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Abstract

This paper considers vehicle routing problems (VRP) where customer locations and service times are
random variables which are realized dynamically during plan execution. It studies a multiple scenario
approach (MSA) which continuously generates plans consistent with past decisions and anticipating
future requests, and compares it with the best available heuristics on dynamic VRP problems that model
long-distance courier mail services [13]. In addition, it proposes a least-commitment refinement of
MSA (MSA-LC), which also uses stochastic information to delay vehicle departures opportunistically.
Experimental results shows that MSA, and MSA-LC in particular, may significantly decrease travel times
(while not degrading service) and is robust with respect to reasonably noisy distributions.

1 Intr oduction

Thevehicleroutingproblem(VRP) is a dif®cult combinatorialoptimizationproblemwith many important
applicationsin distributionandtransportationsystems.It hasreceivedconsiderableattentionfor many years
andsophisticatedlocal searchmethodsarequite effective at ®nding goodquality solutionsin reasonable
amountsof time. In morerecentyears,technologyhasadvancedsothat it is now possibleandpracticalto
addressdynamicand/orstochasticversionsof theproblem.Thesenew versionsaremotivatedby theinherent
uncertaintiesthat arisein many everydayVRPsandadvancesin onboardcomputersandcommunications
systemsthatallow modi®cationof routingplansevenaftervehiclesaredeployed.

Most of theexisting work hasfocusedsolelyon stochasticor dynamicversionsof theproblemexclu-
sively. In stochasticoptimization,the expectedcostof a solutionis optimizedwith respectto a recourse
functionwhichrestoresfeasibilityduringplanexecution.In dynamicoptimization,variousdataitems,such
ascustomerrequests,areunknown andareonly revealedaftersomedecisionsaretaken. Techniqueshere
tendto focuson optimizingwith respectto thecurrentstateof information(e.g. [9]). How to combinethe
two approachesis a researchtopic thatis oftenmentioned(e.g.,[4, 7, 9, 12]).

This paperconsidersthemultiple scenarioapproach(MSA) recentlyproposedin [2]. Its key ideais to
continuouslygenerateplansthat areconsistentwith pastdecisionsbut anticipatefuture requestsby sam-
pling thedistributionsof thestochasticvariables.At every executionstep,thealgorithmmakesdecisions
accordingto a distinguishedplanwhich is selectedfrom thecurrentpool by a rankingfunction. A prelim-
inary versionof MSA [2] wasshown to be effective on highly-constraineddynamicvehiclerouting with
time windows, whereeachcustomerhada certainprobabilityof makinga requestat its locationwithin its
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time window. On theseproblems(which closelymodelpracticalapplications[6]), MSA wasshown to im-
provecustomerserviceby missingsigni®cantlyfewercustomerrequests.It wasalsoshown thataconsensus
functionwasmostappropriateto rankthescenarios.

Thegoalof thispaperis to studythebehavior of MSA onlooselyconstrainedproblemsderivedfrom the
modelsin [13] to capturelong-distancecouriermail services.Theproblemshave a fundamentallydifferent
structure.On theonehand,they aremorestochastic,sincecustomer, customerlocations,andservicetimes
arenow randomvariables.On theotherhand,themainfocusis on theobjective function,i.e., minimizing
travel distance,sincetheproblemsareunconstrainedor looselyconstrained.In contrast,thetime windows
in [2] makestheproblemstightly constrainedandcustomerservice,not travel distance,becomesthemain
focus. In addition, the paperproposesa least-commitmentre®nementof MSA (MSA-LC) which uses
stochasticinformationto delayvehicledeparturesopportunisticallyin orderto accommodatenew requests
“predicted”by thestochasticmodel.

The experimentalresults,which compareseveral approaches,areparticularly interestingandcontain
a few surpriseson competingapproaches.They indicatethatMSA approachestypically servicethesame
numberof customersasearlierapproachesbut may reducetravel distancesigni®cantly. In addtition,the
travel distancereductionmaybeparticularlydrasticwhenMSA-LC is used.Theexperimentalresultsalso
indicatethatMSA is robustwith respectto reasonablynoisydistribution (i.e.,whentheactualdatadoesnot
follow theassumeddistribution) andthatit is bene®cialto beopportunistic.Thecontributionsof thispaper
arethreefold.

1. It shows that MSA is an effective approachto exploit stochasticinformationin loosely-constrained
dynamicvehicleroutingapplications.Sinceit alsoprovidedsigni®cantbene®tsfor highly constrained
problems[2], thenew resultsindicatethegeneralityandversatilityof MSA. Interestingly, MSA con-
tributions are radically different in the two settings. While MSA improves serviceon highly con-
strainedproblems,it improves travel distances(without degradingservice)on looselyconstrained
problems.Theresultsalsoindicatethebene®tsof sophisticatedoptimizationtechniques.

2. It presentsa least-commitmentre®nementof MSA (MSA-LC) whichproducessigni®cantadvantages
over thestandardMSA for looselyconstrainedproblemsby reducingtravel distancedramatically.

3. It indicatesthat MSA is robust in noisy environmentsand that it is bene®cialto be optimistic in
estimatingstochasticinformation.

2 ProblemFormulation

We brie�y describethegeneralsettingandnotationsfor thedynamicvehicleroutingproblemsconsidered
in thepaper. Thespeci®csof theactualproblemsarepresentedin thesectiononexperimentalresults.

Eachproblemcontains
�

customers,numbered1 . . . ,
�

. The depotis representedby thenumber0.
The travel costbetweensites � and � is representedby ����� . The travel costssatisfythe triangleinequality,
i.e. � �
	 ��	 ��
 � ����� ��������� ����� . Requestshave ademand������� andaservicetime ������� . Eachproblemhasup
to � �"! identicalvehiclesavailablefor use,with capacity#$��� .

A vehicleroute,or routefor short,startsat thedepot,servessomenumberof customersat mostonce,
andreturnsto the depot. Formally, a routeis a sequence% �'&)(+*�&-,-,-,�&)(�./&0�21 , where ! � (�� � � andall (��
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aredistinct.For acustomer, � , therouteof thatcustomeris denotedby ��������� 
 � � . Thedemandof a routeis
denotedby � 

	�����
 .��� * � � . Thetravel costof a route 	 � is denotedby � 

	 � andis thecostof visiting all of
its customers,i.e. � 

	���� ������� � ����������� ,-,-,2� ����������� � � ��� � � .

A routingplan,or plan,is asetof routes 	 * &-,-,-,�& 	"!$# servicingeachcustomerexactlyonce.A routing
planassignsauniquesuccessorandpredecessorfor eachcustomer. For aplan, % , thesuccessorof customer
� is denotedby ��� � � 
 ��&�% � . Thetravel costof a planis denotedby � 
 % � , i.e. � 
 % �&� 
 !' � * � 

	�� . Thedepot
hasadeadline,(
� , whichrepresentsthelatesttimeavehiclecanreturn.A routingplan % implicitly speci®es,
for eachcustomer� , anearliestdeparturetime, denotedby EDT 
 % &0� � , anda latestdeparturetime, denoted
by LDT 
 % &0� � , to meetthedeadline.Oncespeci®ctimesarechosen,theroutingplanalsospeci®esa return
time ) 

	�� for eachroute 	 .

A solutionto the problemis a routing plan % �  	 � &-,-,-, & 	 ! # that satis®esthe capacityanddeadline
constraints.,i.e., � 

	 � � � #+*,) 

	 � � � (-� for all ! � � � � . The objective function lexigraphically
maximizesthenumberof servicedcustomersandthenminimizes� 
 % � .

In thedynamicVRP, a numberof requestsareavailableinitially, while othersbecomeavailableduring
the plan execution. In the applicationsconsideredin this paper, a requestconsistsof the location of a
customeranda servicetime, both of which arerandomvariables.We assumethat the distribution of the
requests,or someapproximationthereof,is available,which is typically thecasein practicalapplications.
For eachincomingrequest,a dynamicalgorithmmustdecidewhetherto acceptor rejectit. Oncea request
is accepted,it mustbeserviced.Problemsaregenerallycharacterizedby their degreeof dynamism(DOD),
i.e., theratio of unknown customers/total customers, whichmeasureshow dynamicthey are[13].

3 The Multiple Plan Approach

TheMultiple PlanApproach(MPA) is a fundamentalgeneralizationof many modernapproaches.Its key
ideais to maintaina setof plansat every executionstep. MPA wasmotivatedby the work of [9] which
proposesaparalleltabu searchalgorithmorganizedaroundmultiplesolutionsin anadaptive memory. MPA
heregeneralizestheir approachby makingit independentof thesearchprocedure.In short,MPA continu-
ouslygeneratesplansthatarecompatiblewith thecurrentstateof informationandremovesthosethatare
not. In addition,sincedecisionsmustbemadewith respectto a speci®cplanto guaranteeservice,a distin-
guished plan is maintainedvia a rankingfunction. We will discusspossiblerankingfunctionslater in the
section.

More precisely, MPA handlesfour typesof events(1) customerrequests,(2) vehicledepartures,(3)
plangenerations,(4) timeouts.Customerrequestsupdatethesetof plansto accommodatethenew request.
Vehicledeparturesmay rendersomeroutingplansinvalid. The generationof a new plan may changethe
distinguished plan. Finally someplansmaybecomeinvalid over time. This canoccurif thedistinguished
plan indicatesa returnto depot,causingthe vehicleto wait, andanotherplan that sendsthe vehicle to a
customerbecomesinfeasibleduringthewait. Timeoutscapturetheseevents.

At eachtime � , MPA maintainsa setof plans, .0/ , anda distinguishedplan, %21/ . For eachevent, we
specifyhow to compute.3/-4 * and % 1/-4 * from pastdecisions,.5/ and % 1/ . Eacheventis speci®edin isolation,
althoughseveralof themmayoccursimultaneously. It is easyto orderthemappropriatelywhenthishappens
by selectingthe eventsin the following order: timeouts,plan generation,customerrequests,andvehicle
departures.Wemakeuseof asetof functions67/ to ranktheplans.Givenatime � andaplan % , 68/ 
 % � returns

3



a realvalue. Finally, observe that theimplementationis event-driven. In otherwords,althoughwe specify
. / and % 1/ for all � , theimplementationonly considersthetimeswhereanactualeventoccurs.

Customer Request For a customerrequest,� , at time � , MPA must determinewhich plansin . / can
accommodate� . If nonecan,therequestis rejected.Otherwise,therequestis acceptedand . /-4 * is theset
of planswheretherequestshasbeeninsertedto minimizetravel cost.

��� �  INSERT 
 % &0� ��� %�� . / * FEASIBLEINSERT 
 % &0� � #	�
��
����������
���
. /-4 * � � � �
% 1/-4 * � � ) 	�� � )�� 
 %�� . /-4 * � 6 /-4 * 
 % ���

���! "�
. /-4 * � � . / �
% 1/-4 * � � % 1/ �

FEASIBLEINSERT 
 % &0� � returnstrue iff thereis an insertionpoint in % for customer� thatsatis®esthecon-
straintsandINSERT 
 % &0� � returnsaplan %$# (if it exists)where� hasbeeninsertedin % to satisfytheconstraint
andminimizetravel cost.

Vehicle Departure Whenplan % 1 speci®esthatvehicle ( mustdepartfrom customer� , it is necessaryto
remove all plansin .3/ thatareincompatiblewith thisdeparture.

. /-4 * � �  "%%� . / � COMPATIBLE 
 % &�%51/ &�� � #	�%51/-4 * � � ) 	�� � )�� 
 %�� . /-4 * � 6 /-4 * 
 % ���
COMPATIBLE 
 % &�% 1/ &�� � is trueif % is compatiblewith % 1/ upto time � . Moreformally, COMPATIBLE 
 % &�% 1/ &�� �
holdsiff � ��� DEPART 
 � � � ��� ��� 
 %01/ &0� �&� �"�+� � 
 % &0� � , whereDEPART 
 � � denotesthesetof customersfrom
whichavehicledepartedbeforeor at time � ,

It is importantto specifyhow thedeparturetimesarecomputedin MPA. The key ideais to delaythe
return of the vehicle as long as possiblein order to accommodatethe new requests. This leadsto the
following de®nitionof departuretimes

DT 
 % &�� ��� ( �'& �)( � IF ��� � � 
 % &�� ��� � �
EDT 
 % &�� � OTHERWISE.

whicharealsorecomputedcontinouslyusingthedistinguishedplan.

Plan Generation Whena new plan, % , is generateda time � , it is addedto . / andthenew distinguished
plan is recomputed.Note that plansareguaranteedto be compatiblewith the distinguished plan, since
they includeall existing decisionsandplangenerationis canceledwhenever customerrequestsandvehicle
departuresoccur.

. /-4 * � � . /+*  "% #	�
% 1/-4 * � � ) 	�� � ),� 
 %�� . /-4 * � 6 / 
 % ���

4



Timeout At time � , someplan % maybecomeinfeasible.This happenswhena vehicle ( is waiting at a
customer� , while plan % speci®esthat � is thelatestdeparturefor � .

. /-4 * � �  "%�� . / � FEASIBLE 
 % &�� � #	�
%51/-4 * � � %51/ �

whereFEASIBLE 
 % &�� � holdsif % is feasibleat time � : � � � DEPART 
 � � � LDT 
 % &��"�+� � 
 % &0� �)� � � .

4 The Multiple ScenarioApproach

TheMultiple ScenarioApproach(MSA) generalizesMPA by consideringbothexistingandpotentialfuture
requestsduringplangeneration.Futurerequestsareobtainedby samplingtheirdistributions.Oncearouting
plan % is discovered,MSA storestheroutingplan % � obtainedby removing futurerequestsfrom % . As a
result,plan % � leavesroomto accommodatefuturerequests,shouldthey actuallymaterialize.This ability
to anticipatethefutureis thestrengthof MSA. Notethateventhandlingin MSA is similar to MPA.

5 Ranking Functions

BothMPA andMSA areparametrizedby arankingfunction 6 / , whichselectsthedistinguished planateach
time � . We will evaluatetwo rankingfunctionsfor nominating % 1 in this paper. The obvious ®rst choice
for 6 / would beto selecttheplanwith thesmallesttravel cost(algorithmsMPA

�
andMSA

�
). In [2], it was

shown that it is possibleto do substantiallybetterin practiceon highly-constrained problemsby usinga
consensusfunctionwhich selectstheplanin .0/ thatmostresemblesall theplansin .5/ . Sincetheresulting
plansdo notdepartfrom otherplanstoodramatically, theconsensusfunctionmaybealsoviewedasa least
commitmentstrategy [19]. Moreprecisely, ateachtime � , thealgorithmmaintainsatwo-dimensionalmatrix� / where

� /�% (/&0� 1 denotesthenumberof plansin .5/ wherevehicle ( departsfor customer� next. More
formally, thematrix

� / is de®nedas
� / % (+&0� 1 ���  "% � . / � �"�+� � 
 % & LDC 
 ( �)� � � # , whereLDC 
 ( � is the

lastcustomerfrom whichavehicledepartedin theplanexecution.Theconsensusfunction 6 / is thende®ned
as 6 / 
 % ��� 
 !� � * � /�% (/&��"�+� � 
 % & LDC 
 ( �)� 1 (algorithmsMPA � andMSA � ).

6 The Multiple ScenarioApproachWith LeastCommitment

TheMSA approachusesstochasticinformationto ®nd a routingplanof theknown requestswhich is more
likely to accommodatefuture requestseasily. However, the stochasticinformation is not usedto deduce
vehicledeparturetimes,whicharecomputedonly from known requests.A closeanalysisof thebehavior of
MSA on looselyconstrainedproblemsindicatedthattheplanshada tendency to committoo quickly to the
next customerandthatit couldbebene®cialto delayvehicledeparturesin orderto reducetravel distance.

MSA-LC is a re®nementof MSA whosemain motivation is to usestochasticinformationto suggest
more“�e xible” departuretimes. MSA-LC keepspairsof plans � % � &�%	� , where % , alsocalledthesampled
plan,containsbothknown andsampledcustomersand % � is theprojectionof % on known customers.The
eventhandlersareessentiallyunchanged,sincethey all work in termsof projectedplans.Themainnovelty
is in usingthecompleteplansto choosethedeparturetimes.Informally speaking,thekey ideais to delaya
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vehicledepartureat customer� aslong astherearesampledcustomersbetween� andits known successor.
By delayingthedeparture,theplan is morelikely to accommodatesuchrequests,shouldthey materialize.
The sampledcustomerswill eitherbe replacedby actualrequestsor they will not materializeandhence
will beremovedfrom theplan.We now specifythedeparturetimesandtheadaptionsof theeventhandlers
moreformally. Althoughtheevent-handlerswork in termsof projectedplans,they alsoneedto updatethe
completeplansto remove and/orreplacesampledcustomers.

Departure Times Thedeparturetimefor acustomer� andapairof plans � % � &�%	� arespeci®edasfollows:

DT 
 % � &�% &)� ��� (-�'& � ��� IF �"�+� � 
 % � &)� ��� � �
� 
 � 
 LDT 
 % � &)� � & EDT 
 % &�� 	 ��� 
 % &���� ��� 
 % � &)� �)�)�)� OTHERWISE.

ThesecondtermEDT 
 % &�� 	 ��� 
 % &���� ��� 
 % � &)� �)�)� capturestheleast-commitmentapproach:it speci®esthatthe
vehicleshouldnot departfrom customer� until all sampledcustomersbetween� andits known successor
have disappeared,sincethis termrepresentsthedeparturetime of thelastsampledcustomer. The®rst term
LDT 
 % � &)� � is necessaryto ensurethefeasibilityof theplan.

Customer Request As mentionedearlier, theevent-handlersaresimilarin MSA-LC asin MPA andMSA.
However, it is necessaryto specify how the completeplansare updatedas well, sincethey are usedto
computethedeparturetimes.For thefeasibleinsertionof acustomer� , theintuition is to updatethesampled
planby substituting� in placeof its nearestsampledcustomer. More formally, givenapairof plans � % � &�%	�
andanew request� suchthatFEASIBLEINSERT 
 % &0� � holds,MSA-LC computesanew pair � % �. &�% . � , where

% �. � INSERT 
 % � &0� �
%/. � REPLACENEAREST 
 % &�� 	 ��� 
 ��&�% �. � &��"�+� � 
 ��&�% �. � &0� �

whereREPLACENEAREST 
 % &�� &�� &0� � returnsaplan % # where� replacesits nearestsampledcustomersched-
uled betweencustomers� and � or insert � betweencustomers� and � if no suchcustomerexists. It is
importantto notethattheresultingplan % . is notnecessarilyfeasible,althoughtheoperationis only applied
to projectedplans % � thatcanaccommodate� . Restoringfeasibility mayrequireremoving somesampled
customersasin thetimeouthandlerdescribednext.

Timeout At time � , someplansmaybecomeinfeasibleasbefore.Moreover, somesampledcustomersmay
not beableto be servicedany longer. This canoccurif thedeparturetime of a sampledcustomerpasses.
Thesetof pairsthatarekeptat time � aregivenby theinstruction

 � % � & FILTER 
 % &�� � � � . / � FEASIBLE 
 % &�� � #
whereFILTER( % ,t) returnsthe plan whereall sampledcustomers� suchthat EDT 
 % &)� � � � have beenre-
moved.

Ranking Function Theconsensusfunctionfor MSA-LC is slightly different.
� / containsanadditional

columnfor the samples.The additionalcolumn,
� /�% (+& � � !�1 countsthe numberof plansin .5/ where

vehicle ( 's is waiting, i.e., its next known customeris precededby sampledcustomer.
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7 Optimization

It remainsto specifyhow MPA, MSA, andMSA-LC optimizeplansfor our applications.Bothof themuse
large neighborhoodsearch(LNS), which hasbeenshown to be very effective for vehiclerouting [1, 18].
LNS combinestheadvantagesof branchandbound,constraintpropagation,andlocalsearch.Its key ideais
to remove � customersfrom thebest-known solutionandto reinsertthemto producea bettersolution.The
customersarereinsertedaccordingto a heuristicand,in general,limited discrepancy search[10] is usedto
boundthenumberof timesthe heuristiccanbe violated. The � customersareremoved randomlyusinga
relatednessfunction,which is parametrizedby a determinismfactor. WhenLNS is not ableto improve the
bestsolutionby removing � customersfor someiterations,it increasesthenumberof customersto removeto
��� ! . In additionto usingLNS, we alsouseanearestneighborheuristicsasin [13]. Thismakesit possible
to seetheeffectof usingmoresamplingon a lesssophisticatedoptimizationprocedure.

8 Experimental Results

We now reportsomeexperimentalresultson a varietyof modelsanddiscusstherobustnessof MSA when
thestochasticdatais noisy.

8.1 The Models

The startingpoint of this researchwas the experimentalmodel in [13], wherecustomersare uniformly
distributedin a10km� 10kmregion andmustbeservedby asinglevehiclewith uniformspeedof 40km/h.
Servicetimesfor thecustomersaregeneratedaccordingto alog-normaldistributionwith parameters(.8777,
.6647).With this distribution, themeanservicetime is 3 min. andthevarianceis 5 min. Theservicetimes
werechosento mimic theservicetimesof long-distancecouriermail services[13]. We use� to denotethe
expectednumberof customersand

�
to denotethetime horizonwhich is 8 hours.Problemsaregenerated

with a degreeof dynamism(DOD) (i.e, theratio of known customersover stochasticcustomers)in theset
 ���� &���� &-,-,-,2& !-� ��� # . For a DOD � , thereare � 
 ! & � � known customers.The remainingcustomersare
generatedusinganexponentialdistribution with parameter� � .
	� for their inter-arrival times. It follows
from the correspondingPoissondistribution (with parameter� � ) that the expectednumberof unknown
customersis � � , the expectednumberof customersis � , and the expectedDOD is � . We generated15
instancesfor eachcon®guration,which gives about315 problemsfor eachmodel to be described. All
resultsaretheaverageof 5 runsoneachinstance.

Several modelsareusedto evaluatethe variousapproaches.The ®rst two models,M1 andM2, use
a singlevehicle. Model M1 is the basicmodelwith 40 customers(all otherparametershave beengiven
already).Model M2 is similar to M1, exceptthat theregion is now 40km� 40km. Theobjective function
consistsof minimizing the travel distance,sincetheseareunconstrainedmodels.MSA-LC is not applied
to thesemodels,as the optimal strategy simply waits until all customershave requestedservicebefore
deploying thevehicle.Thus,thereis animplicit constraintthatforcesthevehicleto serviceany unserviced
customer, soMSA-LC cannotbeappliedhere.

Thenext two modelsaremultiple-vehiclemodels.Model M3 is thebasicmodelwith 4 vehicles,160
customers,anda 20km� 20km.Eachvehiclecanserve atmost50 customersandthevehiclemustreturnto
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Figure1: Exampleof M4 Customers

thedepotby the time horizon. Model M4 is similar to M3, exceptthat thecustomersaregeneratedusing
2-D Gaussianscenteredat two pointsin theregion. For themultiple-vehiclemodels,theobjective function
consistsin minimizingthenumberof missedcustomersandminimizingthetravel distance.Suchanexample
maymoreaccuratelymodelwhatcouldbeseenin real life. Figure1 shows aninstanceof this model. It is
possiblethatsomecustomersbeleft unserviced,sincemodelsM3 andM4 havecapacityconstraints,aswell
asa harddeadline.

8.2 Setting of the Algorithms

We now describethecon®gurationof our algorithmsusedto obtaintheexperimentalresults. Initially, 25
differentscenariosarecreatedandoptimizedby our large-scaleneighborhoodsearch(LNS) for 1 minute.
Theseinitial solutionsareusedto determinethe®rst customerfor eachvehicle.An additional25 scenarios
arecreatedandoptimizedfor 1 minutewith the®rst customers®xed. It wasveri®edexperimentlythatthis
secondstepimprovesthequalityof the®nal solutions.

Subsequentscenariosareoptimizedfor about10 secondsusingLNS. The parametersfor LNS areas
follows: 30 for the maximumnumberof customersto remove at one time, 100 attemptsat removing �
customerswithout improvementbeforeremoving � � ! customers,15 for the determinismfactorof the
relatednessfunction,and4 discrepancies.

8.3 Single Vehicle Results

Reference[13] testedvariousheuristicson Model M1 andreportedextensive experimentalresults. Their
bestheuristicis nearestneighbor(NN), whereapoolof unservicedcustomersis maintainedandthevehicle
is sentto the nearestcustomerin the pool onceit served its currentrequest.Interestingly, in Model M1,
thevehicleis ableto servicecustomersfasterthanthey arrive. As a consequence,all “reasonable”heuris-
tics converge towardsa ®rst come,®rst serve (FCFS)strategy astheDOD convergesto 100%. This same
behavior is alsoexhibitedby our approaches.LNS optimizationhassomebene®tsfor low DODs. Overall,
exploiting stochasticinformationprovidesonly marginal bene®tsin Model M1. In Model M2, which has
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Figure2: ExperimentalResultson M2

a larger region, the vehicleis not ableto servicecustomersasquickly andthe heuristicsdo not converge
to FCFSasquickly. Figure2 depictstheexperimentalresults.They indicatethat theMPA andMSA ap-
proachesmaybringsigni®cantbene®ts,especiallyfor low DODs. In general,MSA approachesareslightly
superiorto MPA approaches.Only MSA(NN) � is noteffective, indicatingthevalueof optimizationonthese
problems.

8.4 Multiple Vehicle Results

Wenow turnto themultiplevehiclemodelsM3 andM4. Recallthatthesemodelshavecapacityanddeadline
constraintsandthattheobjective functionconsistsof ®rst minimizing thenumberof missedcustomersand
thenthetravel distance.TheNN heuristicswasgeneralizedto providing guaranteesonservicingcustomers.
Whenever a requestarrives, the NN algorithmis simulatedto determineif it canaccommodatethe new
request.If it cannot,therequestis rejected.

Figure3 describesthe experimentalresultsconcerningthe numberof servicedcustomersfor various
degreesof dynamism.TheresultsclearlyindicatethattheMSA approachesaresuperiorto MPA, asMPA is
unabletoserviceasmany customers.A detailedlookatthetraceof thedecisionsperformedbyMPA indicate
thatMPA waitstoolongtodeploy someof thevehicles.Thisis becauseoptimalsolutionsuseasfew vehicles
aspossibleto minimizetravel distanceandMPA believesit canusefewer vehiclesthannecessaryuntil late
in thesimulation.Theremainingapproachesserviceacomparablenumberof customerswhencomparedto
thebestavailableheuristic. With higherdegreesof dynamism,the bene®tsof usinga consensusfunction
for rankingareclear, asit reducesthenumberof missedcustomerssigni®cantlycomparedto usingtravel
distance.MSA approachesdo not bring signi®cantbene®tsin termsof servicedcustomers.MSA(NN) is
generallysuperiorto NN, while MSA � is roughlysimilarto NN (exceptfor veryhighdegreesof dynamism).
NotethatMSA-LC doesnotperformaswell asMSA for theseveryhighdegreesof dynamism.

Figure4 depictstheresultsfor thetravel distance.No resultsaregivenfor theMPA approaches,since
they arefarfrom beingcompetitive for customerservice.TheresultsindicatethatMSA signi®cantlyreduces
travel distancecomparedto NN. Theresultsareparticularlyimpressive for MSA-LC, whosetravel distance
is essentiallynotaffectedby thedegreeof dynamism(resultsabove80%arenotshown becauseits qualityof
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Figure3: ServicedCustomerResultsfor M3
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Figure4: Travel DistanceResultsfor M3

serviceis notcomparableto otherMSA approaches).ObservealsothatthecomparisonbetweenMSA(NN)
andthe otherMSA approachestendto indicatethat it seemsmorebene®cialfor theseproblemsto usea
moresophisticatedoptimizationalgorithmson fewersamplesthanaweaker methodonmoresamples.

Figures5 and6 show thesameresultsundertheM4 model. These®gurescon®rmmuchof whatwas
seenin modelM3. An interestingaspectis thatthegapin unservicedcustomersbetweenMSA-LC � andthe
otherapproacheshasnarrowed,while thelargegapin travel distancewaspreserved.Thisseemsto indicate
that the valueof using this approachincreasesundermorevaried (andperhapsmorerealistic)customer
distributions.

8.5 Robustness

It is naturalto questionhow MSA behaveswhenthe stochasticinformationis not entirelyaccurate.This
situationcould arisefrom faulty historical data,predictions,and/orapproximationsin machinelearning
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Figure5: ServicedCustomerResultsfor M4
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Figure6: Travel DistanceResultsfor M4
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Figure7: RobustnessResults

algorithms. Figure7 shows someresultswhenrun on the ����� and ����� dynamisminstancesof M3 (32
and80 expectednew customersrespectively). It is interestingto seethat, in both cases,it is betterto be
optimisticwhenestimatingthenumberof dynamiccustomers.For example,on ����� dynamism,MSA-LC �
is able to serviceroughly the samenumberof customerswhen it expectsbetween20 and100 dynamic
customers.However, it performsthebestin termsof travel distancewhenit expects50dynamiccustomers,
slightly morethanthe32of actualproblemsetsthemselves.In addition,theseresultsshow that,evenin the
presenceof signi®cantamountsof noise,MSA approachesareableto still achieve goodresults.

9 RelatedWork

Therearealimited numberof papersthatincorporatestochasticinformationinto dynamicVRPs.In general,
mostpapersfocuson oneor theotherexclusively. Theresearchon stochasticVRPsfocuseson minimizing
the expectedtravel distancewith a simplerecoursefunction (i.e. returningto the depot)whenfeasibility
is violated. See[8] for a generaloverview of the modelsandapproachesconsidered.More recently[20]
haslookedat preemptively usingtherecoursefunctionbeforeconstraintsareviolated. Thereis alsosome
work in approximatingsolutionsusingreinforcementlearningtechniquesin [16]. Theresearchin dynamic
VRP tendsto mostlyignoreany stochasticor historicaldatathatmaybeavailable.Themostrelevantwork
occursin [9] which pioneerstheapproachof keepingmany potentialsolutionsavailablefor incorporating
new requests.The modelsusedin this paperareinspiredby [13] which evaluatesmany simpleheuristics
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againstdifferentobjectives,like minimizing travel distanceor customerwait time. A survey on otherwork
in the®eld canbefoundin [14]. A sampleof morerecentwork includes[5], [11], and[15].

As mentionedpreviously, very little work hasaddressedincorporatingstochasticinformationinto dy-
namicvehiclerouting,thoughit hasreceivedmoreattentionin recentyears.[17] considersa problemwith
stochasticdemandsanda singlevehicle.Thecustomersareall known aheadof time andthey applya roll-
out algorithmto approximateexpectedgoodsolutionsevery time new informationbecomesavailable. An
interestingpaperby [6] considersusingstochasticinformationto determinewhetherit is pro®tableto accept
a customerrequestin light of whatmayoccurin the future. It alsousesa techniqueresemblingtheMPA
approachdescribedin this paper. A preliminaryversionof MSA exhibited very goodresults,especially
usingtheconsensusfunction,on problemswith time windows andhigh DOD [2]. Themodelin [2] is very
similar to thatof [6] andit wouldbeinterestingto combinethetwo approaches.Preliminarywork for MSA
on themodeladdressedin thispaperwasdescribedin [3].

10 Conclusion

This paperconsideredvehicle routing problems(VRP) wherecustomerlocationsand servicetimes are
randomvariablesthat arerealizeddynamicallyduring planexecution. It reconsidereda multiple scenario
approach(MSA) that continuouslygeneratesplansconsistentwith pastdecisionsandanticipatingfuture
requests. It also proposeda new leastcommitmentre®nementof MSA (MSA-LC) that usesstochastic
informationto choosethe vehicledeparturetimesandto avoid committingtoo soonto a known request.
MSA andMSA-LC werewerecomparedto the bestavailableheuristicson dynamicVRP problemsthat
modellong-distancecouriermail services[13]. It wasshown thatMSA maysubstantiallydecreasetravel
times(while notdegradingservice).MSA wasalsoshown robustwhenthedistribution is reasonablynoisy,
in whichcaseit seemsbene®cialto beoptimisticin predictingcustomerrequests.Theresultsalsoshow the
valueof optimizationinsideaMSA framework.

Thereareseveral interestingdirectionsfor future work. On the onehand,it seemsimportantto in-
corporatestochasticinformationto decidewhetherto accepta customerrequest.Our currentalgorithms
aregreedyin that respect,while [6] hasshown the bene®tsof usingstochasticinformationon that aspect
of the problemaswell. On the otherhand,it is worth stressingthat MSA is domain-independent. As a
consequence,applyingtheseideasto otherdomainsis animportantavenuefor futureresearch.
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