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Abstract

This paper considers vehicle routing problems (VRP) where customer locations and service times are
random variables which are realized dynamically during plan execution. It studies a multiple scenario
approach (MSA) which continuously generates plans consistent with past decisions and anticipating
future requests, and compares it with the best available heuristics on dynamic VRP problems that model
long-distance courier mail services [13]. In addition, it proposes a least-commitment refinement of
MSA (MSA-LC), which also uses stochastic information to delay vehicle departures opportunistically.
Experimental results shows that MSA, and MSA-LC in particular, may significantly decrease travel times
(while not degrading service) and is robust with respect to reasonably noisy distributions.

1 Intr oduction

Thevehiclerouting problem(VRP) is a dif®cult combinatorialoptimizationproblemwith mary important
applicationsn distribution andtransportatiorsystemslt hasrecevved considerablattentionfor mary years
and sophisticatedocal searchmethodsare quite effective at ®nding good quality solutionsin reasonable
amountsof time. In morerecentyears,technologyhasadwancedso thatit is now possibleandpracticalto
addresslynamicand/orstochastiversionof theproblem.Thesenew versionsaremotivatedby theinherent
uncertaintieghatarisein mary everydayVRPsandadwancesin onboardcomputersand communications
systemghatallow modi®cationof routing plansevenaftervehiclesaredeplo/ed.

Most of the existing work hasfocusedsolely on stochastior dynamicversionsof the problemexclu-
sively. In stochasticptimization,the expectedcostof a solutionis optimizedwith respecto a recourse
functionwhichrestoregeasibility duringplanexecution.In dynamicoptimization variousdataitems,such
ascustometrequestsareunknavn andareonly revealedafter somedecisionsaretaken. Techniquesere
tendto focuson optimizing with respecto the currentstateof information(e.g. [9]). How to combinethe
two approaches aresearchopicthatis oftenmentionede.g.,[4, 7, 9, 12)).

This paperconsiderghe multiple scenaricapproachMSA) recentlyproposedn [2]. Its key ideais to
continuouslygenerateplansthat are consistentwith pastdecisionsbut anticipatefuture requestdy sam-
pling the distributions of the stochasticvariables. At every executionstep,the algorithmmakesdecisions
accordingto a distinguishedlanwhich is selectedrom the currentpool by a rankingfunction. A prelim-
inary versionof MSA [2] wasshavn to be effective on highly-constrainealynamicvehicle routing with
time windows, whereeachcustometada certainprobability of makinga requestt its locationwithin its



time window. On theseproblems(which closelymodelpracticalapplicationg6]), MSA wasshavn to im-
prove customesserviceby missingsigni®cantlyfewer customerequestslt wasalsoshavn thataconsensus
functionwasmostappropriateo rankthe scenarios.

Thegoalof this paperis to studythebehaior of MSA onlooselyconstraineghroblemsdervedfrom the
modelsin [13] to capturdong-distancecouriermail services.The problemshave afundamentallydifferent
structure.Ontheonehand,they aremorestochasticsincecustomercustometocations,andservicetimes
arenow randomvariables.On the otherhand,the mainfocusis on the objective function,i.e., minimizing
travel distancesincethe problemsareunconstrainear looselyconstrainedIn contrastthe time windows
in [2] makesthe problemstightly constrainecandcustomeirservice,not travel distancepbecomeghe main
focus. In addition, the paperproposesa least-commitmente®nementof MSA (MSA-LC) which uses
stochastidnformationto delayvehicledeparture®pportunisticallyin orderto accommodat@eew requests
“predicted”’by the stochastianodel.

The experimentalresults,which compareseveral approachesare particularly interestingand contain
afew surpriseson competingapproachesThey indicatethat MSA approaches$ypically servicethe same
numberof customersas earlierapproachesut may reducetravel distancesigni®cantly In addtition,the
travel distancereductionmay be particularlydrasticwhenMSA-LC is used.The experimentakesultsalso
indicatethatMSA is robustwith respecto reasonablyoisydistrikution (i.e., whenthe actualdatadoesnot
follow theassumedlistribution) andthatit is bene®cialto be opportunistic.The contritutionsof this paper
arethreefold.

1. It shaws that MSA is an effective approacho exploit stochastidnformationin loosely-constrairg
dynamicvehicleroutingapplications Sinceit alsoprovidedsigni®cantene®tdor highly constrained
problemg2], the new resultsindicatethe generalityandversatility of MSA. Interestingly MSA con-
tributions are radically differentin the two settings. While MSA improves serviceon highly con-
strainedproblems,it improves travel distanceqwithout degradingservice)on loosely constrained
problems.Theresultsalsoindicatethe bene®tsof sophisticateaptimizationtechniques.

2. It presentaleast-commitment®nemenbf MSA (MSA-LC) which producesigni®cantadvantages
over thestandardVISA for looselyconstrainegroblemsby reducingtravel distancedramatically

3. It indicatesthat MSA is robust in noisy ervironmentsand that it is bene®cialto be optimistic in
estimatingstochastiénformation.

2 Problem Formulation

We brie y describethe generalsettingandnotationsfor the dynamicvehiclerouting problemsconsidered
in thepaper The speci®cwf theactualproblemsarepresentedhn the sectionon experimentaresults.

Eachproblemcontains customersnumberedl ..., . Thedepotis representethy the numberO.
Thetravel costbetweensites and is representethy . Thetravel costssatisfythetriangleinequality
i.e. . Requesthave ademand andaservicetime . Eachproblemhasup
to identicalvehiclesavailablefor use,with capacity

A vehicleroute,or routefor short,startsat the depot,senessomenumberof customersat mostonce,
andreturnsto the depot. Formally, a routeis a sequence , Where andall



aredistinct. For acustomer , therouteof thatcustomeiis denotedoy . Thedemandof arouteis
denotedoy . Thetravel costof aroute is denotedby andis the costof visiting all of
its customersi.e. .

A routingplan,or plan,is asetof routes servicingeachcustomerexactly once.A routing

planassignhs uniquesuccessoandpredecessdor eachcustomerFor aplan, , thesuccessoof customer

is denotedby . Thetravel costof a planis denotedoy , l.e. . Thedepot
hasadeadline, , whichrepresentthelatesttime avehiclecanreturn.A routingplan implicitly speci®es,
for eachcustomer , anearliestdeparturgime, denotedby EDT , anda latestdeparturdime, denoted
by LDT , to meetthe deadline.Oncespeci®ctimesarechosentherouting planalsospeci®esa return
time for eachroute .

A solutionto the problemis a routing plan that satis®eghe capacityanddeadline
constraints.j.e., for all . The objectve function lexigraphically
maximizeshe numberof servicedcustomerandthenminimizes

In the dynamicVRP, a numberof requestareavailableinitially, while othersbecomeavailableduring
the plan execution. In the applicationsconsideredn this papey a requestconsistsof the location of a
customeranda servicetime, both of which arerandomvariables. We assumeéhat the distribution of the
requestspr someapproximatiorthereof,is available,which is typically the casein practicalapplications.
For eachincomingrequesta dynamicalgorithmmustdecidewhetherto acceptor rejectit. Oncearequest
is acceptedit mustbeserviced.Problemsaregenerallycharacterizethy their degreeof dynamism(DOD),
i.e.,theratio of unknown customers/total customers, which measuretiow dynamicthey are[13].

3 The Multiple Plan Approach

The Multiple PlanApproach(MPA) is a fundamentabeneralizatiorof mary modernapproachesits key
ideais to maintaina setof plansat every executionstep. MPA was motivatedby the work of [9] which
proposes paralleltalu searchalgorithmorganizedaroundmultiple solutionsin anadaptve memory MPA
heregeneralizesheir approachy makingit independenof the searchprocedure.n short, MPA continu-
ously generateplansthat are compatiblewith the currentstateof informationandremaovesthosethatare
not. In addition,sincedecisionanustbe madewith respecto a speci®cplanto guaranteeervicea distin-
guished planis maintainedvia a rankingfunction. We will discusspossiblerankingfunctionslaterin the
section.

More precisely MPA handlesfour typesof events(1) customermrequests(2) vehicle departures(3)
plangenerations(4) timeouts.Customerequestsipdatethe setof plansto accommodatéhe new request.
Vehicledeparturesnay rendersomerouting plansinvalid. The generatiorof a nev plan may changethe
distinguished plan. Finally someplansmay becomenvalid over time. This canoccurif the distinguished
planindicatesa returnto depot,causingthe vehicleto wait, and anotherplan that sendsthe vehicleto a
customebecomesnfeasibleduringthe wait. Timeoutscapturetheseevents.

At eachtime , MPA maintainsa setof plans, , anda distinguishedplan, . For eachevent, we
specifyhow to compute and from pastdecisions, and . Eacheventis speci®edn isolation,
althoughseveralof themmayoccursimultaneouslyit is easyto orderthemappropriatelywhenthishappens
by selectingthe eventsin the following order: timeouts,plan generationcustomerrequestsandvehicle
departuresWe male useof asetof functions toranktheplans.Givenatime andaplan , returns



arealvalue. Finally, obsere thatthe implementatioris event-drven. In otherwords,althoughwe specify
and for all ,theimplementatioronly considerghetimeswhereanactualeventoccurs.

Customer Request For a customerrequest, , attime , MPA mustdeterminewhich plansin can
accommodate. If nonecan,therequesis rejected.Otherwise therequesis acceptedcind is the set
of planswheretherequestfiasbeeninsertedto minimizetravel cost.

INSERT FEASIBLEINSERT
FEASIBLEINSERT returnstrueiff thereis aninsertionpointin  for customer thatsatis®eghe con-
straintsandINSERT returnsaplan (if it exists)where hasbeeninsertedn to satisfytheconstraint

andminimizetravel cost.

Vehicle Departure  Whenplan  speci®edhatvehicle mustdepartfrom customer , it is necessaryo
remove all plansin  thatareincompatiblewith this departure.

COMPATIBLE
COMPATIBLE istrueif iscompatiblewith  uptotime . Moreformally, COMPATIBLE
holdsiff DEPART , whereDEPART  denoteghesetof customerdrom

which avehicledepartedeforeor attime ,

It is importantto specifyhow the departurgimesare computedn MPA. The key ideais to delaythe
return of the vehicle aslong as possiblein orderto accommodateéhe nenv requests. This leadsto the
following de®nitionof departurdimes

DT IF
EDT OTHERWISE.

which arealsorecomputedatontinouslyusingthedistinguisheglan.

Plan Generation Whenanew plan, , is generatecitime , it isaddedto = andthenew distinguished
planis recomputed.Note that plansare guaranteedo be compatiblewith the distinguished plan, since
they includeall existing decisionsandplangeneratioris canceledvheneer customerequestandvehicle
departuresccur



Timeout At time , someplan maybecomeinfeasible.This happensvhenavehicle is waitingata
customer , while plan speci®eghat is thelatestdeparturdor .

FEASIBLE

WhererFeEASIBLE holdsif isfeasibleattime : DEPART LDT

4 The Multiple ScenarioApproach

TheMultiple ScenaricApproach(MSA) generalize$PA by consideringoothexisting andpotentialfuture
requestsluringplangenerationFuturerequestsreobtainedy samplingtheir distributions. Oncearouting
plan is discorered,MSA storestheroutingplan  obtainedby remoring futurerequestdrom . Asa
result,plan  leavesroomto accommodatéuture requestsshouldthey actuallymaterialize.This ability
to anticipatethefutureis the strengthof MSA. Notethateventhandlingin MSA is similarto MPA.

5 Ranking Functions

Both MPA andMSA areparametrizedby arankingfunction , which selectghedistinguished planateach
time . We will evaluatetwo rankingfunctionsfor nominating in this paper The obvious ®rst choice
for would beto selectthe planwith the smallestiravel cost(algorithmsMPA andMSA ). In [2], it was
shawvn thatit is possibleto do substantiallybetterin practiceon highly-constraing problemsby usinga

consensufunctionwhich selectgheplanin  thatmostresemblesll theplansin . Sincetheresulting
plansdo not departfrom otherplanstoo dramaticallythe consensufunctionmaybealsoviewed asaleast
commitmenstratgy [19]. More preciselyateachtime , thealgorithmmaintainsatwo-dimensionaimatrix

where denoteghe numberof plansin ~ wherevehicle departsfor customer next. More

formally, thematrix  is de®nedas LDC , WwhereLDC isthe

lastcustomefrom whichavehicledepartedn the planexecution.Theconsensufunction  isthende®ned
as LDC (algorithmsMPA andMSA ).

6 The Multiple ScenarioApproachWith Least Commitment

The MSA approacltusesstochastignformationto ®nd a routing plan of the known requestsvhich is more
likely to accommodatéuture requesteasily However, the stochastianformationis not usedto deduce
vehicledeparturdgimes,which arecomputednly from known requestsA closeanalysisof thebehaior of
MSA onlooselyconstrainegroblemsindicatedthatthe planshadatendeng to committoo quickly to the
next customemlndthatit couldbebene®cialto delayvehicledeparturesn orderto reducetravel distance.
MSA-LC is a re®nemenibf MSA whosemain motivation is to usestochastidnformationto suggest
more* e xible” departurdimes. MSA-LC keepspairsof plans , where , alsocalledthe sampled
plan,containsbothknowvn andsampleccustomersand s theprojectionof  onknown customersThe
eventhandlersaareessentiallyunchangedsincethey all work in termsof projectedplans. The mainnovelty
is in usingthe completeplansto choosethe departurdimes. Informally speakingthekey ideais to delaya



vehicledepartureat customer aslong astherearesampledcustomerdetween andits known successor
By delayingthe departurethe planis morelikely to accommodatsuchrequestsshouldthey materialize.
The sampledcustomerswill eitherbe replacedoy actualrequestsor they will not materializeand hence
will beremovedfrom the plan. We now specifythe departurdimesandthe adaptionf the eventhandlers
moreformally. Althoughthe event-handlersvork in termsof projectedplans,they alsoneedto updatethe
completeplansto remove and/orreplacesampledcustomers.

Departure Times Thedeparturdimefor acustomer andapair of plans arespeci®edsfollows:
DT IF
LDT EDT OTHERWISE.
ThesecondermeDT capturesheleast-commitmerdapproachit speci®eghatthe

vehicleshouldnot departfrom customer until all sampledcustomerdetween andits knowvn successor
have disappearedsincethis termrepresentshe departurgime of thelastsampledcustomer The®rstterm
LDT is necessaryo ensurehefeasibility of theplan.

Customer Request As mentionecearlier theevent-handleraresimilarin MSA-LC asin MPA andMSA.
However, it is necessaryo specify how the completeplansare updatedas well, sincethey are usedto
computethedeparturdimes. For thefeasibleinsertionof acustomer , theintuition is to updatehesampled
planby substituting in placeof its nearessampledccustomerMore formally, givena pair of plans

andanew request suchthatFEASIBLEINSERT holds,MSA-LC computesnew pair , Where
INSERT
REPLACENEAREST

whereREPLACENEAREST returnsaplan where replacests nearessampleccustomersched-

uled betweencustomers and orinsert betweencustomers and if no suchcustomerexists. It is

importantto notethattheresultingplan  is notnecessarilyeasible althoughtheoperations only applied
to projectedplans  thatcanaccommodate. Restoringfeasibility may requireremoving somesampled
customerssin thetimeouthandlerdescribecdhext.

Timeout Attime , someplansmaybecomenfeasibleasbefore.Moreover, somesampledccustomersnay
not be ableto be servicedary longer This canoccurif the departurdime of a sampledcustomelpasses.
Thesetof pairsthatarekeptattime aregivenby theinstruction

FILTER FEASIBLE

whereFILTER( ,t) returnsthe planwhereall sampledcustomers suchthatepT have beenre-
moved.

Ranking Function The consensufunctionfor MSA-LC is slightly different. containsan additional

columnfor the samples. The additionalcolumn, countsthe numberof plansin  where
vehicle 'siswaiting,i.e.,its next knowvn customets precededy sampledcustomer
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7 Optimization

It remaingto specifyhow MPA, MSA, andMSA-LC optimizeplansfor our applicationsBoth of themuse
large neighborhoodsearch(LNS), which hasbeenshavn to be very effective for vehiclerouting[1, 18].
LNS combinegheadwantage®f branchandbound,constrainppropagationandlocal searchlts key ideais
toremore customerdgrom the best-knevn solutionandto reinsertthemto producea bettersolution. The
customersarereinsertedaccordingto a heuristicand,in generalJimited discrepang searci10] is usedto
boundthe numberof timesthe heuristiccanbe violated. The customersareremoved randomlyusinga
relatednesfunction,whichis parametrizedby a determinisnfactor WhenLNS is notableto improve the
bestsolutionby removing customergor someiterationsjt increasethenumberof customerso removeto

. In additionto usingLNS, we alsousea nearestheighborheuristicsasin [13]. This makesit possible
to seetheeffect of usingmoresamplingon alesssophisticate@ptimizationprocedure.

8 Experimental Results

We now reportsomeexperimentakesultson a variety of modelsanddiscussherobustnesof MSA when
the stochastialatais noisy

81 TheModds

The starting point of this researchwas the experimentalmodelin [13], where customersare uniformly
distributedin a10km 10kmregion andmustbe senedby a singlevehiclewith uniform speedf 40 km/h.
Servicetimesfor thecustomeraregenerate@ccordingo alog-normaldistribution with parameter§.8777,
.6647).With this distribution, the meanservicetime is 3 min. andthevarianceis 5 min. Theservicetimes
werechoserto mimic the servicetimesof long-distanceouriermail serviceqd13]. We use to denotethe
expectednumberof customerand to denotethetime horizonwhichis 8 hours. Problemsaregenerated
with a degreeof dynamism(DOD) (i.e, theratio of knovn customersver stochasticustomers)n the set
. ForaDOD , thereare known customers.The remainingcustomersare

generatedisingan exponentialdistribution with parameter — for their interarrival times. It follows
from the correspondind?oissondistribution (with parameter ) that the expectednumberof unknavn
customerds |, the expectednumberof customerss , andthe expectedDOD is . We generatedl5
instancedor eachcon®guration,which gives about315 problemsfor eachmodelto be described. All
resultsarethe averageof 5 runson eachinstance.

Several modelsare usedto evaluatethe variousapproaches.The ®rst two models,M1 and M2, use
a singlevehicle. Model M1 is the basicmodelwith 40 customerdall other parameterfiave beengiven
already). Model M2 is similarto M1, exceptthattheregionis nowv 40km 40km. The objectie function
consistsof minimizing the travel distance sincetheseare unconstraineanodels. MSA-LC is not applied
to thesemodels, as the optimal stratgy simply waits until all customershave requestedservicebefore
deplgring thevehicle. Thus,thereis animplicit constrainthatforcesthevehicleto serviceary unserviced
customersoMSA-LC cannotbeappliedhere.

The next two modelsare multiple-vehicle models. Model M3 is the basicmodelwith 4 vehicles,160
customersanda 20km 20km. Eachvehiclecansene atmost50 customersaindthe vehiclemustreturnto
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Figurel: Exampleof M4 Customers

the depotby the time horizon. Model M4 is similar to M3, exceptthatthe customersregeneratedising
2-D Gaussiansenteredat two pointsin theregion. For the multiple-vehiclemodels the objective function
consistsn minimizingthenumberof misseccustomerandminimizingthetravel distance Suchanexample
may moreaccuratelynodelwhatcouldbe seenin reallife. Figurel shavs aninstanceof thismodel. It is
possiblethatsomecustomer$eleft unservicedsincemodelsM3 andM4 have capacityconstraintsaswell
asaharddeadline.

8.2 Setting of the Algorithms

We now describethe con®gurationof our algorithmsusedto obtainthe experimentalresults. Initially, 25
differentscenariosare createdandoptimizedby our large-scaleneighborhoodsearch(LNS) for 1 minute.
Thesenitial solutionsareusedto determineghe®rst customerfor eachvehicle. An additional25 scenarios
arecreatedandoptimizedfor 1 minutewith the ®rst customer®xed. It wasveri®edexperimentlythatthis
secondstepimprovesthe quality of the®nal solutions.

Subsequenscenariosare optimizedfor about10 secondausingLNS. The parametergor LNS areas
follows: 30 for the maximumnumberof customergo remove at onetime, 100 attemptsat removing
customerswithout improvementbeforeremaoving customers15 for the determinismfactor of the
relatednesfunction,and4 discrepancies.

8.3 Single Vehicle Results

Referencd13] testedvariousheuristicson Model M1 andreportedextensve experimentalresults. Their
bestheuristicis nearesheighbor(NN), wherea pool of unserviceccustomerss maintainedandthevehicle
is sentto the nearestustomelin the pool onceit sened its currentrequest. Interestingly in Model M1,
the vehicleis ableto servicecustomergasterthanthey arrive. As a consequencall “reasonable’heuris-
tics converge towardsa ®rst come,®rst sene (FCFS)stratgy asthe DOD convergesto 100%. This same
behaior is alsoexhibited by our approaches.NS optimizationhassomebene®tgor low DODs. Overall,
exploiting stochastidnformationprovidesonly mamginal bene®tsin Model M1. In Model M2, which has
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a larger region, the vehicleis not ableto servicecustomersas quickly andthe heuristicsdo not corverge

to FCFSasquickly. Figure?2 depictsthe experimentalresults. They indicatethatthe MPA andMSA ap-

proachesnay bring signi®cantbene®tsgspeciallyfor low DODs. In general MSA approacheareslightly
superiorto MPA approachesOnly MSA(NN) is noteffective, indicatingthevalueof optimizationonthese
problems.

8.4 Multiple Vehicle Results

We now turnto themultiple vehiclemodelsM3 andM4. Recallthatthesemodelshave capacityanddeadline
constraintsandthatthe objectve function consistof ®rst minimizing the numberof missedcustomersand
thenthetravel distance TheNN heuristicavasgeneralizedo providing guaranteesn servicingcustomers.
Wheneer a requestarrives, the NN algorithmis simulatedto determineif it canaccommodatéhe nev
requestlf it cannottherequesis rejected.

Figure 3 describeghe experimentalresultsconcerningthe numberof servicedcustomerdor various
degreesof dynamism.Theresultsclearlyindicatethatthe MSA approachearesuperiorto MPA, asMPA is
unableto serviceasmary customersA detailedook atthetraceof thedecisiongperformedoy MPA indicate
thatMPA waitstoolongto deploy someof thevehicles.Thisis becauseptimalsolutionsuseasfew vehicles
aspossibleto minimizetravel distanceandMPA believesit canusefewer vehiclesthannecessaryntil late
in the simulation.Theremainingapproacheservicea comparablenumberof customersvhencomparedo
the bestavailable heuristic. With higherdegreesof dynamism the bene®tsof usinga consensusgunction
for rankingareclear asit reduceghe numberof missedcustomersigni®cantlycomparedo usingtravel
distance.MSA approacheslo not bring signi®cantbene®tsn termsof servicedcustomers MSA(NN) is
generallysuperiorto NN, while MSA isroughlysimilarto NN (exceptfor very high degreesof dynamism).
NotethatMSA-LC doesnot performaswell asMSA for thesevery high degreesof dynamism.

Figure4 depictsthe resultsfor the travel distance.No resultsaregivenfor the MPA approachessince
they arefarfrom beingcompetitve for customeservice.TheresultsndicatethatMSA signi®cantlyreduces
travel distancecomparedo NN. Theresultsareparticularlyimpressie for MSA-LC, whosetravel distance
is essentiallynotaffectedby thedegreeof dynamism(resultsabore 80%arenotshavn becausdés quality of
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serviceis notcomparableo otherMSA approaches)Obsenre alsothatthe comparisorbetweerMSA(NN)
andthe otherMSA approachesendto indicatethatit seemamore bene®cialfor theseproblemsto usea
moresophisticatedptimizationalgorithmson fewer sampleghana wealer methodon moresamples.

Figuresb and6 shav the sameresultsunderthe M4 model. These®gurescon®mmuchof whatwas
seenn modelM3. An interestingaspecits thatthegapin unservicedustomerbetweerMSA-LC andthe
otherapproachebasnarraved, while thelarge gapin travel distancevaspresered. This seemgo indicate
that the value of usingthis approachincreasesindermore varied (and perhapsmore realistic) customer
distributions.

8.5 Robustness

It is naturalto questionhow MSA behaeswhenthe stochastidnformationis not entirely accurate.This
situationcould arisefrom faulty historical data, predictions,and/orapproximationdn machinelearning
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algorithms. Figure 7 shavs someresultswhenrun on the and dynamisminstancef M3 (32
and 80 expectednew customergespectiely). It is interestingto seethat, in both casesit is betterto be
optimisticwhenestimatinghe numberof dynamiccustomersFor example,on dynamismMSA-LC
is ableto serviceroughly the samenumberof customerswvhenit expectsbetween20 and 100 dynamic
customersHowever, it performsthe bestin termsof travel distancewvhenit expectss0 dynamiccustomers,
slightly morethanthe 32 of actualproblemsetsthemseles. In addition,theseresultsshav that,evenin the
presencef signi®cantamountof noise,MSA approacheareableto still achiere goodresults.

9 RelatedWork

Therearealimited numberof paperghatincorporatestochastiénformationinto dynamicVRPs.In general,
mostpaperdocuson oneor the otherexclusively. Theresearcton stochastidYRPsfocuseson minimizing
the expectedtravel distancewith a simplerecoursefunction (i.e. returningto the depot)whenfeasibility
is violated. See[8] for a generaloverviev of the modelsandapproachesonsidered.More recently[20]
haslooked at preemptiely usingthe recourseunction beforeconstraintsareviolated. Thereis alsosome
work in approximatingsolutionsusingreinforcementearningtechniquesn [16]. Theresearchn dynamic
VRP tendsto mostlyignoreary stochastior historicaldatathatmay be available. The mostrelevantwork
occursin [9] which pioneerghe approachof keepingmary potentialsolutionsavailablefor incorporating
new requests.The modelsusedin this paperareinspiredby [13] which evaluatesmary simpleheuristics
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againsifferentobjectves, like minimizing travel distanceor customemwait time. A surey on otherwork
in the®eld canbefoundin [14]. A sampleof morerecentwork includes[5], [11], and[15].

As mentionedpreviously, very little work hasaddressedhcorporatingstochastianformationinto dy-
namicvehiclerouting,thoughit hasreceved moreattentionin recentyears.[17] considersa problemwith
stochastidemandsinda singlevehicle. The customerareall knowvn aheadof time andthey applyaroll-
out algorithmto approximatesxpectedgoodsolutionsevery time new informationbecomesvailable. An
interestingpaperby [6] considersisingstochastiénformationto determinevhetherit is pro®tableto accept
a customerrequesitn light of whatmay occurin the future. It alsousesa techniqueresemblingthe MPA
approachdescribedn this paper A preliminary versionof MSA exhibited very good results,especially
usingthe consensugunction,on problemswith time windows andhighDOD [2]. Themodelin [2] is very
similarto thatof [6] andit would beinterestingo combinethetwo approachesPreliminarywork for MSA
onthemodeladdresseth this paperwasdescribedn [3].

10 Conclusion

This paperconsideredvehicle routing problems(VRP) where customerlocationsand servicetimes are
randomvariablesthat arerealizeddynamicallyduring plan execution. It reconsidereé multiple scenario
approach(MSA) that continuouslygenerateplansconsistenwith pastdecisionsand anticipatingfuture
requests. It also proposeda new leastcommitmentre®nementof MSA (MSA-LC) that usesstochastic
informationto choosethe vehicle departurgdimesandto avoid committingtoo soonto a known request.
MSA and MSA-LC werewere comparedo the bestavailable heuristicson dynamicVRP problemsthat
modellong-distancecouriermail serviceg13]. It wasshavn thatMSA may substantiallydecreaséravel
times(while notdegradingservice) MSA wasalsoshavn robustwhenthedistribution is reasonablyoisy
in which casat seemdene®ciako be optimisticin predictingcustomerequestsTheresultsalsoshav the
valueof optimizationinsidea MSA framework.

Thereare several interestingdirectionsfor future work. On the one hand,it seemsmportantto in-
corporatestochastidnformationto decidewhetherto accepta customemrequest. Our currentalgorithms
aregreedyin thatrespectwhile [6] hasshavn the bene®tsof usingstochastianformationon thataspect
of the problemaswell. On the otherhand,it is worth stressinghat MSA is domain-independentAs a
consequencapplyingtheseideasto otherdomainss animportantavenuefor futureresearch.
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