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Abstract. Robust optimization is one of the fundamental approachesto deal with
uncertainty in combinatorial optimization. This paper considersthe robust span-
ning treeproblem with interval data, which arisesin avariety of telecommunica-
tion applications. It proposesa constraint satisfaction approachusing a combina-
torial lower bound, apruning component that removesinfeasible and suboptimal
edges,aswell asa search strategy exploring the most uncertain edges rst. The
resulting algorithm is shown to produce very dramatic impr ovements over the
mathematical programming approach of Yaman et al. and to enlarge consider-
ably the classof problems amenableto effective solutions.

1 Intro duction

In many combinatorial optimization problems, data
are not known with certainty. How to deal with these
uncertainties is often problem-dependent and various
frameworks have been proposed, including stochas-
tic programming [Birge and Louveaux, 1997, stochastic
constraint programming [Walsh, 2007, and robust opti-
mization [Kouvelis and Yu, 1997 to name only afew. In
robust optimization, the idea is to nd a solution that
hedges against the worst possible scenario. Many prac-
tical applications, particularly in telecommunication net-
works, can be formulated as robust optimization prob-
lems.

When choosing among robust decisions, several cri-
teria can be used, based on the specics of the appli-
cation. [Kouvelis and Yu, 1997 studied three robust-
ness criteria, namely absolute robustness robust devi-
ation and relative robustness In many cases, under
these criteria, the robust equivalent of a polynomially
solvable problem becomes NP-hard. A weaker crite-
rion for robustness, which allows controlling the de-
gree of conservatism of the solution, was recently pro-
posed by [Bertsimas and Sim, 2003. This approachleads
to robust formulations of polynomially solvable ( -
approximable) problems that remain polynomially solv-
able ( -approximable).

This paper considers the robust spanning tree prob-
lem in graphs where the edge costs are given by in-
tervals (RSTPIE),under the robustdeviationframework.
The goal in the RSTPIEis to nd a spanning tree
that minimizes the maximum deviation of its cost from
the minimum spanning tree (MST) over all possible

realizations of the edge costs (i.e., costs within the
given intervals). The robust spanning tree was studied
in [Kouvelis and Yu, 1997, Kozina and Perepelista, 1994
Yaman et al., 200]] becauseof its importance in commu-
nication networks. [Kouvelis and Yu, 1997 discussesthe
design of communication networks where the routing
delays on the edges are uncertain, since they depend
on the network traf c. A robust spanning tree hedges
against the worst possible delays and is desirable in this
problem. A second application, discussed by [7], con-
cerns broadcasting of messagesfrom a given node to all
other nodes in a network where transmission times are
uncertain. Once again, the goal is to hedge the broadcast
against the worst communication delays.

Recently, a very elegant mixed integer programming
(MIP) approach was proposed in [Yaman etal., 2001.
It combines the single commodity model of the mini-
mum spanning treewith the dual of the multicommod-
ity model for the same problem. In addition, they in-
troduced the concepts of weak and strong edges, which
identify edgesthat may and must belong to an optimal
solution. They used these concepts as a part of prepro-
cessing step and showed that, on some classesof in-
stances,it signi cantly enhancethe performance of their
MIP implementation.

This paper applies a constraint satisfaction approachto
the RSTPIE.It presentsa search algorithm basedon three
important and orthogonal components: (1) a combinato-
rial lowerboundto eliminate suboptimal trees;(2) a prun-
ing componenwhich eliminates edgesthat cannot be part
of any feasible or optimal solution; and (3) a branching
heuristicwhich explores the most uncertain edges rst.
The lower bound exploits the combinatorial structure of
the problem and reducesto solving two MST problems.
The pruning component eliminates infeasible edges(e.g.,
edgesthat would lead to cyclesand non-connected com-
ponents) as well as suboptimal edges (i.e., edges that
cannot appear in optimal solutions). It uses the con-
cept of weak edges and a new O(m log m) amortized
algorithm for detecting all weak edges (where m is the
number of edgesin the graph), impr oving the results of
[Yaman et al., 200]] by an order of magnitude.

The constraint satisfaction algorithm is shown to pro-
vide very dramatic speed-ups over the MIP approach.



In particular, it runs several hundr ed times faster than
the MIP approach on the instance data proposed in
[Yaman et al., 2007. It also exhibits even more signif-
icant speed-ups on other instances which have more
structure. In addition, the constraint satisfaction ap-
proach signi cantly broadensthe classof instancesthat
are amenable to effective solutions. Observe also that
the constraint satifaction approach should apply equally
well to other robust optimization problems, such asro-
bust matching and robust shortest paths, which alsoarise
in telecommunications and computational nance. Com-
binatorial lower bounds can be obtained similarly and
the challengeis mainly to nd effective characterizations
of suboptimal solutions. As a consequence,we believe
that constraint satisfaction approachesare likely to play
afundamental role in the solving of robust optimization
problems in the futur e. We also believe that the concept
of suboptimality pruning, i.e.,removing values that can-
not appear in any optimal solution, is fundamental and
deservesfurther study for optimization problemsin gen-
eral.

The rest of the paper is organized asfollows. Sections
2 and 3 de ne the problem and discuss prior work. Sec-
tions 4,5, 6, and 7 discussthe search algorithm, the lower
bound, suboptimality pruning, and branching. Section
8 presentsthe experimental results, and Section 9 con-
cludes the paper.

2 The Problem

Informally speaking, the robust spanning tree prob-
lem, given an undir ected graph with interval edge costs,
amounts to nding atreewhose costis asclose as possi-
ble to that of a minimum spanning treeunder any possi-
ble assignment of costs. This section de nes the problem
formally and intr oducesthe main conceptsand notations
used in the paper.

We are given an undir ected graph G = (V;E) with
jVj = nnodesand jEj = m edgesand an interval [Ce; Te]
for the costof eachedgee 2 E. A scenario s is a partic-
ular assignment of a costce 2 [Ce; Te] to eachedgee 2 E.
We use ¢} to denote the cost of edge e under a given sce-
nario s.

Recall that a spanning treefor G = (V;E) is a set of
edges T E such that the subgraph G° = (V;T) is
acyclicand 8i 2 V; 9] 2 V : (i;j) 2 T. The cost of
aspanning treeT for a scenarios, denoted by c3, is the

sum of the costsof all edgesunder scenarios:

X

G = c

e2T
A minimum spanning tree for scenario s, denoted by
M STS, is a spanning tree with minimal cost for sce-
nario s and its cost is denoted by cy sts. Following
[Yaman et al., 2001, we now de ne the worst casesce-
nario for a spanning tree T and the robust deviation of
T, two fundamental conceptsfor this paper.
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Figure 1. The relative worst casescenario determines the robust deviation 1 of a
given spanning treeT . Our goalisto nd atreeT for which this deviation (distance)
is minimal.

De nition 2.1 (Relative worst case scenario). Given a
spanning tree T, a scenario w(T) which maximizes the
dif ferencebetween the cost of T and the cost of a mini-

mum spanning treeunder w(T) is called a relative worst
casescenario for T. Mor e precisely, a relative worst case
scenariow(T) satis es

w(T) 2 arg- max (cf  CmsTs) 1)

where S is the set of all possible scenarios.

Note that arg-maxsys f (S) denotesthe set

fe2 S j f(e) = maxf(s)g:
s2S

and arg-min is de ned similarly .

De nition 2.2(Robust Deviation). Therobust deviation
of a spanning treeT, denoted by 1, is the distance be-
tween the costof T and the costof a minimum spanning
treeunder the relative worst casescenarioof T:

T= C\g(T) Cm sTw (™) (2)
The goal of this paper is to compute a robust spanning
tree,i.e.,a spanning treewhose robust deviation is mini-
mal.

De nition 2.3 (Robust Spanning Tree). A (relative) ro-
bust spanning treeis a spanning tree T whose robust
deviation is minimal, i.e.,

T 2 arg- min max (¢ ¢
o o s2S (G Custe)

where ¢ isthe setof all spanning treesof G and S is the
set of all possible scenarios. According to the de nition
of w(T) (Eg. 1), this is equivalent to:

T 2 arg- min (c"TV(T) Cy sTw(T) ):
T2 ¢



Figure 1 depicts theseconceptsgraphically . The horizon-
tal axis depicts various scenarios. For eachscenarios, it
shows the costc; of T under s and the costcy sts of an
MST under s. In the gur e, scenario s is a worst-case
scenario, since the distance ¢§® ¢y stss is maximal and
this distance s then the robust deviation of T. Sucha g-

ure can be drawn for eachspanning treeand we are in-
terestedin nding the spanning treewith the smallestro-
bust deviation. [Kouvelis and Yu, 1997 conjectured that
the robust spanning tree problem with interval edgesis
NP-complete.

3 Prior Work

[Yaman et al., 2001 proposed an elegant MIP formula-
tion for the RSTPIEproblem. The formulation combines
the single commodity model of the minimum spanning
treewith the dual of the multicommodity model for the
sameproblem. In addition, they intr oduced the concept
of weak and strong edges and used them for prepro-
cessing. They showed that preprocessing signi cantly
enhancesthe performance of their MIP implementation.
We now summarize their relevant results.

We rst intr oduce the concept of weak edges,i.e., the
only edgesthat needto be considered during the search.

De nition 3.1(Weak Tree). A treeT E isweak if there
exists at least one scenariounder which T is a minimum
spanning treeof G.

De nition 3.2(Weak Edge). An edgee 2 E is weak if it
lies on at leastone weak tree.

Strong edges are edgesthat are necessarily part of a ro-
bust spanning tree.

De nition 3.3(Strong Edge). An edgee 2 E is strong if
it lies on a minimum spanning tree of G for all possible
scenarios.

The following propositions characterize weak and
strong edgesin terms of the minimum spanning treesof
two scenarios.

Proposition 3.4. An edgee 2 E is weakif andonly if there
existsa minimum spanningtr eeusing edgee whenits costis
atthelowestboundandthe costsoftheremainingedgesre at
their highestbounds.

Proposition 3.5. An edgee 2 E is strongif andonly if there
existsa minimum spanningtreeusing edgee whenits costis
at the highestboundand the costsof the remainingedgesare
attheir lowestbounds.

As a consequence,[Yaman et al., 2001 showed that it is
possible to use a slightly modi ed version of Kruskal's
algorithm to nd all the weak and strong edgesof agiven
graph in O(m?logm) time. In Section 6, we give an im-
proved algorithm for nding weak edges,which runsin
O(mlogm). The following two propositions capture the
intuition we gave earlier on weak and strong edges.

procedure Search(hS;Ri)
begin
if jSj< n 1then
hS;Ri = Prunel nf easible(hS; Ri);
hS; Ri = PruneSuboptimal (hS;Ri);
if LB (hS;Ri) f then
e = SelectEdge(E n(S[ R));
Seach(hS;R [ f egi);
Seach(hS[ f eg;Ri);
else
if s<f then
T = S;f = S
end

Figure 2. The Seach Algorithm

Proposition 3.6. A relativerobustspanningtreeT is aweak
tree. Thus an edgecan be part of a relativerobustspanning
treeonly if it is aweakedge.

Proposition 3.7. Thele existsa relativerobusttreeT such
that everystrongedgedn thegraphlieson T.

The next result is also fundamental: it makes it possi-
ble to characterize precisely the worst casescenario of a
spanning treeT.

Proposition 3.8. Thescenarian whichthe costsofall edges
in a spanningtreeT are at upperboundsand the costsof all
otheredgesreatlowerboundds arelativeworstcasescenario
for T. In otherwords,w(T) is speci edas

w(m)y - G €2T

= C; e2EnT )
In other wor ds, oncewe selectatreeT, we caneasily nd

the worst-case scenario for T by assigning to the edges
in T their upper bounds and to the edgesnot in T their
lower bounds. We use Proposition 3.8in our new algo-
rithm. In the rest of the paper, we also use the notation
w(S) to denote the scenariowherec, = G if e 2 S and
Ce = Ce Otherwise evenwhen S is not atree.

4 The Seach Algorithm

Figure 2 gives a high-level description of the search al-
gorithm. A node in the search treeis called a con gu-
ration to avoid confusion with the nodes of the graph.
A con guration is a pair hS;Ri, where S representsthe
set of selectededgesand R representsthe set of rejected
edges. The algorithm receivesa con guration asinput.
If the con guration is not a spanning tree,the algorithm
prunes infeasible and suboptimal edges. Both steps re-
move edgesfrom E n(S[ R) and adds them to R. If
the lower bound of the resulting con guration is smaller
than the best found solution, the algorithm selectsan
edge and explores two subproblems recursively. The



Notation  De nition
c; the cq§tof treeT under scenarios
G = arC
w(T) worst casescenariofor edgesetT:
C\g(T) - C, e2T
C; €2EnT

¢ the setof all spanning treesof graph G

T(S;R) the setof spanning treesderived from
hS; Ri
T(S;R)=fT2 ¢S T EnRg
M 5(S;R) the set of spanning treesfrom T (S;R)
with mimimal costunder scenarios
M °(S;R) = arg-mint 7 (sr) C7
M ST3(S;R) anarbitrary treefrom M 3(S;R)
M*® M3Gis)
M ST® anarbitrary treefrom M 5(;;;)

Table 1. Summary of Notations

subproblems respectively rejectand selectthe edge. The
best found solution and upper bound are updated each
time a spanning tree with a smaller robust deviation is
obtained.

Infeasibility pruning is relatively simple in our algo-
rithm. It ensuresthat S can be extended into a spanning
treeand removes edgesthat would createcycles. We do
not discuss infeasibility further in this paper and focus
on the lower bound and suboptimality pruning, i.e. the
key novelty.

Before doing so, we intr oduce some additional nota-
tions. We use T (S;R) to denote the set of all spanning
treesthat can be derived from con guration hS;Ri, i.e.,

T(SSR)=fT2 ¢ jS T EnRg:
Given a scenario s, M 3(S;R) denotes the set of all min-
imum spanning treeswhich are derived from con gura-
tion hS;Ri under scenarios and M ST*(S;R) is arepre-
sentative of M 3(S;R). For simplicity, we use M $ and
M STSwhen S = ; and R = ;. All relevant notations are
summarized in Table 1 for convenience.

5 The Lower Bound

We now present a lower bound to the robust devia-
tion of any spanning treederived from hS;Ri. In other
words, we needto nd alower bound on the value of

T (asde ned by Eq.2),for any treeT 2 T (S;R). Recall
that, for any such tree T, the robust deviation is given

w(T) Cv sTw(r). We canapproximate t by

by 1 =c¢;
nding a lower bound to c‘}V(T) and an upper bound to

CvsTwm . SinceS T S[ LwhereL = En(S[ R),
both bounds canbe obtained by considering the scenario
w(S[ L). As aconsequencewe de ne the lower bound
LB (hS;Ri) of acon guration hS;Ri as

LB (I’S,RI) = CM STW(S[L)(S;R) CM STw(S[L):
The following proposition proves that LB (hS;Ri) is in-
deed a lower bound.

Proposition 5.1. LethS; Ri beanarbitrary con gurationand
letL = En(S[ R). Then,forall T 2 T (S;R), wehave

T CMmsTwsit)(s;R)  CmsTwisiL):

Proof:SinceT 2 T(S;R),it follows thatS T E R =
S| L. Therefore,

Cvm sTw(m

Cvm sTw(sIL)

On the other hand, by the de nition of aminimum span-
ning treeand sinceT S| L, we have that

w(S[L) — w(T).
CusTwisitsr) G =6
The result follows since
w(T .
CM STW(SIL)(S;R) CMSTw(S[L) CT( ) CM STwW(T) = T.

Observe that this lower bound only requiresthe com-
putation of two minimum spanning treesand hence it
can be computed in O(m log m) time. Interestingly,
Cv sTw(st L) Can use any edge in the graph and is thus
independent of the edgesselectedin S and R. Of course,
the scenariow(S [ L) is not! It is easyto seethat this
lower bound is monotone in both arguments

LB (IS;Ri)
LB (IS;Ri)

LB (hS[ feg;Ri)
LB (hS;R [ fegi):

6 Suboptimalit y Pruning

A fundamental component of our algorithm is subop-
timality pruning, i.e., the ability to remove all non-weak
edges at every con guration of the search tree. The re-
sults in [Yaman et al., 200] allow us to detect all weak
edgesin time O(m? logm) by solving m MSTs. This cost
is prohibitive in practice. We now show how to detectall
weak edges by solving a single MST and performing a
postprocessingstep for eachedge. The overall complex-
ity is O(n? + m log m), which is O(m log m) on dense
graphs.

The keyideais to characterizeall weakedgesn terms of
a unique scenario. The characterization is based on the
following results, which specify when a treeremains an
MST under cost changesand the cost of an MST which
must contain a speci ed edge.



Proposition 6.1. Lets beascenaricandT 2 M S, Lete =
(u;v) 2T andf = (x;y) betheedgeof maximalcostonthe
pathfromu tov. Considei$ thescenarics wherec; is replaced
by c3, all othercostsremainingthe same.ThenT 2 M ¢ if
e G

Proof: By contradiction. Assume that there exists a tree
TO containing e such that ¢$, < c¢}. Removing e from
TO produces two connected components C; and C,. If
X 2 Cyandy 2 C,, then we canconstruct atree

T%= TOnfeg [ ffg
and we have

Gu=cl (5 F)<So< e

Sincee2 T%%nd e2 T, we have
C?—ooz C-Si—00< C-Si— = C%—

which contradicts thefactthat T 2 M S. If x;y 2 C; (resp.
C,), since there exists a cycle in the graph containing e
and f , there exists at least one edge g on the path from u
to vin T suchthat g 2 T?(otherwise T°would not be a
tree). By hypothesis, ¢; ¢ and henceci ¢j. We can
thus apply the same construction asin the casex 2 C;
andy 2 C, with f replacedby g.

Proposition 6.2. Lets beascenaria@ndT beanM STS. Let
e= (u;v) 2T andf = (x;y) betheedgeof maximalcoston
thepathfromutov. Then, T nffg[ feg2 M 3(feg;;).

The proof of this result is similar to the proof of Proposi-
tion 6.1. We are now ready to presenta new characteri-
zation of weak edges. The characterization only usesthe
scenarios where all costsare at their upper bounds.

Proposition 6.3. Lets bethe scenariovher all costsare at
their upperboundsandT 2 M S. An edges = (u; V) is weak
if e2 T orif anedgd of maximalcoston the pathfromu to
vin T satisesce Tr.

Proof: Let 4 the scenario s where c is replaced by cg. If
e2 T,then T 2 M*® aswell and hence e is weak by
Proposition 3.4. If e 2 T andce > T, then T 2 M $
by Proposition 6.1. By Proposition 6.2, T nffg[ feg 2
M S(feg;;) and its costis greater than cr sincece > Tr.
Henceeisnot weak. If e2Z T and ce = T, then T nff g
fegisan M ST*® and henceeis weak. The sameholds for
the casewheree2 T and ce < Tr.

We now describe how to use Proposition 6.3to obtain
an O(m logm) algorithm on densegraphs. The key idea
is to compute M ST3, i.e., the MST when all costsare at
their upper bounds. All edgesin this MST are weak. In
addition, for eache = (u;v) not in the MST, we com-
pute the largestcostof any edge on the path from uto v.
This can be done easily by upgrading Prim's algorithm
slightly to associatea level and a parent to each vertex.
When anedgee= (u;v) with u2 T andv 2 T is added
to T in Prim's algorithm, we set

function MaxCost(u, v vertices) : int
begin
if u=vthen
return O;
elseif level(u) < level(v) then
return max( cost(v; p(v)), MaxCost(u, p(v)));
elseif level(u) > level(v) then
return max( cost(u; p(u)), MaxCost(p(u), v));
else
max_edge = max( cost(u; p(u)), cost(v; p(v)));
return max( max-edge, MaxCost(p(u), p(v)));

end

Figure 3. Finding the Largest Cost of an Edge
level(v) = level(u) + 1,
parent(v) = u;

Thesemodi cations do not affect the complexity of the
algorithm. It now suf ces to apply the algorithm de-
picted in Figure 3 to compute the cost of the maxi-
mal edge and to apply Proposition 6.3. The algorithm

in Figure 3 simply follows the paths from u and v to
their common ancestor, computing the cost of the max-
imal edge on the way. Since algorithm MaxCosttakes
O(n) in the worst case,the overall complexity becomes
O(m logm + mn). However, it is easy to reduce this
complexity to O(m logm + n?) by amortizing the com-
putation of the maximal costs. It suf ces to cachethe
results of MaxCostin ann  n matrix M. For eachedge
e= (u;v) 2 EnT we rst examine entry M [u;v] and
call MaxCostu,v) only if this entry is uninitialized. Since
there are at most n? entries and eachcall to MaxCos{u,v)
costsO(1) per entry it lls, the overall complexity com-
plexity becomesO(m logm + n?). We proved the follow-

ing theorem.

Theorem 6.4. All weakedge®fa graphcanbecomputedn
O(m logm + n?) time.

7 Branching Strategy

It is well-known that a good branching heuristic
may impr ove performance signi cantly . We now show
a branching heuristic adapting the rst-fail principle
[Haralick and Elliot, 1980 to robust optimization. The
key idea is to explore the most uncertain edges rst,
i.e., to branch on an edge e with the maximal dif ference
T Ce. Indeed, rejecting e (i.e., adding e to R) allows
M STY(S[L) to selecte at a low cost, possibly giving a
large deviation. Hence this branch is likely to fail early.
However, this is only important if M STY(S[ L) s likely to
selecte which may not necessarily the caseif c. is large
compared to other “similar ” edges. Hence, it seemsap-
propriate to select rst an edgee 2 M STW(S[L) whose
differenceTs e is maximal. This justi es the following



Figure 5. A Class8 Network

branching strategy.

De nition 7.1(Branching Strategy). Let hS;Ri beacon-
guraton, L = L\ MSTYSIL) and L = Ln
M STW(SIL) | The branching strategy selectsan edge s
de ned asfollows:

ifL 6;

arg-maxez L Ce
Ce Otherwise.

(o3
arg-maxe.  Ce

8 Experimental Results

We now report experimental results comparing the
constraint atisfaction and the MIP approaches.The com-
parison usesthe instancesin [Yaman et al., 2007, aswell
as some new instances which capture additional struc-
tur e arising in practical applications.

The experimental setting of [Yaman et al., 200] uses
complete graphs with n vertices and six classesof prob-
lems. Three of the six classesuse tight intervals for edge
costs,while the other threeallowed larger dif ferencesbe-
tween the lower and upper bounds. The edge intervals
were chosenasfollows. The values of c. and T are uni-
formly distributed in the intervals:

classl: ce 2 [0;10] T 2 (ce; 10]
class2: ¢ce 2 [0;15], Te 2 (Ce; 15]
class3: ¢ce 2 [0;20], Te 2 (Ce; 20]
class4: ce 2 [0;10] Te 2 (Ce; 20]
class5: ce 2 [0;15] Te 2 (Ce; 30]
class6: ce 2 [0;20], T 2 (ce; 40]

Note that the size of the search spaceto exploreis O(23%)
for a complete graph of 25 nodes. Of course, our con-
straint satisfaction algorithm will only explore a small

fraction of that space. In addition to these six classes,
we also generate instances (Classes7 and 8) whose cost
structur e is not the samefor all the edges. Class 7 con-
tains instanceswhich representatwo-level network. The
lower level consists of clusters of 5 nodes whose edges
are generated according to Class 1 above. The upper
level links the clusters and theseedgeshave higher costs,
i.e., Class 1 costs shifted by a constant which is larger
than the Class1 edges. This capturesthe fact that, in net-
works, there are often various types of edges with dif-
ferent costs. SeeFigure 4 for an instance of Class 7 with
35nodes. Class 8 contains instanceswhich are similar to
Class7, exceptthat the upper-level layer is organized asa
binary tree. SeeFigure 5for aninstance of Class8with 35
nodes. In general, classes? and 8 are signi cantly harder
than classesl to 6, since preprocessingis less effective
than in Classesl to 6 becauseof the additional structure.
Observealsothat theseinstancesare sparserfor the same
number of nodes.

Table 2 comparesthe ef ciency of the two approaches.
It reports the computation times in CPU secondsof the
MIP implementations, the constraint satisfaction algo-
rithm with suboptimality pruning at the root node only
(CSR), and the constraint satisfaction algorithm with
suboptimality pruning at every node (CSF).The times
are given on a Sun Sparc 440Mhz processorand the av-
erage is computed over 10 instances for each classand
eachsize. We used CPLEX 6.51for solving the MIP, after
preprocessingof the weak and strong edges.

Observethat the constraint satisfactionapptoachproduces
extremely dramatic speedupsver the MIP appmoach. On
Class 1, CSRruns about 134 times faster than the MIP
on graphs with 15 nodes and about 217 times faster on
graphs with 20 nodes. On Classes7 and 8, the speed-
ups are even more impr essive. On graphs with 20nodes
for classes7 and 8, CSRruns about 3500and 200times
fasterthan the MIP. (Recallthat thesegraphs are not com-
plete). The MIP times are not given for graphs with more
than 20 nodes, since they cannot be obtained in reason-
able time. The results indicate that the constraint satis-
faction approachis also better at exploiting the network
structur e, which is likely to be fundamental in practice.
Observe also that the constraint satisfaction approach s
able to tackle much large instancesin reasonabletimes.

Figures6, 7, and 8 plot the execution times of the two
constraint satisfaction algorithms. Observe also that ap-
plying suboptimality pruning at every node is not cost-
effective on Classes1 to 6. This is due to the fact that
the graphs are complete and the costsare uniformly dis-
tributed in theseinstances. Classes7 and 8, which add
a simple additional cost structure, clearly indicate that
suboptimality pruning becomesincreasingly important
when the network is more heterogeneous. The bene ts
of suboptimality pruning clearly appearson large graphs
for class 8, where CSFis about threetimes asfast in the
average. In fact, CSFis signi cantly faster (e.g.,10times
faster) than CSRon some instances,while the two algo-



[[ Edges(Nodes) [ Algo. [] Classl [ Class2 | Class3 [ Class4 | Class5 | Class6 [ Class7 | Class8 ||
CSR 0.12 0.07 0.08 0.08 0.06 0.07 0.06 0.06
45(10) CSF 0.14 0.10 0.12 0.12 0.09 0.11 0.07 0.07
MIP 6.59 3.95 4.10 4.38 4.68 3.83 2.29 2.02
CSR 1.82 1.96 1.09 0.36 0.86 0.33 1.76 1.15
105(15) CSF 2.53 3.06 2.15 0.86 2.01 0.77 1.83 1.35
MIP 245.19 184.14 136.88 109.30 91.33 87.62 730.20 88.66
CSR 39.72 33.80 8.91 3.43 2.09 3.12 7.37 9.51
190(20) CSF 74.86 61.08 12.66 7.56 4.69 7.05 5.28 6.77
MIP 8620.66 5517.75 | 14385.55| 3344.95| 12862.29 | 22855.82 | 18547.27 1399.48
CSR 121.85 181.57 68.42 20.41 12.23 13.26 91.89 61.71
300(25) CSF 244.18 272.63 145.11 50.37 30.55 3241 97.94 36.21
CSR 926.65 415.07 942.38 133.90 63.85 177.47 1719.61 721.28
435(30) CSF 2100.43 909.15 1811.88 | 359.72 167.58 418.41 804.78 284.39
CSR 4639.55 5095.71 | 2304.36 | 383.34 188.36 419.56 | 32511.77| 6356.78
595(35) CSF 10771.37 | 11906.01 4183.22 | 1100.88 548.01 1115.83 | 14585.73 2149.58
CSR 27206.38 | 16388.12 [ 15059.39 | 1103.50 1122.57 1071.62 | 57309.23 | 33390.67
780(40) CSF 29421.70 | 34666.84 | 22084.00 | 3456.84 | 3241.04 | 3031.55| 28432.91 | 11339.59
Table 2. Average CPU Time of the Algorithms
Execution time for problems of class 1 Execution time for problems of class 7
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Figure 6. Constraint Satisfactionon Class1.

rithms are similar on others. It is important to mention
that systematisuboptimalitypruning is uselessvithout The-
orem6.4. Indeedthepruning bene tis oftenoffsetby thehigh
pruning costotherwise.

Overall, it is clear that the constraint satisfaction ap-
proach is much more effective on these problems than
the MIP approach. It produces extremely dramatic
speed-ups and substantially enlarge the class of in-
stancesthat are amenableto effective solutions. The con-
straint satisfaction approach is able to solve large-scale
problems (over 1,000edges). Sincenetworks are often or-
ganized in hierarchies, it should scaleup nicely to larger
real-life instances. There is still considerable room for
impr ovement in the implementation, since incremental
MST algorithms [Rauch et al., 1997 and enhanced feasi-
bility pruning may decreaseruntime signi cantly .

9 Conclusion

This paper reconsidered the robust minimum span-
ning tree with interval data, which has received much
attention in recentyears due to its importance in com-
munication networks. It applied a constraint satisfac-
tion approach to the RSTPIEand proposed a search al-

600 700 800

Graph size - number of edges

Figure 7. Constraint Satisfactionon Class7.

gorithm based on threeimportant and orthogonal com-
ponents: (1) a combinatorial lower bound to eliminate
suboptimal trees;(2) a pruning component which elim-
inates edgesthat cannot be part of any feasible or opti-
mal solution; and (3) a branching heuristic which selects
the most uncertain edges rst. The lower bound exploits
the combinatorial structure of the problem and reduces
to solving two MST problems. The pruning component
eliminates infeasible edges (e.g., edgesthat would lead
to cyclesand non-connected components) aswell assub-
optimal edges (i.e., edges that cannot appear in opti-
mal solutions). It usesthe concept of weak edges and
anew O(m logm) amortized algorithm for detecting all
weak edges (where m is the size of the graph), impr ov-
ing the results of Yaman & al by an order of magnitude.
The overall algorithm provides very dramatic speed-ups
over the MIP approachon the 15and 20node graphs pro-
posedin [Yaman et al., 2001. On graphs with additional
coststructur e, the bene ts areeven moreimpr essive. For
instance, the constraint satisfaction algorithm is about
3,500times faster on Class 7 graphs with 20 nodes. The
constraint satisfaction approach also solved large-scale
instanceswith up to 50 nodes (725edges).

There are many open issuesarising from this reseach.
On the one hand, it would be interesting to nd an
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Figure 8. Constraint Satisfactionon Class8.

O(m log m) algorithm for detecting strong edges, to
qguantify the bene ts of incremental MST algorithms, to
investigate more sophisticated feasibility pruning, and
to evaluate the approach on sparser graphs. Finally, it
would be interesting to study whether suboptimal con-
ditions canbe derived for awide variety of (robust) com-
binatorial optimization problems given the ubiquity of
these problems in practice. In particular, robust match-
ing and robust shortest paths have fundamental appli-
cations in computational nance and networks and are
worth investigating.
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