in an MDP can be written as the solution to a linear
program. The precision of any such solution can be bounded in terms of the number
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VI 3 (Vi’ 7'[)

\\we assume thaty is represented as:

\\ V| is avector of: real numbers giving lower bounds for statgsto g,

\\ V4 is avector ofz real numbers giving upper bounds for statgsto g

{ Create0, a vector ofn states for holding a permutation of the stajego ¢,

\\first, compute new lower bounds

O = sort_increasing_ordefy, ..., qn, <lb); \\ <|p compares state lower bounds
UpdategV, r, 0);

\\second, compute new upper bounds

O = sort_decreasing_orden, ..., gn, <up); \\ <up COMpares state upper bounds
UpdatgV;, , 0)}

\\ Updatdv, 7, 0) updatesv using the order-maximizing MDP fer

\\ o is a state ordering—a vector of staté@spermutation ofyq, ..., qn)
\\ v isavalue function—a vector of real numbers of length
Updatdv, 7, 0)

{ CreateF’, a matrix ofn by n real numbers

\\ the next loop sets’ to describer in the order-maximizing MDP fop
for each state {

used= Zstateq Fl P.q (T (p));

remaining= 1 — used;

\\ distribute remaining probability mass to states early in the ordering
fori=1ton { \\ 7 is used to index into ordering
mlﬂ.: F¢p,(,(i)(ﬂ(l9))2
desired= FTp,o(z’)(”(p)) ;
if (desired< remaining)
thenF’(p, o(i)) = min+desired,;
elseF’(p, o(i)) = min+remaining;
remaining= max(0, remaining— desired}}
\\ 7/ now describes in the order-maximizing MDP with respect @,

\\ finally, updatev using a value iteration-like update based Bh
for each state

v(p) =R(p) +¥ Lstateg F'(P. V(@) }

Fig. 7. Pseudocode for one iteration of interval policy evaluatioty).

of bits used to specify the linear program. This precision bound allows the definition
of a stopping condition folVI;  when adequate precision is obtainedi

5.2. Interval value iteration
As in the case of alterinyl; to obtainVl, it is straightforward to modifyVI _ so that

it computes optimal policy value intervals by adding a maximization step over the different
action choices in each state. However, unlike standard value iteration, the quantities being
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compared in the maximization step are closed real intervals, so the resulting algorithm
varies according to how we choose to compare real intervals. We define two variations of
interval value iteration—other variations are possible.

VI op(Ve) (p) = em,agxopt[ fTE“Af)i Vip,o (V) (p), Agne% Viya(VH(P)]. (28)
Vg ped Vi) (P) = aerp%pes[MrQ%VIMa(Vw(p) rr;% Viya(VH(P)]. (29)

The added maximization step introduces no new difficulties in implementing the algorithm
—for more details we provide pseudocodelf05r¢(th in Fig. 8. We discuss convergence for
IVl ,—the convergence results bl tpes@rl€ similar. We first summarize our approach
and then cover the same ground in more detail.

We write IVl ., for the upper bound returned Byl . and we considelVl; , a

function fromV to V becausdVl;, (V;) depends only or/; due to the way<opt
compares intervals primarily base(fon their upper boummo . can easily be shown

to be a contraction mapping, and it can be shown that, is a fixed point oftVI; ..

It then follows thatIVIT(J { converges to/y (and we can argue as fovl,_ that this
convergence occurs in polynomlally many steps for fixgd The analogous results for
IVl e @re somewhat more problematic. Because the action selection is done according
to <opt, Which focuses primarily on the interval upper bounk!lél,iopt is not properly a

mapping fromV to V, as the action choice fav! topt(V2) depends on botk, andV;. In
particular, for each state, the action that maximizes the lower bound is chosen from among
the subset of actions that (equally) maximize the upper bound.

To deal with this complication, we observe that if we fix the upper bound value function
V4, we can viewlVI lopt@s @ function fronV/ to V carrying the lower bounds of the input
value function to the lower bounds of the output. To formalize this idea, we introduce
some new notation. First, given two value functiovis and V> we define the interval
value function[V1, V»] to be the function from states to intervals[Vi(p), V2(p)] (this
notation is essentially the inverse of theand 4 notation which extracts lower and upper
bound functions from interval functions). Using this new notation, we define a family
{IVI¢Opw} of functions fromV to V, indexed by a value functio. For each value

function v, we definelV1, ., (V) to be the function fromV to V that mapsV’ to

VI, op {[V’", V]). (Analogously, we defmd?\/ITpe v (V) to mapV’ to VI pedLV, V')
We note thatVl ., has the following relationships /1

IVIiopt(Vi) = [|V|¢optVT(V¢)v VI Topt(VT)]’

|V|¢Opt(V¢) = IVIiopt,V V).
In analyzmgIVI¢0 » We also use the notation defined in Section 4 for the set of actions
that maximize the upper bound at each state. We restate the relevant definition here for
convenience. For a given value functignwe write py for the function from states to sets
of actions such that for each staie

pv(p) =argmaxmax Vi« (V)(p). (31)

acA MeMy

Likewise, for the pessimistic case, we defirgdin Section 4.

(30)
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VI ¢opt( Ve)

\\we assume that is represented as

\\ V| is avector ofz real numbers giving lower bounds for statgsto g,

\\ V4 is avector ofz real numbers giving upper bounds for statgsto g

{ Create0, a vector ofn states for holding a permutation of the stajego ¢,

\\first, compute new lower bounds

O =sort_increasing_ordéfs, ..., qn, <Ip); \\ <|p COmpares state lower bounds
VI-Update(V ), O)};

\\second, compute new upper bounds

O = sort_decreasing_ordefi, ..., qn, <ub); \\ <upb COmMpares state upper bounds
VI-Update(V;, 0)}

\\ VI-Updatg(v, 0) updatesv using the order-maximizing MDP faer
\\ o is a state ordering—a vector of stat@spermutation ofyq, ..., qn)
\\ v isavalue functior-a vector of real numbers of length

VI-Updatg(v, 0)
{ CreateF,, a matrix ofn by n real numbers for each actian

\\the next loop sets eadh}, to describex in the order-maximizing MDP fos
for each state and action {
used= Zstateq Fl p.q (@);
remaining= 1 — used;
\\ distribute remaining probability mass to states earlier in ordering
fori=1ton { \\ 7 is used to index into ordering
min= F¢p,0(i)(a);
f:ieswef:l: FTp,o(i)_(a_);
if (desired< remaining)
thenF,(p, o(i)) = min+ desired;
elseF,(p, o(i)) = min+remaining;
remaining= max(0, remaining— desired}}
\\ F; now describeg in the order-maximizing MDP with respect t®,

\\ finally, updatev using a value iteration-like update based Bh
for each state

= R Fyq(p,
v =maA R+ 3 Falp0v@) ]

Fig. 8. Pseudocode: an iteration of optimistic interval value itera(ti\'lh%pt).
Given the definition o&qpy, it is straightforward to show the following lemma.
Lemma 4. For any value function®¥, V' and statep,
VI ooy (V(p) = max min Viy,q(V')(p),

acpy(p) MeMy

VI v’ = max min VI Vv’ .
Tpesv( )(p) aeav(p)MEM¢ M,Ol( )(p)

91

(32)
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Proof. By inspection of the definitions d¥14 . andIVly . O

We now show that for each, |V|¢opw is a contraction mapping relative to the sup
norm, and thus converges to a unique fixed point, as desired. Theorem 9 then implies
that vy ¢ is the unique fixed point foundVg . in the case otViy . J. We then show
that at any point after polynomially many iterationslgf opt the resulting interval value
function V; has upper bound¥; that have converged to a fixed point NITOpt, and
thus further iteration ofVI Sopt is equivalent to iteratingvI topt andIVIMth v, together in
parallel to generate the upper and lower bounds, respectively. We can also show that for
any V, polynomially many iterations div| LoptV suffice for convergence to a fixed point.
Similar results hold fotVl, .. We now give the details of these results.

Theorem 13.
(@) VI topt and VI, pes&re contraction mapping;. _ .
(b) For any value functior and associated action set selection functgnandoy,
VI opt v @nd IVlg oy, are contraction mappings.

Proof. See Appendix A. O

Theorem 14. For fixed y, polynomially many iterations of I}, ; can be used to find

V4 optr and polynomially many iterations of %es can be used to find’y ., with both
polynomials defined relative to the problem size including the number of bits used in
specifying the parameters.

Proof (Sketch. The argument here is exactly as in Theorem 12, relying on Theorems 9
and 13, except that the iterations must be taken to convergence in two stages. Considering
IVI%pt, we must first iterate until the upper bound has converged, with the polynomial-
time bound on iterations deriving by a similar argument to the proof of Theorem 12; then
once the upper bounds have converged we must then iterate until the lower bounds have
converged, again in polynomially many iterations by another argument similar to that in
the proof of Theorem 12.

More precisely, letVy,, V4o, ..., be a sequence of interval value functions found
by iteratingIVI¢opt, so that for each greater or equal to 1 we havé;, , equal to
IVI4opi(V4;)- Then an argument similar to the proof of Theorem 12 guarantees that for
some; polynomial in the size of the problenv(¢j must have upper bounds that are equal
to the true fixed point upper bound values, up to the maximum precision of the true fixed
point. We then know that truncating the upper value bound&ijnto that precision (to
get an interval value functiovri/l) gives the true fixed point upper bound values. We can
then iteratel VI $opt starting onV/_ to get another sequence of value functions where the
upper bounds are unchanging and the lower bounds are converging to the correct fixed
point values in the same manner.

A similar argument shows polynomial convergencel’id&peg O
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6. Policy selection

In this section, we consider the problem of selecting a policy based on the value bounds
computed by our IVI algorithms. This section is not intended as an additional research
contribution as much as a discussion of issues that arise in solving BMDP problems and
of alternative approaches to policy selection (other than the optimistic and pessimistic
approaches we take here). We begin by reemphasizing some ideas introduced earlier
regarding the selection of policies. To begin with, it is important that we are clear on the
status of the bounds in a bounded-parameter MDP. A bounded- parameter MDP specifies
upper and lower bounds on individual parameters; the assumption is that we have no
additional information regarding individual exact MDPs whose parameters fall with those
bounds. In particular, we have no prior over the exact MDPs in the family of MDPs defined
by a bounded-parameter MDP. We note again that in many applications it is possible
to compute prior probabilities over these parameters, but that these computations are
prohibitively expensive in our motivating application (solving large state-space problems
by approximate state-space aggregation).

Despite the fact that a BMDP does not specify which particular MDP we are facing, we
may have to choose a policy. In such a situation, it is natural to consider that the actual
MDP, i.e., the one in which we ultimately have to carry out the policy, is decided by
some outside process. That process might choose so as to help or hinder us, or it might
be entirely indifferent. To maximize potential performance, we might assume that the
outside process cooperates by choosing the MDP in order to help us; we can then select
the policy that performs as well as possible given that assumption. In contrast, we might
minimize the risk of performing poorly by thinking in adversarial terms: we can select the
policy that performs as well as possible under the assumption that an adversary chooses
the MDP so that we perform as poorly as possible (in each case we assume that the MDP
is chosen from the BMDP family of MDPafter the policy has been selected in order to
minimize/maximize the value of that policy).

These choices correspond to optimistic and pessimistic optimal policies as defined
above. We have discussed in the last section how to compute interval value functions
for such policies—such value functions can then be used in a straight-forward manner
to extract policies that achieve those values.

We note that it may seem unnatural to be required to take an optimistic or a pessimistic
approach in order to select a policy—certainly this is not analogous to policy selection for
standard MDPs. This requirement grows out of our model assumption that we have no prior
probabilities on the model parameters, and we have argued that this assumption is in fact
natural at very least in our motivating domain of approximate state-space aggregation. The
same assumption is also natural in performing sensitivity analysis, as described in the next
section. We also note that there is precedent in the related MDP literature for considering
optimistic and pessimistic approaches to policy selection in the face of uncertainty about
the model; see, for example, the work of Satia and Lave in [15].

Alternative approaches to selecting a policy are possible, but some approaches that
seem natural at first run into trouble. For instance, we might consider placing a uniform
prior probability on each model parameter within its specified interval. Unfortunately, the
model parameters cannot in general be selected independently (because they must together
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represent a well-formed probability distribution after selection), and there may not even
be any joint prior distribution over the parameters which marginalizes to the uniform
distribution over the provided intervals when marginalized to each parameter. Therefore,
the uniform distribution over the provided intervals does not enjoy any distinguished
status—it may not even correspond to a well-formed prior over the underlying MDPs in
the BMDP family.

There are other well-formed choices corresponding to other means of totally ordering
real closed intervals (other thatopt and <peg. For instance, we might order intervals
by their midpoints, asserting a preference for states where the highest and lowest value
possible in the underlying MDP family have a high mean. It is not clear when this choice
might be prefered; however, we believe our methods can be naturally adapted to compute
optimal policy values for other interval orderings, if desired.

A natural goal would be to find a policy whose average performance over all MDPs in
the family is as good as or better than the average performance of any other policy. This
notion of average is potentially problematic, however, as it essentially assumes a uniform
prior over exact MDPs and, as stated earlier, the bounds do not imply any particular prior.
Moreover, it is not at all clear how to find such a policy—our methods do not appear to
generalize in this direction. As noted just above, this goal do¢sorrespond to assuming
a uniform prior over the model parameters, but rather a more complex joint distribution
over the parameters. Also, this average case solution would not in general provide useful
information in our motivating application of state-space aggregation: we would have no
guarantee that the uniform prior over MDP models consistent with the BMDP had any
useful correlation with the original large MDP that aggregated to the BMDP. In contrast,
as discussed below, the optimistic and pessimistic bounds we compute apply directly to
any MDP when the BMDP analyzed is formed by state-space aggregation of that MDP.
Nevertheless, the question of how to compute the optimal average case policy fora BMDP
appears to be a useful direction for future research.

7. Prototype implementation results and potential applications

In this section we discuss our intended applications for the new BMDP algorithms,
and present empirical results from a prototype implementation of the algorithms for use
in state-space aggregation. We note that no particular difficulties were encountered in
implementing the new BMDP algorithms—implementation is more demanding than that
of standard MDP algorithms, but only by the addition of a sorting algorithm.

Sensitivity analysis

One way in which bounded-parameter MDPs might be useful in planning under
uncertainty might begin with a particular exact MDP (say, the MDP with parameters whose
values reflect the best guess according to a given domain expert). If we were to compute
the optimal policy for this exact MDP, we might wonder about the degree to which this
policy is sensitive to the numbers supplied by the expert.



R. Givan et al. / Artificial Intelligence 122 (2000) 71-109 95

To assess this possible sensitivity to the parameters, we might perturb the MDP
parameters and evaluate the policy with respect to the perturbed MDP. Alternatively, we
could use BMDPs to perform this sort of sensitivity analysis on a whole family of MDPs
by converting the point estimates for the parameters to confidence intervals and then
computing bounds on the value function for the fixed policy via interval policy evaluation.

Aggregation

Another use of BMDPs involves a different interpretation altogether. Instead of viewing
the states of the bounded-parameter MDP as individual primitive states, we view each state
of the BMDP as representing a setaggregateof states of some other, larger MDP. We
note that this use provides our original motivation for developing BMDPs, and therefore it
is this use that we give prototype empirical results for below.

In the state-aggregate interpretation of a BMDP, states are aggregated together because
they behave approximately the same with respect to possible state transitions. A little more
precisely, suppose that the set of states of the BMiDPcorresponds to the set bfocks
{B1,..., By} suchthatthgB;} constitutes the partition of another MDP with a much larger
state space.

Now we interpret the bounds as follows; for any two blod&sand B;, let Fypp, (@)

represent the interval value for the transition frémto B; on actione defined as follows:

Fipp, (@) = [lr)rgll? > Fpgla), g?e%i(z F,,q(a)] (33)
qEB; qEB;

Intuitively, this means that all states in a block behave approximately the same (assuming

the lower and upper bounds are close to each other) in terms of transitions to other blocks

even though they may differ widely with regard to transitions to individual states.

In Dean et al. [10] we discuss methods for using an implicit representation of a exact
MDP with a large number of states to construct an explicit BMDP with a possibly much
smaller number of states based on an aggregation method. We then show that policies
computed for this BMDP can be extended to the original large implicitly-described MDP.
Note that the original implicit MDP is not even a member of the family of MDPs for the
reduced BMDP (it has a different state space, for instance). Nevertheless, it is a theorem
that the policies and value bounds of the BMDP can be soundly applied in the original
MDP (using the aggregation mapping to connect the state spaces). In particular, the lower
interval bounds computed on a given state blockl‘{zimpes give lower bounds on the
optimal value for states in that block in the original MDP; likewise, the upper interval
bounds computed biI Topt give upper bounds on the optimal value in the original MDP.

Empirical results

We constructed a prototype implementation of our BMDP algorithms, interval value
iteration and interval policy evaluation. We then used this implementation in conjunction
with implementations of our previously presented approximate state-space aggregation
algorithms [10] in order to compute lower and upper bounds on the values of individual
states in large MDP problems.
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Table 1
Model size after approximate minimization

# State Vars  # States e=0 =001 =01 =03 =05 =08

9 512 114 114 72 24 11 8
10 1024 131 122 85 55 21 21
13 8192 347 347 272 148 66 63
14 16384 442 153 67 63
15 32768 520 152 88 69
IVI Inaccuracy: 0% 0.2% 10% 40% 58% 62%

The MDP problems used were derived by partially modelling air campaign planning
problems using implicit MDP representations. These problems involve selecting tasks for
a variety of military aircraft over time in order to maximize the utility of their actions,
and require modeling many aspects of the aircraft capabilities, resources, crew, and tasks.
Modeling the full problem as an MDP is still out of reach—the MDP models used in these
experiments were constructed by representing the problem at varying degrees of (extremely
coarse) abstraction so that the resulting problem would be within reach of our prototype
implementation.

We show in Table 1 the original problem state-space size, the state-space size of the
BMDP that results from our aggregation algorithm, and the quality of the resulting state-
value bounds for several different sized MDP problems. Each row in the table corresponds
to a specific explicit MDP that we solved (approximately and/or exactly) using state-space
aggregation. We note that one paramétgrof our aggregation method is the degree of
approximation tolerated in transition probability—this corresponds to the interval width in
the BMDP parameter intervals. As this parameter is given larger and larger values across
the columns of the table, the aggregate BMDP model has fewer and fewer states—in return,
the value bounds obtained are less and less tight. The quality of the resulting state-value
bounds is given by showing “IVI Inaccuracy”—this percentage is the average width of the
value intervals computed as a percentage of the difference between the lowest possible
state value and the highest possible state value (these are defined by assuming a repeated
occurence of the lowest/highest reward available for an infinite time period and computing
the total discounted reward obtained). Our prototype aggregation code was incapable of
handling the exact and near-exact analysis of the largest models tried, and those entries in
the table are therefore missing.

We note that IVI inaccuracies of much greater than 25% may not represent very useful
bounds on state value (we have not yet conducted experiments to evaluate this question).
For this reason, the last three columns of the table are shown primarily for completeness
and to satisfy curiosity. However, an inaccuracy of 10% can be expected to yield useful
information in selecting between different control actions—we can think of this level of
inaccuracy as allowing us to rate each state on a scale of one to ten as to how good its value
is. Such ratings should be very useful in designing control policies.

We note that our prototype code is not optimized in its handling of either space or time.
Similar prototype code for explicit MDP problems can handle no more than a few hundred
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states. Production versions of explicit MDP code today can handle as many as a million

or so states. Our aggregation and BMDP algorithms, even in this unoptimized form, are

able to obtain nontrivial bounds on state value for state-space sizes involving thousands of
states. We believe that a production version of these algorithms could derive near-optimal
policies for MDP planning problems involving hundreds of millions of states.

8. Related work and conclusions

Our definition for bounded-parameter MDPs is related to a number of other ideas
appearingin the literature on Markov decision processes; in the following, we mention just
a few of the closest such ideas. First, BMDPs specialize the MDPs with imprecisely known
parameters (MDPIPs) described and analyzed in the operations research literature by White
and Eldeib [17,18], and Satia and Lave [15]. The more general MDPIPs described in these
papers require more general and expensive algorithms for solution. For example, [17]
allows an arbitrary linear program to define the bounds on the transition probabilities
(and allows no imprecision in the reward parameters)—as a result, the solution technique
presented appeals to linear programming at each iteration of the solution algorithm rather
than exploit the specific structure available in a BMDP as we do here. [15] mentions the
restriction to BMDPs but gives no special algorithms to exploit this restriction. Their
general MDPIP algorithm is very different from our algorithm and involves two nested
phases of policy iteration—the outer phase selecting a traditional policy and the inner phase
selecting a “policy” for “nature”, i.e., a choice of the transition parameters to minimize or
maximize value (depending on whether optimistic or pessimistic assumptions prevail). Our
work, while originally developed independently of the MDPIP literature, follows similar
lines to [15] in defining optimistic and pessimistic optimal policies. In summary, when
uncertainty about MDP parameters is such that a BMDP model is appropriate, the MDPIP
literature does not provide an approach that exploits the restricted structure to achieve an
efficient method (we note appealing to linear programming at each iteration can be very
expensive).

Shapley [16] introduced the notion stiochastic gamet® describe two-person games in
which the transition probabilities are controlled by the two players. MDPIPs, and therefore
BMDPs, are a special case alternating stochastic games in which the first player is
the decision-making agent and the second player, often considered as either an adversary
or advocate, makes its move by choosing from the set of possible MDPs consistent with
having seen the agent’'s move.

Bertsekas and Castafion [3] use the notion of aggregated Markov chains and consider
grouping together states with approximately the same residuals. Methods for bounding
value functions are frequently used in approximate algorithms for solving MDPs;
Lovejoy [13] describes their use in solving partially observable MDPs. Puterman [14]
provides an excellent introduction to Markov decision processes and techniques involving
bounding value functions.

Boutilier, Dean and Hanks [5] provide a careful treatment of MDP-related methods
demonstrating how they provide a unifying framework for modeling a wide range of
problemsin Al involving planning under uncertainty. This paper also describes such related
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issues as state space aggregation, decomposition and abstraction as these ideas pertain to
work in Al. We encourage the reader unfamiliar with the connection between classical
planning methods in Al and Markov decision processes to refer to this paper.

Boutilier and Dearden [6] and Boutilier et al. [8] describe methods for solving implicitly
described MDPs using dynamic aggregation—in their methods the state space aggregates
vary over the iterations of the dynamic programming algorithm. This work can be viewed
as using a compact representation of both policies and value functions in terms of
state aggregates to perform the familiar dynamic programming algorithms. Dean and
Givan [9] reinterpret this work in terms of computing explicitly described MDPs with
aggregate states corresponding to the aggregates that the above compactly represented
value functions use when they have converged. Dean, Givan, and Leach [10] discuss
relaxing these aggregation techniques to construct approximate aggregations—it is from
this work that the notion of BMDP emerged in order to represent the resulting aggregate
models.

Bounded-parameter MDPs allow us to represent uncertainty about or variation in the
parameters of a Markov decision process. Interval value functions capture the resulting
variation in policy values. In this paper, we have defined both bounded-parameter MDP
and interval value function, and given algorithms for computing interval value functions,
and selecting and evaluating policies.
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Appendix A. Proofs omitted above for readability

Lemma 1. For any policyr € IT, MDP M € M}, and value functiow € V,
(@) there are MDPsVW1 € Xy, and M2 € Xy, such that

VMl,rr <dom VM= Sdom VM2,71~ (10)
(b) Also, there are MDP#/3 € X, and M4 € X, such that
V|M3,7T(U) <domVlp,z (v) <domV|M4,n (v). (11)

Proof. To show the existence dff1, let O = ¢, ..., g be an ordering on states such that
foralli andj if 1 <i < j <kthenVy - (g:) < Vi x(g;) (increasing order). Note that ties

in state values permit different orderings; for the proof, it is sufficient to chose one ordering
arbitrarily. ConsideMo € X, , the order-maximizing MDP 0. M is constructed so

as to send as much probability mass as possible to states earlier in the o@geriag to
those stateg with lower valueVy, - (¢). It follows that for any statg,

S (EMe ((p) Vira (@) < Y (Fp(w(p)) Var.x (@) (A1)

qeQ qeQ
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Thus, for any state,

Vina(p)=R(p)+v Y (FY(w(p)) Var.x (@) (A.2)
q€Q

>R +y ) (Fpi? (m(p) Vi (@) (A3)
q€Q

=Vlyo.x (Vi) (p). (A.4)

By Theorem 6, these lines impW,,.» <dom Vum,x, as desired.
The existence o#f, can be shown in the same except tbas chosen to order the states
by increasing value. Thu¥ is constructed so that

S TEM () Vi @) < D (Fpte (w(p)) Vi (@) (A.5)
qeQ qeQ

Part (b) is shown in the same manner as part (a) except that we replace each occurrence
of Vi = (p) with Vi - (v)(p) and each occurrence ¥y » (¢) with v(g). O

Lemma 2. Letx be a policy infT and M1, M be MDPs inMy.
(a) For M3 = M1 ®f . M2,

VM3 7 Zdom VMl bid and VM3,71 Zdom VMZ,J‘[5 and (14)
(b) for M3 = M1 &7, Mo,
VM3,7Z <dom VMl,n and VM3,7Z <dom VMg,n- (15)

Proof. (a) We construct a value functiansuch thatv >dom Var,,z, v =dom Var,», and
v <dom VM, 7, @s follows. For eaclp € Q, let

v(p) = maX Vi, z (P), Vo, x (P)). (A.6)

Note that this implie® >dqom Vary,» andv >gom Var,,». We now show using Theorem 6
that v <dom Vs ». By Theorem 6 it suffices to prove that<qom VI, » (v), which we
now do by showing/(p) < Vi, (v)(p) for arbitraryp € Q.

Casel: We suppos&is, » (p) = Vi, z (p).

From Eq. (A.6) we then have thatp) = Vi, » (p). By the definition ofbJ,,,, we know
FA? (mr(p)) = F%l(n(p)) whenViy, = (p) = Vu, = (p) as in this case. This fact, together
with the definitions oiVI, Vi, =, ®fae andv allow the following chain of equations to
conclude the proof of case 1:

v(p) = V. (p)

=R(P)+v Y FY((p) Vg (q)

qeQ
SR(p) +vy Y FY((p))v(q) (A7)

qeQ

=R(p)+v Y FM3(x(p))v(q)
qeQ

=Vl gz (v) ().
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Case2: SupposeVM1 =(p) < VM2 =(p).

We then haveF F((p) = pqz(n(p)) by the definition of®f,,,, andv(p) = Vi, »
by the definition ofu and Eqg. (A.7) holds witld11 replaced byM>, as desired, concluding
the proof of part (a).

(b) The proof is exactly dual to part (a) by replacing “max” with “mig,with > (and
vice versa), anck with >. O

Lemma 3. Given a BMDP My, and policiesry, 72 € IT, 3 = w1 @opt 72, and g4 =
71 DpesT2,

(a) VTJTg Zdom VTnl and VTng Zdom VTJTQ'

(b) If VTnl = VTnz then V¢ﬂ3 Zopt V¢n1 and V¢n3 Zopt V¢ﬂ2.

(c) V¢n4 Zdom V¢ﬂ1 and V¢7.,4 Zdom V¢n2-

(d) If Vinl = Vinz thenV¢ﬂ4 >pesV¢ﬂ1 and V¢n4 ZpesV¢n2.

Proof. (a) We prove part (a) of the lemma by constructing a value funatisach that
v >dom VT;'[]_ andv >dom VTnz' We then show that <dgom VTng using Theorem 6. We
constructv as follows. Let

v(p) = max(VTﬂl(p), VTnz(p)) for eachp € Q.

This construction implies that >qom VTM andv >dom VTnz- We now showv <dom
V4 2, BY giving an MDPM3 for which Vi, 73 >domv. Using Theorem 6 it suffices to show
thatVla, 3 (v) >domv.

Let M1 € My be ari-maximizing MDP, andW» € M4 be arp-maximizing MDP. Note
that this implies thaV’y | = Vi, 7, andVy = Vi, .

We now construcd/z € M, as follows: for eaclp, g, «,

Fplr@) if Vi (p) Zopt Vi, (),

F)l3(a) =
F)2(a) otherwise

It remains to show thatl 4z, ,(v)(p) = v(p) for all p € 0. Now fix an arbitraryp € Q.
Casel: Suppos%ﬂl(p) Zopt Vi, (P).
Then by the definition of®ept, 73(p) = m1(p). Also, by the definition of>qpy,
VTﬂl(p) > VTnz(p), and sov(p) = Vi, (p) is true, and by the definition oMs3,

F)3(na(p)) = Fpit (wa(p)). The following inequations thus hold:

v(p) = Vi, (P) (A.8)
=R(p)+v Y (FY(w1(p) Vh (@) (A.9)
qeQ
=R(p) +vy Z (Fpi2(m3(p)) Vi, (@) (A.10)
qeQ
<R(p) +v Y (FM3(na(p))v(g)) (A.11)
qeQ

= Vg, z3(0)(p). (A.12)
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Case2: Supposéf¢nl(p) <opt V¢ﬂ2(p).
Then by the definition of@opt, 73(p) = m2(p). Also, by the definition of>qpy
VTnl(p) < VTnz(p), and sov(p) = Vi, ,(p) is true, and by the definition oMs3,

Fi3(a(p)) = Fpi?(3(p)). Then Egs. (A.8)—(A.12) hold with, and 7 in place of
M7 andmy respectively, yielding again that p) < Vi, -, (v)(p), as desired.

Case 1 and Case 2 together imply thgt) < VI, -, (v)(p) forall p € Q, which with
Theorem 6 implies part (a) of the lemma.

(b) Supposing thav = Vy_, we showVy _Zopt Vi, and Vg, Zopt Vy,,. From
part (a) of the theorem, we know thw;n3 >dom VTnl and VTJTg >dom VTnz- It su?fices to
prove in addition thalvh3 Zdom Vi 1, and Vha Zdom V| - We show both by defining
v(p) = maxV,  (p), V¢ﬂ2(p)) for each statep € Q, observing that >gom Vi, and
v >dom Van' and then showing thavtiﬂ3 >domUv.

We can shommna >dom v by showing that for arbitraryf € My, Vi 73 >domv. By
Theorem 6 it suffices to show that for arbitrary state Q, Vi ,(v)(p) > v. We divide
now into two cases:

Casel.: Supposé@nl(p) > Vinz(p).

With the part (b) assumptio(VTnl =V, this impliesVy_ (p) Zopt Vi, (D). Then
by the definition 0f®opt, 73(p) = m1(p). Also by definition in t]his case(p) = V¢ﬂ1(p).
Let M1 be ami-minimizing MDP. The following inequation chain gives the desired
conclusion:

v(p) =V, (p) (A.13)
=R(p)+y Z Fpit(m1(p) Vi, (@) (A.14)
qeQ
SR(P)+v ) Fpb(m(p) Vi, (@) (A.15)
qeQ
SR +v Y Fpt(mwa(p)v(g) (A.16)
qeQ
=Vlp 23(0)(p). (A.17)

Line (A.15) requires some justification. Consider an MB# defined to agree wit/;

everywhere except than’;,‘f,1 = F},‘f] for everyg € Q. If line (A.15) did not hold, we
would haveVIMiﬂl(Vhl) <dom V-, and then Theorem 6 could be used to show that
V., <dom V. contradicting the definition of, .

ase2: Supposevhl(p) < th(p).

With the part (b) assumption this implies that  (p) <opt V4, (P)-

Then by the definition ofopt, 73(p) = m2(p). Also v(p) = Vinz(p). Let M> be ano-
minimizing MDP. Egs. (A.13)—(A.17) now hold with/1 and1 replaced byM, andry,
respectively.

We have now shown in both cases thgp) < VI ;(v)(p), as desired, concluding the
proof of part (b) of the theorem.

(c) We prove part (c) of the lemma by constructing a value functiosuch that
v Zdom Vi, andv >dom Vi, We then show that <dgom Vi using Theorem 6. We
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constructv as follows. Letv(p) = ma><(V¢ﬂ1(p), Viﬂz(p)) for eachp € Q. This implies
v Zdom Vi o, andv >dom Vi, We now show <dgom Vi by showing that for arbitrary
M e My, Vi z, >domv. Using Theorem 6 it suffices to show thélty, -, (v) >domv.

Let M1 € M4 be ami-minimizing MDP, andM> € My be amp-minimizing MDP. Note
that this implies thai/%r1 = Vum,. 7, and th = V7o

Now fix an arbitraryp € Q, and show thaVly -, (v)(p) = v(p).

Casel: Supposé/y . (p) ZpesVs,,(P).

Then by the definition of@pes ma(p) = m1(p). Also, by the definition of>pes
Vi, (p) 2V, (p), and sov(p) = Vi, x,(p) is true. Egs. (A.13)—(A.17) now hold with
74 in place ofrs, giving the desired result.

Case2: Supposel/%l (p) <pes V¢n2(p).

Then by the definition of®pes ma(p) = m2(p). Also, by the definition of>pes
Vi (p) < Vi, (p), and sov(p) = Vi, ,(p) is true. Then Egs. (A.13)—(A.17) hold
with M», 72, and 4 in place of M1, 71, and w3, respectively, yielding again that
v(p) < Vly -, (v)(p), as desired.

Case 1 and Case 2 together imply thap) < Vi -, (v)(p) for all p € Q, which with
Theorem 6 implies part (c) of the theorem.

(d) Supposing thav, =V, ,we showVy  >pesVy, andVy  ZpesVy, . From
part (c) of the theorem, we know thﬂgm >dom Vinl and Vim >dom Vlnz- It suffices to
prove in addition thalVTm Zdom Vi, and Vi 2y Zdom Vi We show both by defining
v(p) = max(VTﬂl(p), VTﬂz(p)) for each statep € Q, observing that >qgom Vin, and
vV >dom VTnl’ and then showing thava >dom v by giving an MDP M, for which
VM, s =domv. Using Theorem 6 it suffices to show thaity, -, (v) >domv.

Let M1 € My be ari-maximizing MDP, andW; € M4 be amp-maximizing MDP. Note
that this implies thaVy | = Vi, 7, andVy = Vi, .

We now construcdis € My as follows: for eaclp, ¢, o,

Fpi(@) if Vi (p) ZpesVs,(p),

F)2(a) otherwise

M _
qu“(oc) =

It remains to show thatl , ,(v)(p) = v(p) forall p € 0. Now fix an arbitraryp € Q.

Casel: Supposé’t . (p) ZpesV+,(P)-

With the part (d) assumption this implies thﬁ&m(p) Zpes Vi, (P)- Then by the
definition of @pes ma(p) = m1(p). Also by definition in this case(p) = VTnl(p). Also,
by the definition ofMa, Fpe(r4(p)) = Fprt(ra(p)). EQs. (A.8)—(A.12) withrg and M3
replaced byr4 and M4 complete the argument.

Case2: SupposeVTnl(p) < VTnz(p).

With the part (d) assumption this implies thégﬂl(p) <pesV4 ., (P).

Then by definitionra(p) = m2(p). Also v(p) = Vi, (P). EQs. (A.8)—(A.12) now hold
with M1, M3m1, andrns replaced byM», Mamo, andmg, respectively.

We have now shown in both cases thap) < Vi, »,(v)(p), as desired, concluding
the proof of part (d) of the theorem.
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Theorem 9. For any BMDPMy, at every state,

V = ma min VI Vv max VI V 25
topt(P) L %(om[Melm M.l ¢Opt)(P),MeM>i Ma (Vo) (P)], (25)

and

VipedP) = max [rQiMn¢VIM,a(V¢peg)(p),Mrr;%VIM,a(VTpes)(p)]. (26)

acA, <pes M

Proof. We consider the/y . version only. Throughout this proof we assumg is an
optimistically optimal policy forMy, which exists by Theorem 8. We suppose Eq. (25) is
false and show a contradiction. We have two cases:

Casel: Suppose the upper bounds are not equal at someystate

V4 opt(P) # ?&X/‘/ﬂﬁ% Vinta (Vg (P)- (A.18)

There are two ways this can happen:
Subcaséd (a): Suppose there exist some MDP< M, and actiorw € A such that

Viopt(P) < VIm.a (Vi) (p). (A.19)

We show how to construct a policy whose interval valug/y, dominatesVy ., under
<opt, contradicting the definition of/¢opt. Definer to be the same asgopt except that
7 (p) = . By the definition oﬂ/%om, there must exist’ € My such thatVTopt: VTnopt =
VM rope- FTOM the theory of exact MDPs, we then have that:

VT opt= VM/JTopt = VIM/,ﬂopt(VM’,nopt) = VIM/JTopt(VT Opt)’ (AZO)
Our subcase assumption implies
VioptP) < VInx(Vop) (). (A.21)

Consider the MDRV3 € M} with the same parameters &8 except at state¢ where the
parameters are given ly. More formally,
M
Ms Fyy whenp’ = p,

F —

= (A.22)

Fl’,‘,{], otherwise

This construction of\/3, together with Egs. (A.20) and (A.21), guarantees the following
property ofV, opt:
VT Opt <dom VIM3,J‘[ (VTODI) (A23)

Eq. (A.23) along with Theorem 6 implies th#ls, » >dom V4 opt and thus tha¥y_ >opt
Vi oor CONtradicting the definition ofy . and concluding Subcase 1(a).
Subcasé.(b). Suppose that for every choicewE A andM € M,

VioptP) > Viata (Vi) (). (A.24)

We obtain a contradiction directly by exhibiting and M € M, in violation of this
supposition. Letr be mopt(p). Let M be amgprmaximizing MDP in My, which exists
by Theorem 7. Our selection efpt guarantees thalnyZopt = V4 ope @nd our choice o
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guarantees thaty 7, = VTﬂom. Egs. (7) and (8) from the theory of exact MDPs then
ensure thaVTopt(p) = VIM,a(VTOpt)(P)a concluding Case 1.

Case2. Suppose at every statethe upper bounds are equal but at some spathe
lower bounds are not equal:

forall ¢, VTopt(Q):Tea/‘L‘XMrT;?‘W)iVIMﬂ(VTOpt)(q)’ and

(A.25)

Vie(P) #  max  min Viy o (V.0 (p).
Lopt O{EpVTopt(p)MeM¢ a Y opt

Note that the action selection in the second line of Eq. (A.25) is restricted to range over
those actions imVTopt(p) because those are the only actions that can be selected in Eq. (25)
due to the emphasis afopt 0N upper bounds (the upper bounds achievable by an action
primarily determine whether it is selected by the outer maximization in Eq. (25), and only
if the action is tied for the maximum upper bound, i.e.plqom(p), does its lower bound
affect the maximization).

Again, there are two ways the second line of Eq. (A.25) can hold.

Subcase(a). Suppose@opt(p) is too small, i.e., there exists some actior vaopt(p)
such that for every MDR/ € My, we have

VioptP) < VI (Vi op)(p)- (A.26)
We show a contradiction by giving a poliaywhose interval value function is greater than
V¢0pt under the<opt ordering. Definer to be the same asgpt except thatr (p) = o. By
the definition ofv¢n0pt, there must exisM’ € My such thatV; = Vi topt = VM opt AS
in Subcase 1(a), we then have that:

VTOpt = VM/ﬂOpt = VlM/,JTOPt(VM/’nOpt) = VIM/ﬂopt(VTOpt)' (A27)
From Eq. (A.25) and € vaOpt(p) it follows that for someM € My,
VioptP) = Vinta (Vi op) (P), (A.28)

and thus forM3 € M, defined as in Subcase 1(a) to be equalftoeverywhere except at
statep whereM3 is equal toM, we have

Vi opt= V1.1 (Viopy)- (A.29)

ThereforeVys, » = Vi o @and by the definitions oy, and V4, we then have that
VTopt Zdom V4, Zdom VMgn = VTopv and soV, _ is equal tOVTopt' We must now show
that V| >dom Viopt 1O conclude Subcase 2(a). We show this by showing that for every
MDP M4 e My, V¢opt <domVIM47n(V¢0pt) and using Theorem 6 to conclud®y, » >dom
Vigprand thusVy . >dom V| o @s desired.

To conclude Subcase 2(a), then, we must sl’vgwpt <dom VIM4,ﬂ(V¢0pt). We show
this by contradiction. Suppose this is false—then einh@;pt: VIM4,7,(V¢Opt), which our
Subcase 2(a) assumption rules out at sgater there must be some stajefor which
Viont@) > VIM4,7,(V¢Opt)(q). Again our subcase assumption rules this out for stat&o
we know thatg is not equal top, and therefore by our choice af we have thatr(¢) =
Topt(q), and thus thaViopt(q) > VIM4,n0pt(V¢0pt)(q). We can now derive a contradiction
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by combiningM, at stateg with a mop-minimizing MDP Ms at all other states to get
an MDP Mg € My for which V| . strictly dominatesVi ﬂom(wo o, showing that
Viopt >dom Vg rop (DY Theorem 6) contradicting the fact thﬁi’gn o = Viopr (The
combination of\4 and M5 to getMs is analogous to the constructionin line (A.22) above.)

Subcase?(b). Supposew0 (p) is “too big” in line (A.25), i.e., for every action
o € py,, t(p) there is some MDHVI € My such thatVly, a(V¢0pt)(p) < Viopt(p)
ConS|dera = mopt(p). The definition of “optimistically optimal” along with the theory
of exact MDPs guarantees us that there is some MD$uch that

VTopt VTﬂopt VMJTopt = VIM,nopt(VM,nopt) = VIMJTopt(VTopt)' (A.30)
By our Case 2 assumption,

Viopd ) = Mmax ATG% Vin.a(Viopd (D), (A.31)

and this, together with line (A.30) ard= mopt(p) implies
VIt o (Vi opd (P) = max A;ne% Vira (Vo) (P), (A.32)

and therefore that

Topt(p) € argmaxmax Vi a(VTopt) (p), (A.33)
aEA

which implies thatr = mop(p) € vaopt(p) We can then use our subcase assumption that
there must be an MDR/,, € My such thaWV 1y, o (Vi op) (P) < V¢0pt(p)

Let M7 be amopr-minimizing MDP, as per Theorem 7. Théfys; o, = Vinopt Viopt
by expanding definitions. S¥1ys; 7, = (Vhopt) Viopr We can now create a new
MDP Mg by copying M7 at every state except, where Mg copiesM,, following the
construction used to defindsz in Subcase 1(a). By construction we then have

VIMg,?Topt(Vl,opt) <dom Vi,optv (A34)

which by Theorem 6 impliesvinopt <dom Viopt, contradicting our choice ofropt and
concluding Subcase 2(b), Case 2, and the proof of Theorerm9.

Theorem 10. For any policyr, IVl and IVI;_ are contraction mappings.

Proof. We first show thatiVl, _ is a contraction mapping o, the space of value
functions. Strictly speakindVI,_ is a mapping from an interval value functiofy to a
value functionV. However, the specific valugs(p) only depend on the upper bountds
of V. Therefore, the mappiny!l; _ is isomorphic to a function that maps value functions
to value functions and with some abuse of terminology, we can conisitle to be such
a mapping. The same is true il |, which depends only on the lower boundgs

Let # and v be interval value functions, fiy € Q, and assume thavl;_(d)(p) >
VI, (@)(p). Let M be an MDPM e My that maximizes the expressidfiy » (vy)(p)
(Lemma 1 implies that there is such an MDP in the finite ¥gf,, guaranteeing the
existence of/ in spite of the infinite cardinality od).
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Then,

0<IVI4 (D) (p) — IVI4 (@) (p) (A.35)
=MYT;<;:1W>§ Vi z (v4)(p) — Aﬂ%}i Vi, z (up)(p) (A.36)

<R(p) +y (Z Fpi (n(m)vT(q))

qeQ
~R(p) - (Z pa (T (P) u¢(q)) (A.37)
qeQ
(Z (m(p) UT(q)—MT(q)]> (A.38)
q€Q
(Z (z(p) ||v¢—u¢||) (A.39)
qeQ
=yllvy —uqll (A.40)

Line (A.36) expands the definition alVI;_. Line (A.37) follows by expanding the
definition of VI and from the fact thai¥ maximizesVly » (v4)(p) by definition. In
line (A.38), we simplify the expression by cancelling the immediate reward terms and
factoring out the coefficientEI’,‘g. In line (A.39), we introduce an inequality by replacing
the termvy () — u4(g) with the maximum difference over all states, which by definition
is the sup norm. The final step line (A.40) follows from the fact tRais a probability
distribution that sums to 1 arjtby — u+|| does not depend apn

Repeating this argument interchanging the rolesziofand v in the case that

VI, (D) (p) < IVI4 (@) (p) implies
[IVI4 (D)(p) — V4 @)(p)| < ¥ llvy — upll (A.41)

forall p € Q. Taking the maximum ovep in the above expression gives the result.

The proof thatlVl, _is a contraction mapping is very similar, replacitgl,
with 1Vl throughout, replacing maximization with minimization in line (A.35), and
selecting MDP M to minimize the expressioVly (u4)(p) when IVl _(D)(p) >
VI, (@) (p). O

Theorem 11. For any policyr, V,_ is a fixed point of IV]_and V;_ of IVl;_, and
thereforeV,  is a fixed point of IV} _.

Proof. We prove the theorem fdw1 _; the proof forlVl, is similar. We show

(a) |V|¢n(V¢n) <dom V) ., and

() VI, (Vy.) ZdomVy
from which we conclude thdvI_(V;_) =V, _. Throughout both cases we tak&" to
be ar-minimizing MDP, so thaV, = Vj+ . By Theorem 7M* must exist.

We first prove (a). From Theorem 3, we know thay- » is a fixed point ofVIs+
Thus, for any statg € Q,

Vi@ = Vi 7 (q) =Viys 7 (Ve 2)(q@) = Vim 2 (Vi) (@) (A.42)
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Using this fact and expanding the definitionlod |, we have, at every statg
VI (Vy)(g) = MfTEliAf)i Vimz(Vy ) (q)

<Viy+ 2 (V) ) (q)
=V, (@) (A.43)

This implies thatVl (V) <dom 'V, as desired.
To prove (b), suppose for sake of contradiction that for some gtadél | (Vy ) (p) <
V. (p). Let M1 € My be an MDP that minimizes the expressioVly, - (Vy ) (p).
Then, substituting/; into the definition ofivl | _,

VI, (Vi) (p) =V = (V) (p) <V, (p). (A.44)

We can then construct an MDF2 by copying M* at every state except, where M»
copiesM; (see the proof of Theorem 9, Case 1(a) for the details of a similar construction).
Becausell, is a copy ofM* at every state bup, Eq. (A.42) must hold withV> replacing

M* at every state bup. BecauseM> is a copy of M; at statep, Eq. (A.44) with M>
replacingM1 must hold at stat@. These two facts together imply

Vimyx (V) <dom V- (A.45)

Then by Theorem &, » <dom V., contradicting the definitionof, . O

Theorem 13.
(a) VI Y opt and IVI¢pe$a_re contraction mappings_. _ _
(b) For any value functior¥V/ and associated action set selection functignandoy,
VI oty and VI, pesy are contraction mappings.

Proof. We first prove (a). The proof thaVI Y opt is a contraction mapping is an extension
of the proof of Theorem 10. Léit andv be interval value functions, fix € Q, and assume
thatlVI Topt(ﬁ)(l’) > VI Topt(ﬁ)(p). SelectM € M4 anda € A to maximize the expression
Vi« (vy)(p) (again, Lemma 1 implies that there is such an MDP in the finiteXsgt,
guaranteeing the existenceMfin spite of the infinite cardinality oMy).

Then,

0 < VD) (P) = IVl @) (p) (A.46)
= max ATG% Viy o (vy)(p) — [yeanMn;% Vo (ur)(p) (A.47)
<R(p)+v (Z F (a)mq)) —R(p)—v (Z F (oe)mq)) (A.48)

qeQ q€Q
Svllvy —uqgll. (A.49)

Line (A.47) expands the definition W'Topp noting that maximizing usingopt selects
interval upper bounds based only on the upper bounds of the input intervals. Line (A.48)

6 Such an MDP exists by Lemma 1, which implies that there must be such an MDP in the fir:m@ég My.
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follows from our choice o/ andw to maximizeVly o (v4)(p). Line (A.49) follows from
line (A.48) in the same manner that line (A.40) followed from line (A.37) in the proof of
Theorem 10, and the desired resultigr, . for part (a) of the theorem also follow in the
same manner as the remainder of Theorem 10 followed from line (A.40).

To prove thatVI ¢pesis a contraction mapping, we again fix a statand assume

VI ped D)(P) = V1| e diD) (1),

We then usev| to choose an actiosm that maximizes migyeu, (Vly o (vy)(p)) andu to
choose an MDRM that minimizesVly o (1) (p) (again, Lemma 1 implies that there is
such an MDP in the finite sef y, , guaranteeing the existence df). Usinge and M as
defined above, we have

0 < IVIyped®)(p) = IVI| L (i) (p) (A.50)
= TeaAXMrQﬂ$V|M,a(U¢)(P) - [yeanMrQIA% Vip o (u))(p) (A.51)
< Mr25511$V|M,a(U¢)(P) - MFQiMn$VIM,a(u¢)(p) (A.52)
<Viyoa)(p) = Vo)) (p). (A.53)

Line (A.51) expands the definition (“/Ilpeg using the fact that maximizing ovegpes
selects lower bounds based only on the lower bounds of the intervals being maximized
over. Line (A.52) substitutes the actien which introduces the inequality sineewas
chosen to guarantee

in VI = in VI A.54
Mﬂ;lﬁr)¢ Ma())(p) T&ny@& M.a()(p), ( )

and the meaning of maximization guarantees that

min VI < max min VI . A.55
mn M,a())(p) max,min Ma(u))(p) (A.55)

Line (A.53) follows similarly becaus#! was chosen to guarantee

Vip,o(uy)(p) = Mﬁ;% Vip,a(uy)(p), (A.56)

and the meaning of minimization guarantees that

Vima(v))(p) > Mfg‘f)i Vin.o(v))(p). (A.57)

The desired result fotVI¢pes in part (a) of the theorem then follows directly from
line (A.53) in the same manner as the result l’dt%pt followed from line (A.47),
concluding the proof of part (a) of the theorem.

For part (b), the proof folVI LoptV follows exactly as the proof fdivI Ipes EXCEPL that
the set of actions considered in the maximization over actions at eaclp $¢atestricted to
pv(p). Likewise, provingVI T pesV is the same as proviny/| topt where the set of actions
is restricted twy (p). O
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