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Abstract. Whereas CP methods are strong with respect to the detection of local
infeasibilities, OR approaches have powerful optimization abilities that ground
on tight global bounds on the objective. An integration of propagation ideas from
CP and Lagrangian relaxation techniques from OR combines the merits of both
approaches. We introduce a general way of how linear optimization constraints
can strengthen their propagation abilities via Lagrangian relaxation. The method
is evaluated on a set of benchmark problems stemming from a multimedia appli-
cation. The experiments show the superiority of the combined method compared
with a pure OR approach and an algorithm based on two independent optimiza-
tion constraints.
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1 Introduction

One important branch concerning the integration of CP and OR is the development
of optimization constraints [7]. Given a maximization problem � ���, the idea is to
use upper bound information to detect non-profitable assignments for a variable: If an
upper bound on � �������� drops below the best known solution value, then � can be
removed from the domain of � �. Filtering algorithms based on this idea are of great
importance when combinatorial optimization problems have to be solved exactly. For
many applications, the tightening of problem formulations within a branch-and-bound
approach has shown to improve on the quality of the bounds computed as well as on
the approach’s robustness.

Frequently, optimization problems can be viewed as a combination of two or more
simpler structured problems. Assuming that efficient propagation algorithms (PAs) for
their corresponding optimization constraints exist, their independent application usu-
ally does not yield an effective PA for the combined constraint. The reason for this is
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that tight bounds on the objective cannot be obtained when some restrictions are ig-
nored. Therefore, the standard CP method to have constraints collaborate via sequential
domain reductions is not suitable for optimization constraints.

On the other hand, in mathematical programming Lagrangian and Surrogate relax-
ations have been developed to compute tight bounds on the objective while maintaining
the desired substructures. We show how to use Lagrangian relaxation for the efficient
coupling of optimization constraints.

For a multimedia application incorporating a knapsack problem (KP) and a maxi-
mum weighted stable set problem (MWSSP) on an interval graph, we show exemplary
how linear optimization constraints can be coupled via Lagrangian relaxation to achieve
an effective PA for the combined optimization constraint.

1.1 Previous Work

Optimization constraints and the concept of cost based filtering are presented in [16].
The paper also provided a recent overview on attempts of combining methods from CP
and OR.

The work presented here is particularly based on some previous results on specific
optimization constraints: In [5, 12], an efficient shortest path constraint was introduced.
It is based on the computation of shortest paths in directed acyclic graphs [1], and
achieves bound consistency in time������ on DAGs with � nodes and � arcs. In [18],
the special case of shortest path constraints in co-interval graphs is considered. It was
shown that finding shortest paths in node weighted co-interval graphs solves the maxi-
mum weighted stable set problem on interval graphs, and a propagation algorithm with
amortized linear time complexity was developed.
Knapsack constraints have been studied in [6]. There, amortized linear time PAs based
on continuous bounds were developed.

Lagrangian relaxation was first presented in [4] for resource allocation problems.
Held and Karp used it for the TSP [9, 10], and it has been applied in many different
areas since then. We refer to [1] for an introduction.
In [7], Focacci et al. introduced a method to strengthen bound propagation using La-
grangian relaxation. In that approach, Lagrangian multipliers were used to incorporate
additional cuts to tighten the bound used for propagation.

The multimedia application we use to introduce CP-based Lagrangian Relaxation
is investigated in [14]. The goal there was to develop heuristics for an extension of the
ARP.

We present in detail how the coupling of linear optimization constraints can be per-
formed efficiently using Lagrangian relaxations. Some parts of this paper have already
been published in [18].

The paper is structured as follows: In Section 2, we formally introduce the idea of
CP based Lagrangian Relaxation and some related special aspects. To give a concrete
application of the method, in Section 3 we introduce the Automatic Recording Problem
(ARP), that can be viewed as a combination of a knapsack problem and a MWSSP on
interval graphs. Then, in Section 4 the concept of CP based Lagrangian Relaxation is
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applied on the ARP. Finally, in Section 5 we give numerical results comparing different
PAs for the ARP optimization constraint.

2 Coupling Propagation Algorithms via Lagrangian Relaxation

We consider an integer linear optimization problem �� � consisting of the two constraint
families �: �� � �, � � ���, and �: 	� � 
, � � ���:

�� � � Maximize ���
subject to �� � �

	� � 

� � ���

Further, we assume that PAs Prop(�) and Prop(�) exist for each of the two families.
Then, an obvious approach to solve � exactly is to apply a branch-and-bound algorithm
using linear relaxation bounds for pruning and the existing PAs Prop(�) and Prop(�)
to tighten the problem formulation in every choice point.

Even though Prop(�) and Prop(�) may be efficient and effective for the substruc-
tures they have been designed for, their application for the combined problem is usually
not. This is because tight bounds on the objective cannot be obtained by taking only a
subset of the restrictions into account. An accurate bound on the overall problem can
only be computed by looking at the entire problem, i.e., it cannot be achieved by looking
at either one constraint family only.

Linear relaxation bounds can easily be obtained by applying a standard LP solver.
That bound often yields a good estimate on the performance that can (still) be reached.
However, it is not straight forward to see how it could be exploited for efficient prop-
agation. Applying conventional reduced cost propagation only indirectly exploits the
structure of the problem and therefore appears ineffective, whereas to perform probing
via full reoptimization can be very costly and thus inefficient.

2.1 Constraint Coupling

Lagrangian relaxation allows us to bring together the advantages of a tight continuous
global bound and the existing PAs that exploit the special structure of their respective
constraint families. We introduce non-negative Lagrange multipliers � � � � and define
the Lagrangian subproblem


���� � Maximize ���� �� ���� �� ���� ��
subject to 	� � 


� � ���

Then, the Lagrange multiplier problem is to solve

Minimize ����
subject to � � �
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For every � � �, ���� is a valid upper bound on the objective. Therefore, we can ap-
ply Prop(�) on the constraint family � each time we solve the Lagrangian subproblem

����. After we have found optimal Lagrange multipliers ��, i.e. ����� � ���� � � �
�, we use the (optimal) dual information � on the constraint family � to perform cost
based filtering with respect to that substructure. By Lagrange relaxing the second con-
straint family with multipliers � � �, we obtain:


���� � Maximize ���� �� �	�� 
�
subject to �� � �

� � ���

To summarize: two linear optimization constraint families � and � for which effi-
cient PAs Prop(�) and Prop(�) are known can be combined effectively by computing
Lagrangian multipliers for �, using Prop(�) for propagation in each Lagrangian sub-
problem 
����, and then handing back dual information of the optimal 
����� on �
to propagate � with the corresponding (optimal) reduced cost objective, i.e. we apply
Prop(�) on 
����. This procedure even strengthens the bound on the objective, as do-
main reduction is also performed during the bound computation. However, there arises
one problem: if domains are reduced during the process of finding optimal Lagrange
multipliers, the algorithm that solves the Lagrangian dual must be aware of this. It is
subject to further research, how e.g. subgradient methods must be adapted to be able to
cope with that situation.

2.2 Generalizations

Before applying the concept of CP based Lagrangian Relaxation to a multimedia appli-
cation, we present some extensions and generalizations of the concept presented above.

Coupling more than Two Optimization Constraints The procedure sketched can
easily be generalized if the coupling of more than two constraints is desired. All we
need to do is select the substructure that determines the Lagrangian subproblem, i.e.,
the one that has to be solved several times with changing objective functions. After we
have computed (near) optimal Lagrange multipliers, we apply the propagation algo-
rithm for the other substructures with a modified objective function. That modification
is determined by the dual values of the family of constraints in the Lagrangian subprob-
lem and the Lagrange multipliers for the remaining substructures.

Linear Relaxations If continuous bounds are preferred to bounds based on Lagrangian
relaxations, it is also possible to use dual values instead of Lagrange multipliers to
modify the objective functions for the respective subproblems we want to apply a PA
on. We still use the terminology of a coupling method based on Lagrangian relaxation,
as we use Lagrangian objectives for cost based filtering.

Notice, that the method can also be used in combination with tightening algorithms
such as cut generators. We simply incorporate all additional cuts as a new family of
constraints we have to find Lagrange multipliers (or dual values) for.
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Binary IPs Interestingly, as a special case we achieve a propagation algorithm for
binary IPs. Given� � �	���, � � �	�, and � � �	�, we consider the following binary
program:

Maximize ���
subject to �� � �

� � ��� 
	�

The problem can be viewed as a combination of � knapsack problems. Assum-
ing that we solve the continuous relaxation to compute an upper bound, let � � �	�

and � � �	� denote the optimal solution to the dual problem, i.e., � and � solve the
following linear problem:

Minimize ��� � 
��
subject to ��� � � � �

�� � � �

Let � � � � �, and let �� � �	������� denote the matrix that evolves from �
by erasing row �, and ��, �� � �	��� the vectors that evolve by erasing component �
from � and �, respectively. Further, let �� denote the �th row of matrix �. Then, for
every � � � � � we perform domain reduction with respect to the following knapsack
problem:

Maximize ��� � ��� ���� � ��� ��
subject to ��� � ��

� � ��� 
	�

Thus, as a special application of CP based Lagrangian Relaxation, we achieve an
effective filtering algorithm for binary IPs that runs in ���� ��
�� (using [6]) after we
have found optimal dual values of the continuous relaxation.

3 The Automatic Recording Problem

In the following, we introduce a multimedia application for which we tested the method
of coupling PAs via Lagrangian relaxation.

The Automatic Recording Problem (ARP) is an example of a problem that is consti-
tuted by two simpler constraints. We focus on algorithms that solve the problem exactly
and give a tightened formulation of the ARP as an integer program (IP).

The technology of digital television offers new possibilities for individualized ser-
vices that cannot be provided by nowadays analog broadcasts. Additional information
like classification of content, or starting and ending times can be submitted within the
digital broadcast stream. With those informations at hand, new services can be provided
that make use of individual profiles and maximize customer satisfaction.

One service – which is available already today – is an "intelligent" digital video
recorder that is aware of its users’ preferences and records automatically [2]. Such a
recorder tries to match a given user profile with the information submitted by the differ-
ent TV channels. E.g., a user may be interested in thrillers, the more recent the better.
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Fig. 1. The scenario for the Automatic Recording Problem

The digital video recorder is supposed to record programs such that the users’ satis-
faction is maximized. As the number of channels may be enormous (more than 100
digital channels are possible), a service that automatically provides an individual selec-
tion is highly appreciated and subject of current research activities (for example within
projects like UP-TV funded by the European Union or the TV-Anytime Forum).

In this context, two restrictions have to be met. First, the storage capacity is limited
(10h of MPEG-2 video need about 18 GB). And second, only one video can be recorded
at a time. (see Fig. 1).

More formally, we define the problem as follows:

Definition 1. Let � � ��, � � ��� � � � � � � 
	 the set of programs, �������� �
��
��� � � � � the corresponding starting and ending times. � � �� ������� � �	�

�

the storage requirements,� � �	� the storage capacity, and � � ��������� � ��� the
profit vector.

We say that the interval �� �� ���������� ��
���� corresponds to program � � � ,
and call two programs �� � � � overlapping whose corresponding intervals overlap,
i.e. �� 
 �� �� �. For 
 � we call �	 ��

�
��	 �� the user satisfaction (with respect

to ).
The Automatic Recording Problem (ARP) then is to find a subset 
 � such that

(a)  can be stored within the given disc size, i.e.
�

��	 �� � �.
(b) at most one program must be recorded at a time, i.e. � � 
 �� � � � � �� � �  
(c)  maximizes the user satisfaction, i.e. �	 � �
 � ! 
 � , ! respecting (a) and

(b).

3.1 On the Complexity of the Automatic Recording Problem

Obviously, even if all programs are pairwise non-overlapping (i.e., if restriction (b)
is obsolete), it remains to solve a knapsack problem. Thus, the ARP is NP-hard. Let
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���� �� ������ � � � � � �	. We develop a pseudo-polynomial algorithm running
in ��������� that will be used later to derive a fully polynomial time approximation
scheme (FPTAS) for the ARP.

A Dynamic Programming Algorithm The algorithm we develop in the following is
similar to the teaching book dynamic programming algorithm for knapsack problems.
Setting �	 �� �	 � ��	 and " �� ����� � 
, we compute a matrix # � ����� �

�	
��


, � � � � ", � � $ � �. In ���, we store the minimal knapsack capacity
that is needed to achieve a profit greater or equal � using items lower or equal $ only
(��� �� iff

�
����� �� � �).

We assume that � is ordered with respect to increasing ending times, i.e., � � � �
� � � implies �� � �� . Further, denote with $���� � � ���
	 the last non-overlapping
node lower than �, i.e.,

������ � �� and �� � �� � $���� � � � �.

We set $���� �� �
 iff no such node exists, i.e., iff �� � �� . To simplify the notation,
let us assume that����� �� for all � � � � ", and����� � � for all � � �. Then,

��� � ���������������������� � ��	.

The above recursion equation yields a dynamic programming algorithm: First, we
sort the items with respect to their ending times and determine $��� � for all � � � � �.
Both can be done in time ��� ��
��. Then, we build up the matrix row by row. Finally,
we compute ����� � ���� � �	. The total running time of this procedure and the
memory needed are obviously in ���������.

A Fully Polynomial Time Approximation Scheme As for knapsack problems, we
can use the dynamic programming algorithm to derive an FPTAS by scaling the profit
vector. Given % & �, we set ' �� %����(�, and �� �� ���('�. Then, ���� � ��(%�.
Thus, the running time of our dynamic programming algorithm applied with the scaled
profit vector is in ����(%�.

Next, we study the error we make by using � instead of �. Let � � ��� 
	� denote
an optimal solution with respect to �, and � � ��� 
	� an optimal solution with respect
to �. Then,

��� � '��� ('�� � '��� � '���
� '������(' � �� � ���� '��

(1)

Therefore,

����� ����(��� � '�(���� � %,

i.e., the relative error is at most %. Thus, we have found an FPTAS for the ARP.
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3.2 A Mathematical Programming Formulation

Because the problem of finding and proving optimal solutions is of interest in its own
right, and also because the FPTAS we developed is far too memory consuming to be of
practical relevance, we focus on exact approaches to solve the ARP. Using mathematical
programming, the problem can be stated as an integer program (IP):

Maximize
�

����� ���� ��� 
�

subject to �� � �� � 
 � � � � � � � �� �� 
 �� �� ��
����� ���� � �

� � ��� 
	�

The objective function maximizes the user satisfaction. Constraints of the form � ��
�� � 
 ensure that for overlapping intervals � �� �� at most one program can be selected.
Storage restrictions are enforced by the last row. The formulation can be tightened by
replacing the overlapping constraints with maximal clique constraints.

Definition 2. A set ) 
 � is called a conflict clique, iff �� 
 �� �� � � �� � � ). A
conflict clique) is called maximal, iff � * 
 � ,* conflict clique:) 
 * � ) � *.
Let# �� �)�� � � � � )���	 
 �� the set of maximal conflict cliques.

Then, restrictions of the form
�

����
�� � 
 � � � � � � imply that �� � �� � 


for all nodes �� � � � whose corresponding intervals overlap. On the other hand, if
����� � 
 for all overlapping intervals, it is also true that

�
����

�� � 
 � � � � � �.
Thus, IP (1) is equivalent to

Maximize
�

����� ���� ��� ��

subject to
�

����
�� � 
 � � � � � �

�
����� ���� � �

� � ��� 
	�

Though being NP-complete on general graphs, finding maximal cliques on the
graph defined by our application is simple:

Definition 3. A graph + � ���,� is called an interval graph if there exist intervals
��� � � � � ��� � � �	 such that � -�� -� � � � �-�� -�	 � , �� �� 
 �� �� �.

On interval graphs, the computation of maximal cliques can be performed in time
��� ��
 ��[8]. Hence, (IP 2) can be obtained in polynomial time.

3.3 Solving the Resulting Integer Program

Although there exist methods that do not split the search space – like e.g. cutting plane
algorithms – to solve a (mixed) integer program, branch-and-bound approaches have
proofed to be efficient, widely applicable and thus are most commonly used. In every
choice point, a bound based on some (often continuous) relaxation is being computed. If
that bound is worse than the objective value 	 of the incumbent solution, backtracking
occurs. A successful application of the branch-and-bound paradigm relies heavily on
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tight bounds that can be computed quickly. Domain reduction can help to improve on
the performance of a branch-and-bound search if the filtering is both, effective and
efficient. Effective means, that it must have an impact, i.e., it has to be able to filter
many values, whereas the efficiency measures how quickly the routine works.

The effectivity of a filtering algorithm mainly depends on the quality of bounds
it uses to estimate the impact of fixing a variable to one of its values. For the ARP,
our experiments show that the continuous relaxation bound yields a good estimate on
the solution quality that can be reached. Thus, it can be used for pruning purposes in
a branch-and-bound approach. But it is not straight forward to see, how this bound
could be used for filtering purposes effectively, that is, other than by probing via full
reoptimization, which is inefficient. On the other hand, domain reductions with respect
to reduced cost information can be done quickly, but is not very effective.

4 CP based Lagrangian Relaxation for the ARP

The ARP can be viewed as a combination of two simpler optimization constraints:
a knapsack constraint, and a maximum weighted stable set constraint on an interval
graph. For the knapsack constraint, a propagation algorithm was already developed
in [6]. It runs in time ��� ��
��, and in amortized linear time for .���
 �� choice
points. In [18], we developed a PA for the maximum weighted stable set substructure
(MWSSP) of the ARP. The algorithm runs in time ��� ��
�� or in amortized linear
time for .���
 �� incremental propagation calls.

With the two PAs at hand, we are able to perform domain reduction for the two
natural substructures of the ARP. According to the abstract description in Section 2, we
will now tie the two filtering algorithms together:

As the PA for MWSSP allows us to incorporate changing objectives at a low com-
putational cost, we decide to relax the capacity constraint. We introduce a non-negative
Lagrange multiplier � � � and define the Lagrangian subproblem

Maximize ���� �� � 
���
subject to � �

�
�������� � ������ � ���

����
�� � 
 � � � � � �

� � ��� 
	�

The Lagrange multiplier problem then is to solve Minimize ����, such that � � �. For
every � � �, ���� is a valid upper bound on the objective. Therefore, we can apply
cost based filtering for the MWSS constraint on interval graphs each time we solve the
Lagrangian subproblem. After we have found an optimal Lagrange multiplier � �, we
use dual information � � �	� from the corresponding stable set subproblem to perform
variable fixing with respect to the knapsack substructure now. By Lagrange relaxing the
maximal clique constraints with multipliers � � �, we obtain a knapsack problem. Let
�� ��

�
� 	 ����

�� � � � � � � and � ��
�

����� �� . The problem then is to

Maximize
�

�������� � ����� � �
subject to

�
����� ���� � �

� � ��� 
	�
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Relaxations of this problem again yield a valid upper bound, and we can propagate
the knapsack optimization constraint on the modified objective.

4.1 Implementation Details

As we mainly focus on the general principle of how existing PAs can be exploited more
effectively by tying them together using Lagrangian relaxation, so far we have left out
some implementation details concerning the choice of the branching variable and the
computation of the Lagrange multiplier ��. In this section, we will give an insight in
the implementation the tests were performed with.

We used four different approaches for our experiments: the first is a pure branch-
and-bound algorithm without any problem tightening (referred to as P-0). The second
uses the PAs for knapsack and maximum weighted stable set problems on the original
objective (P-1). The third and the fourth approach (P-2 and P-3) realize the idea of
coupling PAs for linear optimization constraints via Lagrangian relaxation. P-2 calls
for domain reduction just once after the Lagrangian dual has been solved, whereas P-
3 also propagates the maximum weighted stable set constraint during the search for
optimal Lagrange multipliers.

Continuous Bound Computation For pruning, the computation of a linear bound on
the objective is needed. P-2 and P-3 obviously use the objective value corresponding
to 
����� for this purpose. As the computation via Lagrangian relaxation with stable
set subproblems turned out to be very efficient, we used that algorithm for all four
approaches.

Computation of �� To determine ��, we used a method to maximize one-dimensional
concave functions based on the golden section. We obtain a sequence of � � , � � ��. Let
���� �� ������(�� � � � � � �	. Then, for all % & � there exists a constant / & �
such that

��� � ��� � % � � � / � ��
 ����

Thus, after ����
 ����� iterations we can numerically approximate the optimal La-
grange multiplier ��. Each iteration costs amortized linear time for at least .���
��
choice points. Finally, in every choice point we add��� ��
�� for the succeeding knap-
sack PA. Therefore, the coupled PA for the tight global continuous relaxation bound
runs in time ��� ��
 ���� � � ��
��.

Notice, that the Lagrangian subproblem is totally unimodular. Thus, the Lagrangian
relaxation bound has the same value as the bound that evolves from a linear continuous
relaxation.

Branching Variable Selection All algorithms choose the first node on the shortest
path1 with maximal efficiency ��(�� as branching variable.

1 according to the optimal reduced costs objective
�

�����
��� � �

������ � ���
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5 Numerical Results

All experiments were performed on a PC with an AMD-Athlon 600 MHz processor and
256 MB RAM running Linux 2.2. The implementation was done in C++ and compiled
by gcc 2.95 with maximal optimization (O3). The algorithms were built on top of ILOG

SOLVER 5.0 [13].

5.1 Test Instance Generation

The experiments were conducted on several sets of randomly generated test instances.
To achieve scenarios which we believe to be of relevance for the real life application,
each set of instances is generated by specifying the time horizon (half a day to 3 days)
and the number of channels (20 – 100). The generator sequentially fills the channels by
starting each new program one minute after the last. For each new program a class is
being chosen randomly. That class then determines the interval from which the length
is chosen randomly. We consider either 3, 5, or 7 different classes, respectively. The
lengths of programs in the classes vary from 5�2 minutes to 150�50 minutes. The
disc space necessary to store each program equals its length, and the storage capacity is
randomly chosen as 45%–55% of the entire time horizon.

To achieve a complete instance, it remains to choose the associated profits of pro-
grams. For the experiments, we used four different strategies for the computation of an
objective function:

– For the class usefulness (CU) instances, the associated profit values are determined
with respect to the chosen class, where the associated profit values of a class can
vary between zero and 600�200.

– In the time correlated (TC) instances, each 15 minute time interval is assigned a
random value between 0 and 10. Then, the profit of a program is determined as the
sum of all intervals that program has a non-empty intersection with.

– For the weakly correlated (TWC) instances, that value is perturbed by a noise of
�20%.

– In the subset sum (SSS) data finally, the profit of a program simply equals its length.

The different objectives try to emulate some effects we believe to hold real life in-
stances. In the CU instances for example, programs of the same class cause similar
attractions. And the TC and TWC instances cause many conflicts regarding the choice
of programs that are being broadcasted at the same time. However, the different strate-
gies we considered are only intuitively justified. The feasibility of our approach for real
life instances can only be concluded from the fact, that we achieve similar results for
all choices of the objective.

We identify a test set by giving the parameters the generator was started with. Ac-
cording to the above description those parameters are:

– time horizon in minutes,
– number of channels,
– number of different classes [3, 5, or 7], and
– objective type [CU, TC, TWC, or SSS].
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5.2 Experimental Evaluation

In the following we present some numerical results. The experiments consist of 50
random instances per test set. For each instance, the approaches P-0 – P-3 were run to
find and prove an optimal solution. We protocol running times and the number of choice
points needed for an exhaustive search. All approaches find a first solution rather early
in the search. Therefore, the main work lies in the proof of optimality rather than in the
construction of the solution. We conclude that the branching variable selection we used
efficiently supports finding near-optimal solutions in a non-exhaustive search.

Table 1 shows the performance (time and choice points) of all four approaches on
test sets generated with a time horizon of 1440 minutes and 20 channels using 5 different
program classes and CU, TC, and TWC to determine the objective function.

test set P-0 P-1 P-2 P-3
5 . . . time nodes time nodes time nodes time nodes

CU 9.5 519.4 5.2 295.5 7.0 198.5 8.6 184.0
TC 441.8 40155.7 67.2 4525.8 18.0 696.5 28.4 575.6

TCW 15.5 1136.1 12.0 802.6 6.2 339.9 9.5 321.2

Table 1. Test set with 5 classes, 1440min, 20channels and different objectives. Times in seconds
and choice points are averages for 50 randomly generated instances.

When comparing the different types of objectives, we find that for all four ap-
proaches the TC instances are much harder than CU and TWC, which are comparably
difficult to solve. This is a general observation we made for all kinds of different test
sets using 3 or 7 classes as well as different time horizons and numbers of channels.

We further observe that a higher degree of coupling between the two optimization
constraints yields a partially drastic reduction in the number of choice points of up to a
factor of about 70 on the difficult time correlated instances. Regarding the computation
time, there is a trade off between the reduction of choice points and the time spent
per choice point(TpCP). The TC and TWC instances show, that P-2 can outperform
P-3 because of the shorter TpCP that is needed for that degree of integration. When
comparing P-1 and P-3 on the CU instances, the reduction of choice points is not big
enough to justify the bigger TpCP needed, and P-1 is the approach that takes the least
computation time.

Generally, a bigger reduction of choice points is more likely to pay off when the
absolute TpCP needed is rather high. Particularly, this holds for applications where ad-
ditional constraints are propagated on top of the objective constraint itself. For the ARP,
the optimization constraint is the only active constraint. Therefore, to justify the worse
TpCP caused by the more complicated propagation algorithm, a noteworthy reduction
of the number of choice points must be achieved. The P-2 and P-3 approaches obtain
a sufficient reduction of choice points on the more difficult TC test sets, and also for
larger test instances:
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Table 2 shows the performances of all approaches on test instances that were gen-
erated using 5 different program classes with different time horizons and numbers of
channels. The objective was computed according to the chosen classes, i.e., according to
CU. As expected, for the larger instances with a time horizon of 4320 minutes (3 days)
and 20 channels, the two coupling approaches P-2 and P-3 outperform P-1 roughly by
a factor of 4 regarding the number of choice points and almost a factor of 2 with respect
to the computation time needed. The minima, maxima and standard deviations proof
that the average numbers we present are not biased by very few outliers, but represent
meaningful values for the evaluation of the algorithms performances.

test set P-0 P-1 P-2 P-3
5 CU time nodes time nodes time nodes time nodes

720m 20ch

2.4
0.1

25.4
4.2

238.3
5.0

2216.0
396.8

1.3
0.1

15.1
2.3

129.9
5.0

1531.0
243.6

1.4
0.1

12.9
2.5

108.6
5.0

1269.0
206.5

2.1
0.1

24.2
4.0

89.9
5.0

1045.0
173.5

720m 50ch

16.5
0.1

167.3
30.8

741.9
3.0

7058.0
1377.6

8.2
0.2

82.6
14.5

370.1
3.0

3615.0
658.9

9.9
0.2

154.1
22.9

272.0
3.0

2664.0
506.9

14.2
0.2

156.5
26.8

250.5
3.0

2664.0
465.0

1440m 20ch

9.5
0.5

87.5
15.2

519.4
21.0

4416.0
829.9

5.2
0.4

59.6
9.3

295.5
13.0

3762.0
587.6

7.0
0.3

93.4
17.2

198.5
10.0

2094.0
377.8

8.6
0.5

98.1
17.7

184.0
10.0

2067.0
374.9

1440m 50ch

1104.9
0.8

31045.5
4448.4

24301.4
12.0

675235.0
97121.0

585.2
1.0

15625.2
2272.6

14219.3
12.0

368440.0
54288.6

883.3
0.7

33281.3
4662.0

8371.9
9.0

292753.0
41139.4

921.5
1.1

31573.5
4441.2

8286.8
9.0

292753.0
41121.2

4320m 20ch

2627.7
2.0

32751.9
5514.7

40901.5
29.0

460350.0
85325.8

1786.7
2.4

30520.3
4543.1

27662.0
29.0

412421.0
65188.4

920.4
3.0

11766.0
1996.8

6674.7
29.0

90397.0
14515.9

990.9
5.5

13724.7
2189.7

6514.7
29.0

89589.0
14379.4

Table 2. Test set with 5 classes, and objective CU for various time horizons and channel numbers.
Italic numbers give the average time and nodes of 50 instances. Numbers below are: minimum,
maximum, and standard deviation for these 50 instances.

In Table 3 we compare the different approaches on a whole variety of test instances
that were generated using very different parameters and objective functions. Again,
relevant and partially huge reductions in the number of choice points can be obtained
by CP based Lagrangian Relaxation realized in P-2 and P-3.

So far, we have left out comparisons regarding the choice of the objective according
to SSS. Table 4 shows the results obtained for a collection of very different test sets
generated with SSS. Two facts stand out: first, a comparison with Table 1 shows, that
the SSS instances are much easier to solve than for other choices of the objective. And
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P-0 P-1 P-2 P-3
test set time nodes time nodes time nodes time nodes

3 CU
7200m 20ch

5210.3 60839.2 1734.4 30676.4 455.9 3433.9 490.1 2945.1

5 TWC
4320m 20ch

11600.1 293386.8 1526.8 35718.4 261.0 3683.6 411.7 3134.5

7 TC
1440m 50ch

8349.0 250367.1 4066.3 105572.6 403.4 6235.4 533.0 4219.1

Table 3. Effectivity of the different approaches for various benchmark classes.

second, P-1 achieves only a slight reduction of choice points compared to P-0 that
cannot be improved by P-2 and P-3 at all.

The effect is not surprising: We considered the somewhat artificial SSS test sets
because of their obvious relation to subset sum benchmarks for knapsack problems.
Because of the equal efficiency ��(�� of all programs, the knapsack optimization con-
straint has great difficulty to include or exclude programs. Thus, that constraint is not
effective, and the burden of domain reduction lies on the MWSSP optimization con-
straint only. In total, using the optimization constraint for pruning purposes only is
most time efficient here.

test set P-0 P-1 P-2 P-3
5 SSS time nodes time nodes time nodes time nodes

720m 20ch 0.2 23.1 0.2 15.2 0.2 15.2 0.3 15.2
720m 50ch 0.5 18.8 0.5 13.9 0.5 13.9 0.8 13.9

1440m 20ch 0.5 26.9 0.6 21.9 0.6 21.9 1.0 21.9
1440m 50ch 1.6 29.1 1.8 23.2 1.7 23.2 3.0 23.2
4320m 20ch 3.5 53.4 4.6 51.7 5.0 51.7 8.7 51.7
4320m 50ch 11.0 54.4 14.4 52.8 15.4 52.8 27.2 52.8

Table 4. Subset sum data sets.

Finally, we investigate the impact of the number of channels. Table 5 shows a com-
parison of three different test sets that were generated using 3 different program classes
and CU objectives. All instances have a similar size and roughly contain about 1000
programs. We observe that the instances become more difficult to solve for all ap-
proaches when the number of channels is decreasing. This surprising result may be
caused by the fact that a smaller number of channels increases the relative importance
of the knapsack optimization constraint that is more difficult than the MWSSP con-
straint. However, a sound answer to that question can only be given by profound further
investigations. It remains to note that for TC data sets we observed a converse behavior:
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the instances become more difficult the more channels are involved which is obviously
caused by many temporally conflicting programs of similar value.

test set avg. no P-0 P-1 P-2 P-3
3 CU of programs time nodes time nodes time nodes time nodes

720m 100ch 1048.3 18.8 680.8 9.1 326.3 5.1 108.6 7.6 95.5
1440m 50ch 1013.4 37.8 1461.1 19.5 734.4 11.1 187.9 13.8 178.5
4320m 20ch 1175.0 177.4 3003.1 111.7 1897.2 36.6 468.4 42.9 401.2

Table 5. Comparing different benchmark sets containing roughly 1000 programs for 3 classes
and objective CU.

6 Conclusions and Future Work

For the automatic recording problem, we exemplary introduced the idea of coupling
propagation algorithms (PAs) via Lagrangian relaxation. It allows to combine existing
propagation algorithms for linear optimization constraints to obtain effective and ef-
ficient filtering algorithms based on tight global bounds. We believe, that this idea is
generic and independent of the specific application we presented to base an empirical
evaluation on. The numerical results show a significant improvement due to the cou-
pling method with respect to the computation time and the number of choice points.
The method is suited for linear optimization problems for which bounds based on con-
tinuous or Lagrangian relaxations can be used effectively.

For the multimedia application we introduced, we developed an FPTAS and formu-
lated a refined IP formulation. The continuous relaxation of that IP yields a tight upper
bound as our experiments showed. Several extensions are possible for that application.
A digital video recorder could have more than one recording unit which allows the
recording of a limited number of channels simultaneously. In an IP context, this modi-
fication can be introduced easily. For the exact approach presented, a fast and efficient
PA for this type of relaxed non-overlapping constraint is subject to further research.

Finally, as an open topic it remains to investigate, how general algorithms for the so-
lution of the Lagrangian dual (such as subgradient or multiplier adjustment algorithms)
must be adapted to allow domain reductions during the search for optimal Lagrange
multipliers. Taking subgradient algorithms as an example: Is it really necessary to reset
the iteration limit and the step length after every domain reduction that has taken place,
or can convergence still be proved for more optimistic strategies?
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