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Abstract

We study discrete time Glauber dynamics for random
configurations with local constraints (e.g. proper color-
ing, Ising and Potts models) on finite graphswith »n vertices
and of bounded degree. We show that the relaxation time
(defined as the reciprocal of the spectral gap 1 — As) for
the dynamics on trees and on certain hyperbolic graphs, is
polynomial in n. For these hyperbolic graphs, thisyields a
general polynomial sampling algorithm for random config-
urations. e then show that if the relaxation time 7, sat-
isfies » = O(n), then the correlation coefficient, and the
mutual information, between any local function (which de-
pends only on the configuration in a fixed window) and the
boundary conditions, decays exponentially in the distance
between the window and the boundary. For the Ising model
on aregular tree, thisconditionis sharp.

1. Introduction

Context

The method of Markov chain Monte-Carlo (MCMC) is
a popular method for sampling from large combinatorial
structures, or estimating their cardinality. Two celebrated
examples are the MCMC method for approximating the per-
manent [12, 14], and the MCMC method for sampling uni-
form coloring (see [28] and the references there). For many
sampling problems, it is relatively easy to construct markov
chains which have the desired stationary distribution. It is
usually harder to estimate the convergence rate to the sta-
tionary distribution.

In this paper we focus on one of the most important
families of MCMC, known as Glauber dynamics or Gibbs

samplers. Glauber dynamics are commonly used to design
MCMC'’s in computer science, see [7, 11, 18, 19, 24, 25,
28].

The main goal of our work is to determine which ge-
ometric properties of the underlying graph are most rel-
evant to the mixing rate of the Glauber dynamics. We
first describe Glauber dynamics for proper coloring. Let
G = (V, E) be a graph. A coloring of V" with ¢ colors
is proper if no two adjacent vertices are assigned the same
color. Glauber dynamics are the following Markov chain
on the set of proper colorings: Let ¢ € {1,...,¢}!VI be
a proper coloring. Define 7 in the following way: pick
uniformly at random one of the vertices v of V. For all
v # w € Vsetr(w) = o(w). Let r(v) be chosen uni-
formly at random among all the colors which are not as-
signed to the neighbors of v. The Markov chain with the
above transition rules from ¢ to = is the Glauber dynamics
for colorings of G.

In general we may want to assign different weights to
different colors, and allow a mixture of softcore constraints
(where adjacent vertices are allowed to have the same color,
with some penalty) and hardcore constraints (where a non-
proper coloring has probability 0). A way of doing so is
given by particle systems (using the physics terminology).

To define a general particle system [17] on an undirected
graph G = (V, E), define a configuration as an element &
of AV where A is some finite alphabet, and to each edge
(v, w) € E, associate a weight function Ay, : A x A = R.
The Gibbs distribution assigns configuration o probability
proportional to H{v,w}EE Ayw (0u, o). The Ising model
(for which A,y (0, 0) = €79v9«) and the Potts model
are examples of such systems; so is the coloring model (for
which Ay = 15, 20,,)

On a finite graph, Glauber dynamics is the following re-
versible Monte-Carlo method for sampling from the particle



system. Given the current configuration ¢, pick a vertex v
uniformly at random, and replace o, by a random spin ¢,
chosen according to the Gibbs distribution conditional on
the rest of the configuration:

The efficiency of the Glauber dynamics approach to sam-
pling depends on the rate of convergence to the stationary
distribution.

In section 2.1, we describe a connection between the ge-
ometry of a graph and the mixing time of Glauber dynam-
ics on it. In particular, we show that for balls in hyperbolic
tilings, the Glauber dynamics for the Ising model, the Potts
model and proper coloring with A + 2 colors (where A is
the maximal degree), have polynomial mixing time. An ex-
ample of such a graph can be obtained from the binary tree
by adding horizontal edges across levels; another example
isin Figure 1. In sections 2.2-4 we study Glauber dynamics
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Figure 1. A ball in hyperbolic tiling

for the Ising model on regular trees. Of course, in this case
there are alternate, much easier methods to generate a sam-
ple from the Gibbs distribution: namely, it suffices to scan
the tree top-down once in order to create the o, ’s. Thus the
objective of this part is not to obtain the optimal sampling
technique for the Ising model on trees, but rather to analyze
the Glauber dynamics on trees, as an interesting family of
Markov chains which undergoes a phase transition as the
temperature varies. The insights obtained from this anal-
ysis are useful for other graphs, where there is no better
sampling method available. For the trees (1) it follows from
the discussion at the first part of the paper that the mixing
time is polynomial at all temperatures, and (2) we charac-
terize the range of temperatures for which the inverse spec-
tral gap (which measures the mixing time up to an O(n)
factor) is linear. The first fact is slightly surprising, since
it is often believed that the two sides of a phase transition

should correspond to polynomial versus exponential mixing
times for the associated dynamics In fact, that belief is not
true for the Ising model on trees: here the two sides of the
high/intermediate versus low temperature phase transition
just correspond to linear versus superlinear inverse spectral
gap. As a byproduct of the second fact, we exhibit another
surprising phenomenon: contrary to common beliefs, there
is a range of temperatures in which the inverse spectral gap
is linear, even though there are many Gibbs measures on the
infinite tree.

In section 5 of the paper we go beyond trees and hy-
perbolic graphs and study Glauber dynamics for families of
finite graphs of bounded degree. We show that if the inverse
spectral gap of the Glauber dynamics on the ball centered at
p grows linearly in the volume of the ball, then the correla-
tion between the state of a vertex p and the states of vertices
at distance r from p, must decay exponentially in r.

Setup

Thegraphs. Let G = (V, E) be an infinite graph with max-
imal degree A. Let p be a distinguished vertex and denote
by G, = (V;, E,) the induced graphon V, = {v € V :
dist(p,v) < r}. Let n, be the number of vertices in G..
At some parts of the paper we will focus on the case where
G =T = (V, E) is the infinite b-ary tree. In these cases,
T, = (V;, E) will denote the r-level b-ary tree.

Thelsing model. In the Ising model on G, at inverse tem-
perature 3, every configuration o € {—1,1}"" is assigned
probability

plo) = Z(8)"exp (ﬁ Z O'UO'w)

{v,w}eE,

where Z(3) is a normalizing constant. When G, = T,
this measure has the following equivalent definition [8]: Fix
€ = (1 + ¢%)~1. Pick a random spin +1 uniformly for the
root of the tree. Scan the tree top-down, assigning vertex v
a spin equal to the spin of its parent with probability 1 — ¢
and opposite with probability .

Glauber dynamics. Glauber dynamics for the Ising model
chooses the new spin ¢/, in such a way that:

P[U§:+1|U]:exp(2ﬁ Z

Plo/, = —1]0] "(w))'
w:{wv}€EE,

See [17] or [20] for more background.

Mixing times.

Definition 1.1 For areversible Markovchain, let1 = A; >
A2 > ... > Ap > —1 bethe eigenvalues of the transition
matrix. Thespectral gap of thechainisdefined asmax{1—
Az, 1 — |Ax|}, and therelaxation time, 7=, is defined asthe
inverse of the spectral gap.



Definition 1.2 For measures ;¢ and v on the same discrete
space, the total-variation distance, dv (x,v), between p
and v is defined as

Ay (0) = 3 S ) — vl

Definition 1.3 Consider an ergodic Markov chain {X;}
with stationary distribution = on a finite state space. De-
note by P, the law of X; given Xy = x. The mixing time
of the chain, m;, is defined as

7 = inf{t: sxu}/) dy (P}, P}) < e~

Fort > In(1/¢)7, we have

sup dy (P%, m) < supdy (P%, PZ) < e.
@ ey

This paper focuses on analyzing the relaxation time .
Using 7 one can bound the mixing time r, since every
reversible chain with stationary distribution = satisfies (see,

eg. [1]),
%7-2 <1 <M (1 + %log ((mainﬂ'("))_l)) : ()

For the Markov chains studied in this paper, this gives
%7’2 <n <0(n)m.

Results

Exposure and relaxation time.

Definition 1.4 The exposure £(G) of a graph G is the
smallest integer such that there exists alabeling vy, ... v,
of the vertices such that for all 1 < k& < n, the number
of edges from {vy, ..., vg} t0 {vg41,...,vn}, IS at most
E(G).

Remark: The vertex-separation of a graph G is defined
analogously to the exposure in terms of vertices among
{v1,..., v} that are adjacent to {vg41,...,v,}. In[16]
it is shown that the vertex-separation of GG equals its path-
width, see [26].

see [26]. Generalizing an argument in [20, Theorem 6.4]
for Z¢, (see also [12]), we prove:

Proposition 1.1 Consider the Ising model on a finite
graph GG with n vertices and maximal degree A. Then
the relaxation time of the Glauber dynamics is at most
2,(4€(G)+24)p
Smilarly, for the coloring model on ¢, if the number of
colorsq satisfiesq > A + 2, then the relaxation time of the
Glauber dynamicsisat most (A + 1)n?(g — 1)5(@+1,

Analogous results hold for the independent set and hard
core models.

Relaxation time for the Ising model on the tree. The
Ising model on the b-ary tree has three different regimes, see
[3, 8]. In the high temperature regime, where 1 — 2¢ < 1/,
there is a unique Gibbs measure on the infinite tree, and the
expected value of the spin at the root &, given any boundary
conditions o 57, decays exponentially in ». In the interme-
diate regime, where 1/b < 1 — 2¢ < 1/4/b, the exponen-
tial decay described above still holds for typical boundary
conditions, but not for certain exceptional boundary condi-
tions, such as the all + boundary; consequently, there are
infinitely many Gibbs measures on the infinite tree. In the
low temperature regime, where 1 — 2¢ > 1/v/b, typical
boundary conditions impose bias on the expected value of
the spin at the root 7 ,.

Theorem 1.2 Consider the Ising model onthe b-ary tree 7,
of height r. Let e = (1 + ¢??)~L. Therelaxation time - for
Glauber dynamicson 7;. can be bounded as follows:

1. Therelaxationtimeis polynomial at all temperatures:

ry = nOUoR(L/E)

2. Low temperature regime.

(@) If 1 — 2¢ > 1/+/b then the relaxation timeis su-

perlinear: m = Q(n#logb(b(l—ze)%)_

(b) Moreover, the degree of r, tends to infinity as e
tends to zero: r, = nft1os1/),
3. Intermediate and high temperature regimes.
If 1 — 2¢ < 1/+/b then the relaxation time is linear:
™ = O(n,).

In particular we obtain from Equation (1) that in the low
temperature region 1, = n® and in the intermediate and
high temperature regions 7, = O(n?). We conjecture that
1 = O(n, log n,) inthe intermediate and high temperature
regions but can only prove this when 1 — 2¢ < (2v/06)~".
There is no evidence that there is any qualitative difference
in the behavior of Glauber dynamics between the high tem-
perature region (when there is a unique Gibbs measure on
the infinite tree) and the intermediate temperature region.

We emphasize that Theorem 1.2 implies that in the inter-
mediate region 1/2 < 1—2¢ < 1/+/b, the relaxation time is
bounded by a constant times the volume n, yet, in the infi-
nite volume there are infinitely many Gibbs measures. This
Theorem is perhaps easiest to appreciate when compared to
other results on the Gibbs distribution for the Ising model
on binary trees, summarized in Table 1.

The proof of the low temperature result is quite general
and applies to other models with “soft” constraints, such as
Potts models on the tree (see [15, 23] for more details).



[ Temp. | 1—2¢ [opoor=+ [ I(op00r) | 7= ]
high <1/2 unbiased -0 O(n)
med. | € (3, —5) | biased -0 O(n)
low > 2= biased inf> 0 nitem
freeze | 1—o0(1) | biased 1—o(1) n®®

Table 1. The Ising model on binary trees. Here
the root is denoted p, and the vertices at dis-
tance r from the root are denoted 97

Spectral gap and correlations. At infinite temperature,
where distinct vertices are independent, the Glauber dynam-
ics on a graph of n vertices reduces to a random walk on a
discrete n-dimensional cube, where it is well known that
the relaxation time is @(n). Our next result shows that at
any temperature where such fast relaxation takes place, a
strong form of independence holds. This is well known in
74, see [20], but our formulation is valid for any graph of
bounded degree. Denote by &, the configuration on all ver-
tices at distance r from p.

Theorem 1.3 If G has bounded degree and the relaxation
time of the Glauber dynamics satisfies 7 (G,) = O(n,),
then the Gibbs distribution on . has the following prop-
erty. For any fixed finite set of vertices A, there exists
¢4 > 0 such that for » large enough

Cov(f,g) < e4"Var(f)Var(g), 2

provided that f(o) depends only on o4 and g(o) depends
only on o,.. Equivalently, there exists ¢/, > 0 such that

[(oa,0,) <emcar 3)
where I denotes mutual information, see [6].

This theorem holds in a very general setting which includes
Potts models, random colorings, and other local-interaction
models.

Our proof of Theorem 1.3 uses “disagreement percola-
tion” and a coupling argument exploited by van den Berg,
see [2], to establish uniqueness of Gibbs measures in Z¢;
according to F. Martinelli (personal communication) this
kind of argument is originally due to B. Zegarlinski. Note
however, that Theorem 1.3 holds also when there are mul-
tiple Gibbs measures — as the case of the Ising model in
the intermediate regime demonstrates. Moreover, com-
bining Theorem 1.3 and Theorem 1.2, one infers that for
1 —2¢ < 1/vb, we have lim,_,., I(c0,0,) = 0. This
yields another proof of this fact which was proven before in
[3,9 8]

Plan of the paper

In section 2 we prove Proposition 1.1 via a canonical path
argument, and give the resulting polynomial time upper
bound of Theorem 1.2 part 1. We also present a more el-
ementary proof of the upper bound on the relaxation time
for the tree, which gives sharper exponents; this proof uses
Dirichlet forms to analyze the spectral gap by induction on
the height of the tree. In section 3 we sketch a proof of
Theorem 1.2 part 2a and present a proof of Theorem 1.2
part 2b. These lower bounds are obtained by finding a low
conductance “cut” of the configuration space, using global
majority of the boundary spins for the former result, and re-
cursive majority for the latter result. In section 4 we estab-
lish the high temperature result, using comparison to block
dynamics which are analyzed via path-coupling. Finally,
in section 5 we prove Theorem 1.3 by a Peierls argument
controlling “paths of disagreement” between two coupled
dynamics.

2. Polynomial Upper Bounds
2.1 Exposure and mixing time

We begin by showing how Proposition 1.1 implies the
upper bound in Theorem 1.2 part 1. Applying Proposition
1.1 to the b-ary tree with » levels, using the Depth First
Search labeling to get an upper bound on the exposure, we
see that the relaxation time of the Glauber dynamics is at
most
b—1)log, 1==

C(E)n§+2< — pOllos(1/e))
hence Theorem 1.2 part 1. Similarly, the argument shows
that the mixing time for the Glauber dynamics is polynomial
in the number of vertices n for other “hyperbolic” graphs
(More precisely, our proof applies to balls in infinite planar
graphs with positive Cheeger constant and bounded degree;
this includes all hyperbolic tilings). For such graphs (as in
Figure 1), ordering the vertices in a clockwise manner for
a well-chosen geometric embedding yields exposure which
is logarithmic in the volume (see [15]). For these graphs,
this polynomial mixing is quite surprising. Indeed, it is of-
ten believed that long-range correlations imply slow mixing
time; yet in these graphs, at low temperature, the correla-
tion between o, and o, is bounded below, independently of
the distance between » and v. Such long range correlations
hold for any family of planar graphs with bounded degrees
and co-degrees such that that the boundary of each subset
containing at most 1/2 of the vertices is at least logarithmic
in the size of the subset (details in [15]).

We now prove Proposition 1.1, following the lines of the
proof given in [20, Theorem 6.4] for the Ising model in
74, (see also [12]). We first discuss the proof for the Ising



model. Let I' be the graph corresponding to the transitions
of the Markov chain on the graph G. Between any two con-
figurations o and 5, we define a “canonical path” v(c, i) as
follows. Fix an order < on the vertices of G which achieves
the exposure. Consider the vertices v; < v < ... atwhich
Oy F M-

We define the kth configuration ¢(*) on the path (e, 1)
by giving spin o, to every vertex labeled v < vy, spin »;
to every vertex labeled ¢ > &, and spin o, = n, for every
unlabeled vertex v. Note that ¢(®) = 5 and o(¢@1) = ¢
Since o*~1) and (%) are identical except for the spin of
vertex vy, they are adjacent in GG. This defines y(, n).

Note that there at most £(() pairs of adjacent vertices
(vi,v;) such that i« < k& < j, hence any configuration on
the canonical path between & and » will have at most £(()
edges between spins copied from ¢ and spins copied from
7.

Using canonical pathsto bound the mixingrate. Let

plolpn]
2 o0

o,n: e€y(o,n)

p = sup
€

where the supremum is over transitions e = (u, v) between
adjacent configurations. Here p is the stationary measure
(i.e. the Gibbs distribution), and for any two adjacent con-
figurations v and v, Q((u, v)) = p[u]P[u — v]. If L isthe
maximal length of a canonical path, then by the argument in
[12, 20], the relaxation time of the Markov chain is at most

Ty < Lp. (4)

Since L. < n, it follows that 72 < np, thus it only remains
to prove an upper bound on p.

Analysisof the canonical path. For each directed edge
# in G, we define an injection from canonical paths going
through e in the specified direction, and configurations of
(i. To a canonical path y(e, 1) going through e, such that
e = ("= o)), we associate the configuration ¢ which
has spin »; for every ¢ < k and spin o; for every ¢ > k. This
is an injection.

By the property of our labeling,

plolpln] < plo®=V]p[ple* (@7 )

Now a short calculation concludes the proof:

) ploluln
(k_l) (k—l) (k‘)
o,n S eev(o,n) /i[O' ]P[g’ S o ]

p < sup

€

(k=1)
4E(G)B pulo 1ule]
s ¢ S‘ipz W[oE-D]P[c k1) 5 (8] 6)
©
< HE(G)B 200 Zﬂ[%ﬁ] < nel4E(@+28)8 (7

©

The last inequality follows from the fact that the map v — ¢
is injective and therefore > u[¢] < 1.

Pathsfor coloring. This argument does not directly ex-
tend to coloring, as the configurations «*) in the defini-
tion of the path may not be proper colorings. Assume that
g > A+ 2andletv; < vs--- < v, be an ordering of the
vertices of G which achieves the exposure. We construct a
path v(o, n) such that

Iy(e, )| < (A+1)n. (8)

Moreover, for all 7 € (o, 1) there exists a & such that

=1 7Y
v — T

When estimating p, we note that in the right hand side of (5)
¢*€(%)P s now replaced by 1, as all the legal configurations
have the same weight. On the other hand, the map v — ¢ is
not injective. Instead, by (9), there are at most (¢ — 1)%(%)
paths which are mapped to the same coloring. We therefore
obtain that for coloring p < n(g — 1)(©+! and therefore
from (8) and (5),

ifv <wy
ifv>wv,andv = {v,... v}

©)

72 < (A4 1)n*(g — 1)FDH

The way to construct a path v(e, i) satisfying (8) and (9) is
by changing the colors of the vertices vy, . . . , v, according
to their order with some local modifications. Suppose that
7 satisfies (9). In order to construct the next configuration
we first modify the colors of all w s.t. (w,vg41) € F,
and 7, = o,,,. This is possible by the assumption that
g > A 4 2. Then we set the next configuration to have
coloroy, ., atvgyy. O

We continue by analyzing an improved upper bound on
relaxation time for the tree. The analysis below yields bet-
ter exponents for the mixing time, and the proof is simpler.
However, the proof below applies to trees only. We note
that both the proof above and the proof given below may
be adapted to prove polynomial time mixing for Glauber
dynamics of any bounded range interacting particle system
with “soft” constraints on the tree.

2.2 A recursive argument

It is helpful to refer to figure 2 to follow the proof for the
case b = 2. Let p denote the Gibbs measure. To estimate
the relaxation time 7, our proof uses the characterization in
terms of Dirichlet forms (see e.g. [1]):

D plg) = } :

23, 1lol(g(e))?
(10)

T { e Ao, T)(9(0) — 9(7))?

where Q(o, 7) = ple]Ple — 1].
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Figure 2. Upper bound on the relaxation time for trees

Our proof is in two steps and uses induction on the height
of the tree. Let 7" = T, be the b-ary tree of r levels and 7 [r]
be the relaxation time for the Glauber dynamics on 7.
First reduction. Let 7" be the graph obtained from 7" by
removing the b edges connecting the root of 7" to its & chil-
dren, let 7 [r] be the spectral gap of the Glauber dynamics
on 7’ and denote by ' the Gibbs measure on 7’. From
Equation 10, we have

n[r] _ max plo]/p'lo]
~ min, ; Q(o,7)/Q' (o, 7)’
Note that u[o] < (2—2¢)? /o] for all &, and a little thought

reveals that Q(o, 7) > (2¢)°Q’ (o, 7) for any adjacent pair
o, 7. We therefore obtain that

b
nlr) < (12 0. e
Second reduction. 7" has b + 1 connected components:
one single node, and b copies of 7,_;. One step of the
Glauber dynamics on 7” can be simulated as follows: with
probability 1/n, run one step of the Glauber dynamics on
the graph consisting of a single node, and otherwise run a
step of the Glauber dynamics on one of the b copies of 7.
(with probability (n — 1)/(bn) for each of them).

The relaxation time on 7" is easily calculated from the
relaxation times of the components:

4 [r] = max{

nflrz[r—l],n}. (12)
Finishing the proof. Combining the two recursion equa-
tions (11) and (12), we obtain:

] < —r b(l_g)brz[r—l]

n,—1 €

br
< oy (1_6)
€

1—¢

1461
< Cnr+ 8T O

3. Lower Bounds

The superlinear lower bound of Theorem 1.2 part 2a is
a direct consequence of the extremal characterization of m

given in equation 10, applied to the particular test function
¢ Which sums the spins on the boundary of the tree. This
function has Dirichlet form which is O(1), and from the
variance given for example in [8], we can deduce its second
moment.

Figure 3. The recursive majority function.

In order to prove the lower bound on the relaxation time
for very low temperatures stated in Theorem 1.2 part 2b, we
apply (10) to the test function ¢ which is obtained by apply-
ing recursive majority to the boundary spins; see [22] for
background regarding the recursive-majority function for
the Ising model on the tree. For simplicity we consider
only the ternary tree 73, see figure 3. (for other trees and
sharper bounds see [15]).). Recursive majority is defined
on the configuration space as follows. Given a configura-
tion o, first label each boundary vertex v by its spin o, .
Next, inductively label each interior vertex w with the label
of the majority of the children w. The value of the recursive
majority function g is then the label of the root. We write
o, for the spin at v and m,, for the recursive majority value
at v.

Lemma3.1 If u and w are children of the same parent v,
then P[m,, # my] < 2¢ + 8€2.

Pr oof:
Plmy # mu] <

Ploy # my|+Plow # my] +Ploy # 0]+ Plow # o4].

We will show that recursive majority is highly correlated
with spin, i.e. if ¢ is small enough (say ¢ < 0.01), then
P[mv 3& UU] S 462-

The proof is by induction on the distance ¢ from v to the
boundary of the tree. For a vertex v at distance £ from the
boundary of the tree, write p; = P[m, # o,]. By definition
Po = 0 S 462.



For the induction step, note that if o, # m, then one of
the following events hold:

o At least 2 of the children of v, have different o value
than that of o, or

e One of the children of v has a spin different from the
spin at v, and for some other child w we have m,, #
O, OF

o For at least 2 of the children of v, we have oy, # my,.

Summing up the probabilities of these events, we see that
pe < 362+ 6epp—1 +3p7_,. Itfollows that p, < 4¢2, hence
the Lemma. O

Proof of Theorem 1.2 part 2b. Let m be the recursive
majority function. Then from symmetry E[m] = 0, and
E[m?] = 1. By plugging m in definition (10), we see that

-1

ul[o]Plec — 7] . (13)

Ty 2> Z

o,7:mlo]=1,m[r]=—1

Observe that if o, 7 are adjacent configurations (i.e., P[c —
7] > 0) such that m(s) = 1 and m(7) = —1, then there is
a unique vertex v, on the boundary of the tree where ¢ and
7 differ. Moreover, if p = vy, ..., v, is the path from p to
vy, then for o we have m(v1) = ... = m(v,) = 1 while
for 7 we have m(v1) = ... = m(v,) = —1. Writing u;, w;
for the two siblings of v; for 2 < i < k, we see that for
all ¢, for both o and  we have m(u;) # m(v;). Note that
these events are independent for different values of i. We
therefore obtain that the probability that v+, . .. , v, is such
a path is bounded by (2¢ + 8¢2)"~L. Since there are 3" such
paths and since P[c — 7] < 37" we obtain that the right
term of (13) is bounded below by

(2¢ + 87" > nM) 0O

Noam Berger (personal communication) has refined the
recursive argument in order to obtain polynomial mixing
time for any (ergodic) particle system on the tree.

4. Higher temperatures

We now prove Theorem 1.2 part 3. Our analysis uses a
comparison to block dynamics.

Block dynamics. We view our tree 7" = 7, as a part
of a larger b-ary tree 7. of height  + 2h, where the root p
of T is at level ~ in 7T. For each vertex v of T}, consider
the subtree of height % rooted at v. A block is by definition
the intersection of 7" with such a subtree. At each step of
the block dynamics, we pick a block at random, erase all
the spins of vertices belonging to the block, and put new
spins in, according to the Gibbs distribution conditional on
the spins in the rest of 7'.

A coupling analysis. We use a weighted Hamming met-
ric on configurations,

d(o,n) = > N1(a, #ny),

where |v| denotes the distance from vertex v to the root.
Let® = 1 — 2¢and A = 1/v/b. Note that bA¢0 < 1 and
@ < A. Starting from two distinct configurations & and 7,
our coupling always picks the same block in & and in 5 and
choose the coupling between the two block moves which
minimizes d(o’, 7').

We use path-coupling [4], i.e., we will prove that for ev-
ery pair of configurations which differ by a single spin, ap-
plying one step of the block dynamics will reduce the ex-
pected distance between the two configurations.

Let v be the single vertex, such that ¢, # 7,. Then
d(e,m) = All. Let B denote the chosen block, and ¢’ , ' be
the configurations after the move. There are four situations
to consider.

Case 1. If B contains neither v nor any vertex adjacent to
v, thend(¢’, ') = d(o, ).

Case 2. If B contains v, then ¢/ = n’ and d(o’, 1) = 0 =
d(e,m)—AVl. There are h such blocks, corresponding to the
h ancestors of v at 1,2, ... h generations above v. (Note
that this holds even when v is the root of 7" or a leaf of T,
because of our definition of blocks).

Case 3. If B is rooted at one of v’s children, then the
conditional probabilities given the outer boundaries of B
are not the same since one block has +1 above it and the
other block has —1 above it. However both blocks have
their leaves adjacent to the same boundary configuration.
Since conditioning on this lower boundary can only help by
Lemma 4.1 below, we bound d(¢’, ) by studying the case
where one block is conditioned to having a +1 adjacent to
the root, the other block is conditioned to having a —1 adja-
cent to the root, and otherwise the boundary is free. Then
the block is simply filled in a top-down manner, every edge
is faithful (i.e. the spin of the current vertex equals the spin
of its parent) with probability ¢ and cuts information (the
spin of the current vertex is a new random spin) with proba-
bility 1—6. Coupling these choices for corresponding edges
for o and for 7, we see that the distance between ¢’ and »’
will be equal to the weight of the cluster containing v, in
expectation 3~ AVI+75707 < AlY1/(1 — bAG). There are b
such blocks, corresponding to the & children of v.

Case 4. If B is rooted at v’s ancestor exactly ~ + 1 gen-
erations above v, then the conditional probabilities are not
the same since one block has a leaf v adjacent to a +1 and
the other block has a leaf adjacent to a —1. There is exactly
one such block. Again we appeal to Lemma 4.1 to show
that the expected distance is dominated by the size of the ¢
cluster of w. The expected weight of v’s cluster is bounded



by summing over the ancestors w of v:

S g1l 0 Al +ipigi =
w j

S0, Alelglvl=twl
N 1—0bX0
Alvl

(1= 0A=1)(1 — bAG)”

Overall, the expected change in distance is

E(d(d, n’l —d(o,n)) < [lex]

pAlY! N All el 1
L—bA0 " (1= 0A=1)(1— bAG) nth—1

If the block height & is a sufficiently large constant, we get
that for some positive constant ¢,

—enlvl

n

E(d(o’,n') — d(o.)) < < —d(on).  (14)

Note that maxd(c,n) = 3, &/ M < \/n. Therefore,
by a path-coupling argument (see [4]) we obtain a mixing
time of at most O(n log n) for the blocks dynamics.

Spectral gap of block dynamics. The (1 — ¢/n) con-
traction at each step of the coupling implies, by an argument
from [5] which we now recall, that the spectral gap of the
block dynamics is at least ¢/n. Indeed, let A\, be the second
largest eigenvalue in absolute value, and f an eigenvector
for Ay. Let M = sup, , |f(o) — f(n)|/d(c,n) and denote
by P the transition operator. Then

| Ao | M
= sup [P /(o) = PF(n)] since f eigenvector for \,
o d(o'a 77)

oo lf(@) = Fn")] (e’ 7')

< P

< s 2 Pllon) = ey i)
I, d(U/a 77/)

< P M

< sup ;7: [(o2m) = (o 0 DM s

= M sup 7E[d(o”, )]

a,n d(o-a 77)
< (1 —e¢/n)M by (14).

(Here the first inequality is by coupling and the following
one is by definition of M). Thus |A2|M < (1 —¢/n)M,
whence the block dynamics have relaxation time at most
O(n).

Relaxation time for single-site dynamics. Since each
block update can be simulated by doing a constant number
of single-site updates inside the block, and each tree vertex
only belongs to a bounded number of blocks, it follows from

proposition 3.4 of [20] that the relaxation time of the single-
site Glauber dynamics is also O(n). O

We now state and prove the Lemma which was used in
the coupling analysis.

Lemmad4.l Let7T beafinitetree and x the Gibbs measure
for the Ising model on that tree. For afixed set of vertices A
of T,w ¢ A, and some boundary conditions r, we consider
the following conditional Gibbs measures:

4+ conditionedono, = 1.

p—: conditionedono, = —1.
4+ - conditionedoneo, = land oy = 7.
f— 72 conditionedoneo, = —lando4 = .

Let S = > ,cr ow. Then onecan couple py » and p_ ;
in such a way that the expected number of disagreementsis
+(pt4,7[S] — pu— +[S]). Moreover, for all 7,

ﬂ+,7[5] - /’L—,T[S] < ﬂ+[5] - ﬂ—[S]'

Proof. The first statement follows from the fact that z_ ,
is dominated by w4 , (for definitions and basic properties
of domination of measures, see [1, 17]). Therefore using a
coupling between these measures which respects the domi-
nation we see that the expected number of disagreements is
+(pt4,7[S] = p— - [S]). For the second statement, it suffices
to show that for all vertices w,

o rlow] — pe rlow] < pylow] — p-fow]. (15)

Reduction from trees to paths. We first claim that it
suffices to prove (15) when the tree 7' consists of a path
v = v1,...,vs = w Where every vertex v; is connected
to a vertex u; of degree 1 by a bond of interaction-strength
~i, and where the boundary condition is the configuration of
(u;)F_, (see Figure 4). The proof is omitted in this extended
abstract.

U1 U1
v2 T U2 u1

T Uz

_—
Ukt VE ~
k

T Uk

Figure 4. Reduction from trees to paths.

We will now prove the lemma by induction on the length
of the path vy, ... , vg.
Paths of length 2. Assume k = 2. Writing g for the
strength of (vy,vs) interaction, ~ for the strength of the
(w = vy, us) interaction,

B _ =B B _ B
eﬁ =+ e_ﬁ e_ﬁ =+ eﬁ

plow] — p-fow] = = 2tanh 3,



and
p,r[ow] = p 7 [ow]
Pty =B =Bty _ B
eBt+ =+ e—B—v N e— B+ =+ el—

= tanh(8+ ) — tanh(y — 3).

It therefore suffices to prove that for 3 > 0, the function

v+ 9(8,7) = tanh(y + ) — tanh(y — )

has a unique maximum at v+ = 0. Consider the partial
derivative,

g+(B,7) = cosh™*(y + B) —cosh™*(y — B).  (16)

Therefore, if 3 > 0 and v > 0 then ¢,(3,v) < 0 and if
8 > 0andy < 0then g,(8,v) > 0. Thusy = 0 is the
unique maximum and the claim for £ = 2 follows.

Induction step. We assume that the claim is true for
k — 1 and prove it for k. We denote v = wp_1,pu, =
pl-loys = 1] and similarly p” , g’ !y . Now,

St — o0y — i) lou] an
In a similar manner

ﬂ+,7[0w] - ﬂ—,T[Uw] =

Sl — e o), — L o], (18)

and the proof follows since both terms in (17) and (18) are
larger for the free measure than for the conditional measure.
|

5. Proof of Theorem 1.3

We assume that m(G,) = O(n,). Equivalently, writ-
ing A, for the eigenvalue of the dynamics with the second
largest absolute value, we assume that |A\s| < 1 — en* for
some ¢ > 0 and all ». Recall that we denoted by o, the
configuration on all vertices at distance exactly » from p.

Mutual information and L? estimates. For Markov
chains such as {o,}, itis generally known [8, 21, 27] that
(3) follows from (2), which in turn, is consequence of the
following stronger statement:

There exists ¢, > 0 such that for any vertex set A C
G, /2 and any functions f, g of mean zero,

E(fg) < e " (E(f)E(g"))"/?, (19)

provided that f(o) depends only on ¢4 and g(o) depends
only on ... We will prove (19) using a coupling argument.

Choose o drawn from the Gibbs distribution on G,.
Consider a copy of G, which we denote by /.. Run the
Glauber dynamics on G, and G.. simultaneously, except
that on &, the boundary variables o, for |v| = r are frozen:
whenever the dynamics picks such a vertex v, on G the
variable labeling it remains fixed. Thus on (/. the process
at all times is at the stationary distribution conditional on
o, while on G, even given the initial o, the process con-
verges to the (unconditional) stationary distribution.

Initially, the configurations are identical on &, and on
GL. We “couple” the dynamics, i.e., we always pick the
same site v for G, and . and, if the neighbors of v have
the same spins on G, and on G, then we choose the same
new spin for v in G, and in G... Thus the two processes
eventually move apart due to the different behavior on the
boundary, which gradually induces different spins further
inside the graph.

For a vertex v with |v| = r, we define ¢, to be the first
time at which o, was updated. For any v € V;. with |v| <
r, we define ¢, to be the first time o, was updated after
ming, )eE, tw. NOte that at any time ¢ < ¢,, the labeling
of v in GG, and (.. is identical. Moreover, ¢, depends only
on the order the vertices are chosen, and is independent of
the initial configuration o. We lett 4 = min,c 4 t,.

Given an initial configuration &, we write X* for the
random configuration after ¢ steps in the GG, dynamics and
Yt for the random configuration after ¢ steps in the G, dy-
namics. We also let P* f(o) = E[f(X")], and Q" f(0) =
E[f(Y")]. Since for .. and all ¢ the process is at the sta-
tionary distribution given & ., it follows that for all ¢,

E[fg) = E[Q'f - Q'y) =E[Q'f - g].

Since Glauber updates cannot increase the L? norm, we
infer from the coupling above that

Q" f — P rlI2
< APt > talllf115 -

Therefore, by the Cauchy-Schwarz inequality,

E[(Q'f — P'f)g] <2+/Plt <tall| ]2 |lgll=-
Since
E[P'f - g] < X[ (I£1l=l1gll2,
We infer that

ELfg] < (Pel +2V/PI < ta]) 17112 llgllz - (20)

It remains to bound the two terms in the right-hand side of
(20). Recall the hypothesis max,¢ 4 |v| < r/2 and denote
by A the maximal degree in G.



We now let ¢ = ¢/(r/2)n,, where the constant ¢/ will be
specified later. We obtain that

|A2|t S (1 — Cn;l)cl(r/z)nr S e—rcc'/Z )

It remains to bound P[4 < t]. We note that t4 < ¢ only if
there is some self-avoiding path (sometimes referred to as
“path of disagreement”) between the set A and the vertices
at distance » from p, along which the discrepancy between
the two distributions has been conveyed in time less than ¢.

Note that there are at most |A|(A — 1)* such paths of
length % forall £ > r/2. We fix such a path vy, ... , v, and
bound the probability that this path was activated up to time
t. This probability is clearly bounded by P[Bin(t,n ') >
k] (think of “success” as an activation of the first non-active
element of v, ..., vg). We let ¢ > 0 be a constant such
that for all m» and p and for all & > mp/c’ one has the
following tail estimate:

P[Bin(m, p) > k] < A%,

(such a constant exists by standard large deviation esti-
mates, see, e.g., [10, Corollary 2.4]). Thus,

P[Bin(t,n 1) > k] < A%,
So summing over all paths we obtain:

Plia <t <|A] Y (A—1)FA™?"
k>r/2

(21)

Thus both summands in (20) decay exponentially in », as
claimed. O
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