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Abstract

A smoothing network is a distributed data structure that
accepts tokens on input wires and routes them to output
wires. It ensures that however imbalanced the traffic on
input wires, the numbers of tokens emitted on output wires
are approximately balanced.

Prior work on smoothing networks always assumed that
such networks were properly initialized. In a real dis-
tributed system, however, network switches may be rebooted
or replaced dynamically, and it may not be practical to de-
termine the correct initial state for the new switch. Prior
analyses do not work under these new assumptions.

This paper makes the following contributions. First, we
show that some well-known I-smoothing networks, known
as counting networks, when started in an arbitrary initial
state (perhaps chosen by an adversary), remain remarkably
smooth, degrading from 1-smooth to log(n)-smooth, where
n is the number of input/output wires.

Second, we show that the same networks can be made
eventually 1-smooth by “piggy-backing” a small amount of
additional information on messages when (and only when)
trouble is detected.

1. Introduction

A k-smoothing network is a distributed data structure
that accepts tokens on input wires and routes them to output
wires. It ensures that no matter how imbalanced the traf-
fic on input wires, the numbers of tokens emitted on output
wires are approximately balanced, lying within & of one an-
other, where k is a constant, independent of the number of
active tokens.

Smoothing networks are well-suited for load-balancing
applications where tokens represent requests for service.
Clients send tokens to arbitrary input wires, and those to-
kens are routed to servers in such a way that all servers re-
ceive approximately the same number of tokens.
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Prior work on smoothing networks has always assumed
that such networks were properly initialized. In a real
distributed system, however, network switches may be re-
booted or replaced dynamically, and it may not be practi-
cal to determine the correct initial state for the new switch.
Prior analyses do not work under these new assumptions.

The first contribution of this paper is to show that some
well-known 1-smoothing networks, called counting net-
works, when started in an arbitrary initial state (perhaps
chosen by an adversary), produce outputs that are remark-
ably smooth. In particular, any such network with w input
and output wires, when started in any of its O(2") possible
initial states, will produce outputs such that all the number
of tokens emerging on output wires lie within log(w) of one
another. This bound is tight.

The second contribution of this paper is to show that
counting networks can be made self-stabilizing, so that even
if the network is started in an arbitrary state, it eventually
converges to a 1-smooth state. The information required
for self-stabilization can be piggy-backed on existing mes-
sages.

2. Model

A balancer is an asynchronous switch with two input
wires and two output wires, labeled 0 and 1. A balancer
accepts a stream of tokens on its input wires. A balancer has
two states: it is either oriented up or down. If the balancer
is oriented up, then the next token leaves on wire 0, and the
balancer becomes oriented down. If, however, the balancer
is oriented down, then the next token leaves on wire 1, and
the balancer becomes oriented up. Reversing the orientation
of a balancer means changing its state from up to down, and
vice-versa.

A balancing network is an acyclic network of balancers
where output wires of some balancers are linked to input
wires of others. The standard initial state of a balancing
network is to have all balancers oriented up.

The network’s input wires are those input wires not
linked to the output of any balancer, and similarly for the
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network’s output wires. In this paper, we consider balancing
networks with the same number of input and output wires,
called the network’s width. Tokens enter the network on
the input wires, typically several per wire, propagate asyn-
chronously through the balancers, and leave on the output
wires, typically several per wire.

A balancing network is a k-smoothing network if, start-
ing from its standard initial state, the overall distribution of
output tokens across the output wires is k-smooth: exiting
tokens are divided among the output wires in such a way
that no wire has more than k& tokens more than any other (a
formal definition is given below).

A counting network [3] is a 1-smoothing network with
certain additional properties that are important in other con-
texts, but do not concern us here.

This paper addresses some new questions about smooth-
ing networks. The literature on balancing and counting net-
works has always assumed that networks are initialized in
their standard starting states. We ask the following question.
How do these networks behave if they can be initialized in
any state, perhaps one chosen by an adversary? The mo-
tivation for this question is simple. Consider a distributed
load-balancing network overlaid on a local area network. If
a switch crashes and needs to be reset, or if one switch re-
places another, then it is difficult to determine the “right”
state for the new switch, and it is not practical to reinitialize
the entire network. How badly will the network perform if
we reset the switch to an arbitrary state?

We will show that well-known counting networks such
as the bitonic and the periodic networks are remarkably
smooth even when not initialized to the standard initial
state: a network of width w is log(w)-smooth when started
in any of its 2(2%) possible initial states. Moreover, this
bound is tight.

We then show that we can restore the smoothing proper-
ties of any k-smooth network, started in an arbitrary state,
back to k-smooth, by “piggy-backing” a small amount of
additional information on tokens. (Naturally, this technique
is interesting mostly for 1-smoothing networks). The result
is a simple protocol for making k-smoothing networks self-
stabilizing: once the additional information has propagated
through the k-smoothing network, it resumes acting like a
k-smoothing network that was started in the correct initial
state. We analyze the time and (additional) space required
for stabilization. The time to stabilization is proportional to
the depth of the counting network.

o If the network is in a legal state (we will later define
“legal state” precisely) , then self-stabilizing actions
do not occur.

e If the network is not in a legal state, then the self-
stabilizing actions eventually bring the network back

The key advantage of self-stabilization is that no external
action is needed to initiate the recovery from faults. In ad-
dition, the stabilizing actions can take place in parallel with
the normal execution of the protocol.

The rest of the paper is organized as follows. Section 3
proves some general smoothing properties for balancing
networks. Sections 4 and 5 analyze the smoothing prop-
erties of the Bitonic and the Periodic counting networks re-
spectively. In Section 6 we show how to make counting
networks self-stabilizing.

3. Balancing Networks

We denote sequences of natural numbers in upper case,
and elements of a sequence in lower case. For example, a
sequence X = xo,...,T,_1 has length (or width) |X| =
w. Sequence X is k-smooth if |x; — ;| < k, forany 0 <
1,7 < w. The elements of a k-smooth sequence take values

in the range a,a + 1,...,a + k for some a.
If X and Y are sequences of length w, X - Y denotes
their concatenation: g, ..., Zw_1,Y0,-.-,Yw_1. If X is a

sequence, X + c denotes the sequence zg + ¢, z1 + ¢, .. ..

Let X and Y be k-smooth sequences of length n. A
matching layer of balancers for X and Y is one where each
element of X is joined by a balancer to an element of Y in
a one-to-one correspondence.

Lemmal If X and Y are each k-smooth, and Z is the
result of matching X and Y, then Z is (k + 1)-smooth.

Proof: Let x and y be the smallest values in X and Y.
Suppose a balancer joins x; and y; to produce z; and ;4.
If the balancer is oriented up, then

zZl = "Li —; y]-‘

T +yj
2

The smallest value that any element in Z can assume is thus

T+y
2 )
and the largest value is

B I R = EY S

2141

The largest and smallest elements of Z differ by at most
kE+1. [ |

Lemma 2 If X is k-smooth, then the result of feeding X
through a layer of balancers is k-smooth.

Proof: A balancer can never increase the difference be-

to a legal state. tween two sequence elements. u
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Figure 1. Recursive Structure of a BiToNIc[8] Counting Network.

4. The Bitonic Counting Network

The BITONIC[w] counting network [3] is isomorphic to
the Bitonic sorting network of Batcher [4]. (Henceforth, any
network width w will be a power of 2.) This network has
a simple inductive structure. The BITONIC[2] network is a
single balancer. As illustrated in Figure 1, the BITONIC[2w)]
network is constructed by feeding the 2w input wires into
two parallel BITONIC[w] networks, and feeding their out-
puts into a MERGER[2w] network.

The MERGER[2w] balancing network takes two input se-
quences X and Y, each of length w, and produces an out-
put sequence Z of length 2w. The MERGER][] network is
also defined inductively. The MERGER[2] network is a sin-
gle balancer. We construct the MERGER[2w] network from
two MERGER[w] networks and w balancers. Let X de-
note the even subsequence xg, 3, . . . , Zy—2 of X, and X©
denote the odd subsequence 1,3, ..., Ty—1. Similarly
define Y¥ and Y©.

The input to the first MERGER[w] network is the se-
quence X ¥ - YO, Call that output sequence U. Symmet-
rically, the input to the second MERGER[w] network is the
sequence X© - Y'¥. Call that output sequence V. The final
layer of the network combines U and V' by sending each
pair of wires u; and v; into a balancer whose outputs yield
ZQ,' and ZQ,'_H.

4.1. Upper Bound

Let X and Y denote the two input sequences into
MERGER[2w], which are also the output sequences of the
two BITONIC[w] networks.

Lemma 3 The first layer of the MERGER[2w] network is a
matching between X andY .

Proof: We argue inductively. The base case, when w = 2,

is trivial. As the induction hypothesis, assume that the first
layer of MERGER[w] is a matching.

The first layer of MERGER[2w] is just the first layer of
both MERGER[w] components. By the induction hypoth-
esis, the first layer of these components are matchings for
XP and YO, and also for X© and Y ¥. Together they form
a matching for X and Y. ]

Theorem 1 The output of a BITONIC[w] counting network
initialized in any state is log w-smooth.

Proof: We argue by induction on w. When w is 2, the
network is a single balancer, and the output is 1-smooth.

In the BITONIC[w] network, the two output sequences
X andY from the two component BITONIC[w/2] networks
are each (logw — 1)-smooth by the induction hypothesis.
These sequences are fed to a MERGER[w] network, which
is a matching for X and Y by Lemma 3. Lemma 1 and
Lemma 2 together imply that the output sequence Z is
log w-smooth. ]

4.2. Lower Bound

We now show that Theorem 1 is tight. We will dis-
play an input sequence Sy and an initial state Blw] for a
BITONIC[w] network with the property that the output se-
quence B,, is log(w)-smooth.

A fixed-point sequence for a balancing network B is an
initial state B of the network, and a sequence S with the
property that feeding S into B yields S as an output se-
quence.

Lemma 4 If S is a fixed-point sequence for a balancing
network B, then so are S + ¢, for any constant ¢, and S R

If Bw] is any initial state of the BITONIC[w] network,
define B*[w] to be the initial state constructed by re-
versing the orientation of every balancer in the network’s
MERGER[w] component.
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Lemma 5 If input sequence X in Blw] yields output se-
quence Y, then input sequence X in B*[w] yields output
sequence Y.

Proof: (Sketch) The first layer of the MERGER[w] net-
work links wire ¢ to wire n — ¢ — 1. If X yields sequence M
after the first layer of the MERGER|[w] network from initial
state B[w], then X yields sequence M % after the first layer
of the MERGER[w] network from initial state B  [w], and
the sequences at each successive layer remain reversed. H

Let MJw] is any initial state of the MERGER[w] net-
work. Define M*[w] to be the initial state constructed
by reversing the orientation of every balancer linking wires
w/2,...,w—1.

Lemma 6 If input sequence X to BITONIC[w] in Blw]
vields output sequence Y - Z, where Y and Z have length
w/2, then input sequence X to BITONIC[w] in M*[w]
yields output sequence Y - Z .

Proof: (Sketch) We argue by induction on w. In the base
case, where w = 4, M*[4] reverses the lowest balancer on
the last layer, reversing the order of outputs 2 and 3, while
leaving outputs 0 and 1 unchanged.

Assume the claim for M[w]. Recall that a MERGER [2w]
network consists of two MERGER[k] networks with a final
layer linking the ¢-th wires of each component. From input
sequence X, in state M[2w], let Up - V and Uy - V4 be
the component networks’ respective output sequences, all
of length w. In state M™*[2w], the component networks are
both in state M*[w], so by the induction hypothesis, input
X yields output sequences Uy - Vi and Uy - V!, where the
reversed elements are on wires w and higher. The balancers
in the final layer of wires connecting the reversed elements
are themselves reversed in B*, so the final output sequence
on those wires is also reversed. ]

We define two sequences of interest:

B, = 1,0
By, = (By+1)-By
Cyw = (By,+1) -BE

Notice that B,, is log(w)-smooth.

Theorem 2 The BITONIC|[w] network has an initial state
Blw] for which B,, is a fixed point.

Proof: By induction on w. The claim is immediate for
w=2.

Assume we have an initial state B[w] for which B,, is a
fixed point. To construct B[2w], initialize the BITONIC[w]
network on wires 0,...,w — 1 to MJ[w], and the other

to M*[w]. On input By, = (B, + 1) - By, the subse-
quence B,, + 1 sent through M[w] yields B,, + 1, and the
subsequence B,, sent through M*[w]yields BE. The two
BITONIC[w] networks thus carry Bay, to Cay.

Let M[2w] be the standard initial state for the
MERGER[2w] network (where all balancers point up). It
is easy to check that Cb, is a fixed-point sequence for
M[2w]. We construct B[2w], however, by initializing the
MERGER[2w] network to M*[2w], which carries Cs,, to
(By + 1) - (BE)E = By, [ |

Corollary 1 It is possible for a BITONIC[w] network
started in an arbitrary state to yield a sequence which is
not k-smooth for any k < log(w).

5. The Periodic Counting Network

The PERIODIC[w] counting network [3] is isomorphic to
the Periodic sorting network of Dowd, Perl, Rudolph and
Saks [8]. We first define a component BLOCK[w] network,
illustrated in Figure 2. The BLOCK[2] network is a single
balancer. The BLOCK[2w] network is constructed as fol-
lows. Given a sequence X, it is convenient to represent
each index (subscript) as a binary string. The A-cochain of
X, denoted X4, is the subsequence whose indices have the
two low-order bits 00 or 11. For example, the A-cochain
of the sequence xy, . .., x7 is g, T3, T4, 7. The B-cochain
2P is the subsequence whose low-order bits are 01 and 10.

The input sequence W is fed into two parallel BLOCK[w)]
networks, where W4 goes to one network, and WE to the
other. Call the output sequences X and Y. A final layer
joins each z; and y; by a balancer, yielding outputs 2z»; and
z2;+1. The PERIODIC[w] network is just log(w) BLOCK[w]
networks in series.

5.1. Upper Bound

Theorem 3 The output of a BLOCK[w] counting network
initialized in any state is log w-smooth.

Proof: We argue by induction on w. When w is 2, the
network is a single balancer, and the output is 1-smooth.

In the BLOCK[2w] network, the two output sequences
X and Y from the two component BLOCK [w] networks are
each log w-smooth by the induction hypothesis, and the fi-
nal layer of balancers is a matching for X and Y. Lemma 1
implies that the output sequence Z is (logw + 1)-smooth.
|

Corollary 2 The output of a PERIODIC[w] counting net-
work initialized in any state is log w-smooth.
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Figure 2. Recursive Structure of a BLoCK[8] Network.

5.2. Lower Bound

Define H, to be the sequence 1,0, and Hy,, to be the
unique sequence satisfying

Hi, = H,+1
HE = H,

Notice that H,, is log(w)-smooth, but not k-smooth for any
k < log(w).

Theorem 4 H,, is a fixed-point sequence for BLOCK[w)].

Proof: We argue by induction. For w = 2, the claim is
immediate.

Assume the claim for w, and let 7 [w] be the initial net-
work state for w. Initialize the BLOCK[2w] network so
the two component BLOCK[w] networks have initial states
H[w]. On input Hs, one component has input Hjl =
H,, + 1, which is a fixed-point sequence, and the other has
input HZ, = H,,, which is also a fixed-point sequence.
Each balancer in the final row joins one element of H,, + 1
and H,. Orient each such balancer “toward” the larger
value. ]

Corollary3 H,, is a fixed-point sequence for
PERIODIC[w].

Corollary 4 It is possible for a PERIODIC[w] network
started in an arbitrary state to yield a sequence which is
not k-smooth for any k < log(w).

6. Self-stabilization of Counting Networks

What if log(w)-smoothness in the face of failures is not
good enough? In this section, we show how to make sim-
ple modifications to smoothing networks to ensure that if
any such network is reset to an arbitrary illegal state, then it
will eventually return to a legal state. We introduce a small
amount of additional information (which can be “piggy-
backed” on tokens), together with simple responses to such

information when it is sent. We call such additional infor-
mation (and reactions) self-stabilizing actions.
We guarantee the following

o If the network is in a legal state, then these actions
never occur.

o If the network is in an illegal state, then these actions
eventually bring it back to a legal state.

The main idea is as follows. We show how the predicate
asserting that the network’s state is legal can be written as
the conjunction of many simpler predicates, each of which
makes local assertions about the state of each balancer and
wire. As a result, it is enough to stabilize local states in-
volving individual balancers and wires.

Each component periodically checks whether its state is
legal. If not, then it corrects itself. Correcting one network
component might disturb the neighboring component, but
we show that such disturbances will flow down the network,
from lower to higher depth only.

6.1. Model

The smoothing network is an asynchronous message-
passing system, where each balancer is a processor. (A
single physical node may possibly implement multiple bal-
ancers.) Wires are FIFO network links.

When reasoning about self-stabilization, we assume that
balancer states are subject to faults, as are the number of to-
kens on any given wire. By contrast, we assume that links
between nodes are fixed, and so we focus on stabilizing bal-
ancers’ states, and not on their interconnection. Our self-
stabilizing algorithm can be layered on top of another algo-
rithm which stabilizes the interconnection.

For each balancer b we add the following counters, each
counter corresponding to one of the wires incident at b:

e n¥(b) is the number of tokens that entered b on the
upper input wire

YF]',F.
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e nf(b) is the number of tokens that entered b on the

lower input wire

e nY(b) is the number of tokens that exited b on the upper
output wire

e n!(b) is the number of tokens that exited b on the lower

output wire

For now, we treat these counters as unbounded. Later, we
show how to bound them.

6.2. Legal Network States

Informally, a legal state of the counting network is a state
that can be reached during normal execution from the stan-
dard initial state. More formally, a transition occurs when
a token passes through a balancer, changing the balancer’s
state, and the state of the input and output wires. The ex-
ecution of a counting network is a sequence of transitions,
starting from an initial state.

Definition 1 The standard initial state of the network is one
where all balancers are pointing up, there are no tokens in
transit, and every counter at every balancer is zero.

Definition 2 A legal state of the network is one that can be
reached from a standard initial state by a finite sequence of
transitions. Any other state is illegal.

Notice that being legal is defined as a global property of
a network, since it concerns the states of all balancers and
wires simultaneously. This characterization, while natural,
is hard to use directly, since no balancer can directly observe
the global system state. Instead, we rely on each individ-
ual component to check whether its own state is compatible
with its neighbor’s.

Define n;(b) = nf(b) + n¥(b), and n,(b) = né(b) +
n¥(b).

o

Definition 3 A balancer b is legal if the following condi-
tions are satisfied:

1. The number of tokens that have entered the balancer
equals the number of tokens that have exited:

n;(b) = ny(b)

2. The tokens that have exited b thus far are balanced on
the output wires.
- If ny(b) is even, then n¥(b) = n(b), and the bal-
ancer is pointing upwards.
- If no(b) is odd, then n*(b) = n’(b) + 1, and the
balancer is pointing downwards.

Consider a wire w directed from balancer b to balancer ¢

Definition 4 Wire w is legal if the counter corresponding
to w at balancer b equals the number of tokens in transit on
w plus the counter corresponding to w at balancer c.

6.3. Global Legality Equivalent to Local Legality

We now show how the predicate that captures whether
the network state is legal can be expressed as the conjunc-
tion of local predicates, one for each wire and each balancer.

Theorem 5 A counting network is in a legal state if and
only if every balancer and every wire is in a legal state.

We prove this theorem in two parts.

Global implies Local: First, we show that if the counting
network is in a legal state, then every balancer and wire is
in a legal state. Let S denote a legal state of the counting
network.

By definition, there must be a sequence of transitions
starting from the standard initial state and leading to S. In
the standard initial state it is easy to verify that all balancers
and wires are in a legal state. We will show that each tran-
sition will preserve the legality of the local states.

Each transition is a token passing from an input wire of
a balancer to an output wire. This affects the state of three
elements of the network:

- The input wire to the balancer (on which that token
entered)

- The output wire of the balancer (on which the token
exited) and

- The balancer itself

It can be verified that the legality of each of these net-
work elements is preserved during a transition. We will
verify the case of the input wire here. The input wire has
one less token in transit, but the counter at the destination
end of the wire has increased by one. Since the wire was in
a legal state to begin with, it remains legal.

Local implies Global: 'We now prove the other direction.
If all the balancers and wires of the network are in legal
states, then the global state is legal. We show that such a
network state can be reached from the standard initial state
by a sequence of transitions.

We number the balancers of the network as follows. Let
w denote the width of the network. The balancers in the
output stage are numbered from 1 (topmost balancer) to w
(bottom balancer). The balancers in the stage adjacent to
the output stage are numbered from w + 1 onwards, and so
on. Observe that the numbers increase as we proceed from
the output to the input stage. A balancer is defined to be
fresh if all its counters are zero and it is pointing upward.
Similarly, a wire is fresh if there are no tokens in transit on
the wire.

Consider any global state S where each wire and bal-
ancer is in a legal state. We push some tokens “upstream”
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to get a state S’ such that S can be reached from S’ by a
sequence of transitions, and S’ has one more fresh balancer
than S. If we systematically apply this process, we will ar-
rive at a state where every balancer is fresh, which is the
standard initial state.

Given S, we define S’ as follows. Let b be the lowest
numbered balancer which is not fresh. State S’ is the same
as S except:

e Balancer b is fresh and its output wires are also fresh

e The lower input wire to b has nf(b) extra tokens in
transit (where n¢(b) and n¥(b) denote the value of the
counters in state S, not S’)

e The upper input wire to b has n¥(b) extra tokens in
transit

It can be verified that that S can be reached from S’ by a
sequence of legal transitions. We omit the details here. By
iterating this process, we can increase the number of fresh
balancers and wires, until we reach the standard initial state.
This shows that the state S can be reached from the standard
initial state by a sequence of transitions.

6.4. Self-stabilization Algorithm

We now know that if we stabilize every network element
into a legal state, we have stabilized the network into a legal
global state. Next, we describe the local stabilization al-
gorithm. Note that these actions would be occurring along
with the regular transitions of the counting network.

We can assume that each balancer is always in a legal
state, since its legality can be checked locally. Since the pro-
gram at the balancer is incorruptible, it can ensure that every
operation that changes the balancer’s state always leaves the
balancer in a legal state.

Action 1: Every balancer b (except for the output bal-
ancers) periodically sends out a “correction” token on the
upper output wire with data n%(b), and a corresponding cor-
rection token on its lower output wire with data nﬁ (b). Note
that these “correction” tokens do not increment n¥(b) and
ng(b)-

Action2: When abalancer b receives a ’correction” token
on an input wire (say, the lower wire), with data n

1. It compares n with the counter corresponding to the
input wire (nf (b) in this case)

2. If the two match, then do nothing.

Otherwise, assign n to n{(b), and change the output
counters on the balancer accordingly, to maintain the
balancer in a legal state. In such a case, we say that the

If Action 2 changed any (or both) of the output counters
on the balancer, then we say that the corresponding output
wires were disturbed. We have the following important ob-
servation about the self-stabilization actions.

Observation 1 Action 2 on wire r can disturb only those
wires which are adjacent to r and are at a greater depth
than r.

6.5. Proof of stabilization

We sketch the proof by a sequence of lemmas.

Lemma 7 If the system is in a legal state S, then no wire is
enabled.

Proof: From Theorem 5, we know that each wire is in a
legal local state in S. It can be verified that a wire in a legal
state is never enabled. ]

A transmission of a correction token by the origin bal-
ancer (Action 1) of a wire followed by a receipt of the same
by the destination balancer of the wire (Action 2) is called
a stabilization step for the wire. The time interval between
the transmission and receipt is called the duration of the
stabilization step.

Lemma 8 If a wire was in an illegal state, and the follow-
ing events occurred:

(1)A stabilization step was completed for the wire, and
(2)In the duration of the stabilization step, the wire was not
disturbed,

then the wire will come to a legal state.

Proof: It can be verified that the stabilization step sets the
counters on the wire to the correct values to bring it to a
legal state. u

Let d denote the depth of the counting network. The
depth of the balancers range from 0 (the input stage) to d—1
(the output stage). The depth of a wire is defined as the
depth of the destination end of the wires, and the output
wires are defined to be at depth d. Thus, the input wires are
at depth 0.

Lemma9 For k = 1...d — 1, if all wires at depth k —
1 or lesser are in their respective legal states, then each
wire in depth k will reach a legal state after it completes
a stabilization step. The wire will never be enabled again
(unless further faults occur).

Proof: (Sketch) Proof is by induction on k.

Base case: Consider a wire r at depth 1. From Observa-
tion 1, r can only be disturbed by a wire at the input layer,
which is not possible. Lemma 8, implies that r will come to
a legal state. Furthermore, since r can never be disturbed, it
will remain in a legal state. The proof of the inductive case

input wire was enabled. is similar. ]
IF]‘,F.
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Fact1 Eventually, a stabilization step occurs for every
wire.

Theorem 6 If it started out in a faulty state, then the net-
work stabilizes after d parallel stabilization steps, where d
denotes the depth of the network.

Proof: First note, that the input wires are always in legal
states. From Lemma 9 and Fact 1, all wires at depth 1 will
have stabilized after each of them has completed a stabi-
lization step (one parallel stabilization step). Arguing in-
ductively, all wires in layer k will have stabilized after &
parallel stabilization steps, and the whole network will sta-
bilize in d parallel steps. ]

Time to stabilization: One parallel stabilization step is
the time elapsed until every wire in the layer has executed
one stabilization step. The network stabilizes in d steps
where d is the depth, and “step” is the maximum time
elapsed before a stabilization step is initiated and completed
for a wire. The stabilization step is usually initiated by a
timeout, and the frequency of initiation of the stabilization
step can be controlled at each balancer, and once the step
is initiated it completes in time equal to the latency of the
wire.

Lazy Stabilization: Instead of pro-actively and periodi-
cally sending out correction tokens, we could piggyback the
correction tokens on regular (counting) tokens. The time to
stabilization will now depend on the rate at which tokens
are entering the system.

Transient Behavior: The stabilization only guarantees
that the network will eventually start behaving like a count-
ing network, and tokens will be evenly balanced on the out-
put wires from then onwards. Till then, however, the step
property may not be obeyed, and the tokens might be un-
evenly distributed across the outputs.

6.6. Extra space needed for self-stabilization

So far, we have been working as if the additional
counters that were introduced at the balancers for self-
stabilization are unbounded integers. We now show how
to work with bounded integers.

Theorem 7 The execution of the counting network would
not change if we replaced the counters corresponding to a
wire connecting a balancer at depth j to a balancer at depth
§ + 1 by counters modulo 2¢=7, where d denotes the depth
of the network.

Proof: Proof by induction on j, starting with j = (d — 1).
Consider a wire connecting a balancer at depth d — 1 to a
balancer at depth d. For a balancer b at depth d, the only
thing that matters to its state is the parity of the number of
tokens that entered b. Thus, it suffices to store the input
counters to the wires modulo 2, and the output counters for
balancers at depth d — 1 need to be stored modulo 2.

If we wanted to count the number of output tokens at a
balancer modulo 2%, then it will do to count the number of
input tokens modulo ok+1 Proceeding thus, we find that
it suffices to keep track of the counters at the input to the
balancer modulo 2¢. [ |

Space Complexity: Since the counters at depth k are
modulo 297%, it takes w(d — k) bits for depth k, if we
assume that the width of each stage of the network is w.
The total additional space needed for self-stabilization is (in
number of bits):

d
Zwi =wd(d+1)/2
i=1
Acknowledgments: We thank the reviewers for com-
ments which helped improve the presentation.
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