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Abstract. Comet is an object-oriented languagesupporting a constraint-
based architecture for local search through declarative and search com-
ponents. This paper proposes three novel and lightweight control ab-
stractions for the search component, signi�can tly enhancing the compo-
sitionalit y, modularit y, and reuse of Comet programs. These abstrac-
tions, which includes events and checkpoints, rely on �rst-class closures
as the enabling technology. They are especially useful for expressing, in
a modular way, heuristic and meta-heuristics, unions of heterogeneous
neighborhoods, and sequential composition of neighborhoods.

1 In tro duction

Historically, most research on modeling and programming tools for combina-
torial optimization has focused on systematic search, which is at the core of
branch & bound and constraint satisfaction algorithm. It is only recently that
more attention has beendevoted to programming tools for local search and its
variations (e.g., [6,26,23,11,14,25]).

Comet [13] is a novel, object-oriented, programming languagespeci�cally
designedto simplify the implementation of local search algorithms. Comet sup-
ports a constraint-basedarchitecture for local search organizedaround two main
components: a declarative component which models the application in terms of
constraints and functions, and a search component which speci�es the search
heuristic and meta-heuristic. Constraints, which are a natural vehicle to express
combinatorial optimization problems, are di�er entiable objects in Comet : They
maintain a number of properties incrementally and they provide algorithms to
evaluate the e�ect of various operations on theseproperties. The search compo-
nent then usesthese functionalities to guide the local search using multidimen-
sional, possibly randomized, selectorsand other high-level control structures.
The architecture enableslocal search algorithms to be high-level, compositional,
and modular. It is possible to add new constraints and to modify or remove
existing ones,without having to worry about the global e�ect of thesechanges.
Comet also separatesthe modeling and search components, allowing program-
mers to experiment with di�eren t search heuristics and meta-heuristics without
a�ecting the problem modeling. This separation of concernsgive Comet some

a vor of aspect-oriented programming [9] and feature engineering [24], since
constraints represent and maintain properties acrossa wide range of objects.
Comet has been applied to many applications and can be implemented to be
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competitiv e with tailored algorithms, primarily becauseof its fast incremental
algorithms [13].

This paper focuseson the search component and aims at fostering the com-
positionalit y, modularit y, and genericity of Comet . It intro duces three novel
control abstractions whosemain bene�t is to separate,in the sourcecode, com-
ponents which are usually presented independently in scienti�c papers. Indeed,
most local search descriptions cover the neighborhood, the search heuristic, and
the meta-heuristic separately. Yet typical implementations of these algorithms
exhibit complex interleavings of theseindependent aspectsand/or require many
intermediary classesand/or interfaces.The resulting code is opaque,lessextensi-
ble, and lessreusable.The new control abstractions addresstheselimitations and
reducethe distance betweenhigh-level descriptions and their implementations.

The �rst abstraction, events, enablesprogrammersto isolate the search heuris-
tic from the meta-heuristic, as well as the algorithm animation from the mod-
eling and search components. The secondabstraction, neighbors, aims at ex-
pressingnaturally unions of heterogeneousneighborhoods, which often arise in
complex routing and scheduling applications. It allows programmersto separate
the neighborhood de�nition from its exploration, while keepingmove evaluation
and execution textually close.The third abstraction, checkpoints, simpli�es the
sequential composition of neighborhoods, which is often present in large-scale
neighborhood search.

These three control abstractions, not only share the sameconceptual moti-
vation, but are alsobasedon a commonenabling technology: �rst-class closures.
Closuresmake it possibleto separatethe de�nition of a dynamic behaviour from
its use,providing a simple and uniform implementation technology for the three
control abstractions. Once closuresare available, the control abstractions really
becomelightweight extensions,which is part of their appeal.

The rest of this paper is organized as follows. Section 2 brie
y reviews the
local search architecture and its implementation in Comet . Section 3 gives a
brief overview of closures.Sections4, 5, and 6 present the new control abstrac-
tions and sketches their implementation. Section 7 presents someexperimental
results showing the viabilit y of the approach. Section 8 concludesthe paper.

2 The Constrain t-Based Arc hitecture for Lo cal Search

This section is a brief overview of the constraint-based architecture for local
search and its implementation in Comet . See[13] for more detail. The architec-
ture consistsof a declarative and a search component organizedin three layers.
The kernel of the architecture is the concept of invariants over algebraic and
set expressions[14]. Invariants are expressedin terms of incremental variables
and specify a relation which must be maintained under modi�cations to its vari-
ables.Onceinvariants are available, it becomesnatural to support the conceptof
di�er entiable objects, a fundamental abstraction for local search programming.
Di�er entiable objects maintain a number of properties (using invariants) and
can be queried to evaluatethe e�ect of local moveson theseproperties. They are
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1. range Size = 1..1024;
2. LocalSolver ls();
3. UniformDistribution distr(Size);
4. inc f int g queen[i in Size](ls,Size) := distr.get();
5. int neg[i in Size] = -i;
6. int pos[i in Size] = i;

7. ConstraintSystem S(ls);
8. S.post(new AllDifferent(queen));
9. S.post(new AllDifferent(queen,neg));
10. S.post(new AllDifferent(queen,pos));
11. inc f set f int gg conflicts(ls) <- argMax(q in Size) S.violations(queen[q]);
12. m.close();

13. Counter it(ls);
14. while (!S.isTrue()) f
15. select(q in conflicts)
16. selectMin(v in Size)(S.getAssignDelta(queen [q], v))
17. queen[q] := v;
18. it++;
19. g

Fig. 1. The QueensProblem in Comet.

fundamental becausemany local search algorithms evaluate the e�ect of various
movesbefore selecting the neighbor to visit. Two important classesof di�eren-
tiable objects areconstraints and functions. A di�eren tiable constraint maintains
properties such as its satis�abilit y, its violation degree,and how much each of
its underlying variables contribute to the violations. It can be queried to evalu-
ate the e�ect of local moves (e.g., assignments and swaps) on these properties.
Di�er entiable objects also capture combinatorial substructures arising in many
applications and are appealing for two main reasons.On the one hand, they are
high-level modeling tools which can be composed naturally to build complex
local search algorithms. As such, they bring into local search someof the nice
properties of modern constraint satisfaction systems.On the other hand, they
are amenableto e�cien t incremental algorithms that exploit their combinatorial
properties. The useof combinatorial constraints is alsoadvocated in [3,7,17,26].

These �rst two layers, invariants and di�eren tiable objects, constitute the
declarative component of the architecture. The third layer of the architecture is
the search component which aims at simplifying the implementation of heuris-
tics and meta-heuristics, another critical aspect of local search algorithms. It
does not prescribe any speci�c heuristic or meta-heuristic. Rather, it features
high-level constructs and abstractions to simplify the neighborhood exploration
and the implementation of meta-heuristics. These includes several multidimen-
sional selectors,abstractions to manipulate solutions, and advanced simulation
techniques.



4 Pascal Van Hentenryck and Laurent Michel

Figure 1 illustrates the architecture, and its implementation in Comet , on
the queensproblem. The Comet algorithm is basedon the min-con
ict heuristic
[16]. The algorithm starts with an initial random con�guration. Then, at each
iteration, it choosesthe queenviolating the largest number of constraints and
moves it to a position minimizing its violations. This step is iterated until a
solution is found. Sincea queenmust be placed on every column, the algorithm
usesan array queen of variables and queen[i] denotes the row of the queen
placed on column i . Lines 1-6 declare a range, a local solver, a uniform distri-
bution, an array of incremental variables for representing the row of each queen,
as well as two arrays of constants. The modeling component is given in Lines
7-12. Line 7 declaresa constraint system. Lines 8-10 add the three traditional
AllDifferent constraints, showing how Comet supports \global" combinato-
rial constraints for local search. Line 11 expressesan invariant which maintains
the set of queenswith the most violations. Operator argMax(v in S) E simply
returns the set of values v in S which maximizes E. The search component is
given in lines 13-19. It iterates lines 15-17 until the constraint system is true,
i.e., no constraint is violated. Line 15 selectsa most violated queen,while line
16 selectsa new value v for the selectedqueen.The value is selectedto minimize
the number of violations of the selectedqueen.To implement this min-con
ict
heuristic, Comet queriesthe constraint system,a di�eren tial object, to �nd out
the e�ect of assigningqueenq to each row. Line 17 simply executesthe move,
automatically updating all invariants and constraints. The useof the counter it
will becomeclear later in the paper.

Observe that the search and declarative components are clearly separatedin
the program. It is thus easy to modify one of them (e.g., adding a constraint
and/or changing the search heuristic) without a�ecting the other. Although
the two components are physically separatedin the program code, they closely
collaborate during execution. The declarative component is used to guide the
search, while the assignment queen[q] := v starts a propagation phasewhich
updates all invariants and constraints. This compositionalit y and clear separa-
tion of concernsare someof the appealing features of the architecture. This is
precisely such properties which this paper tries to foster further. Note also that
the declarative component only speci�es the properties of the solutions, as well
as the data structures to maintain. It does not specify how to update them,
which is the role of the incremental algorithms in the Comet runtime system.

3 Closures in Comet

Closuresare the common enabling technology behind all three control abstrac-
tions intro duced in this paper. A closure is a pieceof code together with its en-
vironment. Closuresare ubiquitous in functional programming languages,where
they are �rst-class citizens. They are rarely supported in object-oriented lan-
guageshowever. To illustrate the useof closuresin Comet , considerthe follow-
ing class
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1. class DemoClosure f
2. DemoClosure() fg
3. Closure print(int i) f
4. return new closure
5. f cout << i << endl; g
6. g
7. g

8. DemoClosure demo();
9. Closure c1 = demo.print(9);
10. Closure c2 = demo.print(5);
11. call(c2);
12. call(c1);
13. call(c2);

Method print receivesan integer i and returns a closurewhich, when executed,
prints i on the standard output. The following snippet showshow to useclosures
in Comet : the snippet displays 5, 9, and 5 on the standard output. Observe that
closuresare �rst-class citizens: They can be stored in data structures, passedas
parameters, and returned as results. The two closurescreated in the example
above share the samecode (i.e., cout << i << endl ), but their environments
di�er. Both contain only one entry (variable i ), but they associate the value 9
(closurec1) and the value 5 (closurec2) to this entry . When a closureis created,
its environment is saved and, when a closure is executed, the environment is
restored before,and popped after, execution of its code. Closurescan be rather
complexand haveenvironments containing many parametersand local variables,
as will becomeclear later on.

4 Events for Mo dularit y, Comp ositionalit y, and Reuse

One of the fundamental bene�ts of Comet is its abilit y to separate problem
modeling from search. This separationof concernsis madepossibleby incremen-
tal variables, invariants, and di�eren tial objects. However, practical applications
typically involve other components which would also bene�t from such modu-
larit y. One such component is algorithm animation, which is valuable early in
the development processto visualize the local search behavior. Another compo-
nent is the meta-heuristic which is often orthogonal and independent from the
search heuristic. This section intro ducesthe concept of publish/subscribe events
in Comet , which make this separationof concernspossible.Informally speaking,
classescan publish events, which can be subscribed by event-handlers elsewhere
in the code. Methods in the classescan then notify theseevents, which triggers
the event-handler behaviour. We �rst focus on how to useevents for animation
and meta-heuristic. We then show how to publish and notify events.

Events for Animation Consider a graphical animation for the n-queensprob-
lem and assumethe existenceof an Animation classhandling the graphics and
providing a method updatePosition( int q,int p) to display the queen on
column q on row r . Such an animation is obtained by inserting the snippet
forall(q in Size)

whenever queen[q]@changes(int or,int nr)
animation.updateQueen(q,nr);

just before the search component (between lines 12 and 13). The core of the
snippet is an event-handler that speci�es that, whenever the value of queen[q]
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changesfrom or to nr , the code animation.update Queen(q, nr ) must be exe-
cuted. This event-handler is installed for all queens.

There are a few important points to highlight here. First, the animation
code is completely separated from both the modeling and the search compo-
nents. The glue between the components is the event changes on incremental
variableswhich is noti�e d whenever a variable is assigneda new value. The snip-
pet achievesthe samee�ect ascalling animation.update Queen(q ,n r) after the
assignment of queens,while clearly separating the two aspects and avoiding to
clutter the heuristic with animation code.This makesthe codemorereadableand
easierto modify and extend. Second,observe that the event-handler behaviour
animation.update Queen(q, nr ) is a closurewhich dependson the value of q in
the environment and is created when the event is subscribed to. Closuresmake
the animation code more natural, avoid the de�nition of intermediary classes,
and feature a textual proximit y between the event-handler condition (e.g., the
queenis assigneda new value) and its behavior (e.g., update the display of the
queen). In traditional object-oriented languages,event conditions and behaviors
are separated,which complicates reading and requires new classde�nitions to
store the information necessaryto execute the behavior. Finally, observe that
events are statically and strongly typed: they enable information to be trans-
mitted from the noti�er (e.g., the incremental variable) to the event-handler in
a safefashion with no downcasting.

Events are also compositional. Consider, for instance,adding the functional-
it y of coloring the queensdi�eren tly according to their number of violations. It
is su�cien t to add the instructions

inc f int g violation[q in Size](m) <- S.violations(queen[q]);
forall(q in Size)

whenever violation[q]@changes(int ov,int nv)
animation.updateColor(q,nv);

This snippet declaresan array of incremental variables maintaining the number
of violations of each queen, and updates the color of a queen each time its
number of violations is updated. Note that the number of violations of a queen
may changeeven when the queenis not moved. Hence,it is not possibleto insert
the behaviour elsewherein the program, while remaining incremental, i.e., only
considering the queenswhosenumber of violations was modi�ed. This example
shows the strengths of events in Comet : they enable elegant animation codes,
which would require complex control 
o ws, the creation of intermediary classes,
and/or lessincrementalit y in other languages.

Events for Meta-Heuristics Events are also bene�cial to separate the search
heuristic and the meta-heuristic (e.g., tabu-search). They make it possible to
divide the statement into modeling, search, and meta-heuristic components. For
illustration purposes,considerupgrading the queenalgorithm with a tabu-search
strategy, which would make a queentabu for a number of iterations, each time
a queen is moved. The tabu-list management can be almost entirely separated
from the search heuristic. For instance, the snippet
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1. set f int g tabu();
2. forall(q in Size)
3. whenever queen[q]@changes(int o,int n) f
4. tabu.insert(q);
5. when it@reaches[it+tLen]()
6. tabu.remove(q);
7. g

shows a simple management of the tabu list, which we now explain in detail.
The code declaresa set tabu to store the tabu queensand features two nested
event-handlers. The outermost event-handler is noti�ed each time a queen is
moved. It inserts the queenin the tabu set and install the secondevent-handler
(lines 5-6) whose goal is to remove q from the tabu set after tLen iterations,
where tLen is the length of the tabu list. This secondhandler is interesting in
several ways. First, it features a key-event, i.e., an event which is parametrized
by a speci�c key which is in between brackets in the code. Here the key is an
iteration number and the handler will be noti�ed when the counter it will reach
or exceedthe value it+tLen , i.e., the value of the counter when the handler is
installed (subscription time) plus the length of the tabu-list. Second,the handler
usesthe whenconstruct, which meansthat it will be noti�ed only once.

Once this code is in place, the only modi�cation in the search heuristic con-
sists in selecting the queen with the largest number of violations among the
non-tabu queens(instead of among all queens).As a consequence,the \glue"
between the components (i.e., the counter and the tabu-set) is minimal and
the proper behavior is achieved without interleaving the heuristic and the meta
heuristic in the sourcecode. Note that, in complex applications, this glue can be
anticipated in the �rst placeby assumingthat movesare always selectedfrom a
restricted set speci�ed by the modeling and/or meta-heuristic components.

Event Speci�c ation and Noti�c ation The examplesabove focusedon the event-
handler (the subscription part) and showedhow the whenand wheneverare used
to register a behaviour. Sincethey only usedprimitiv e objects, no explicit spec-
i�cation and noti�cation of events (the publish part) was necessary. Of course,
Comet makes it possible to de�ne new events. Each class may publish some
events or key-events by declaring them. Its methods are then responsible to no-
tify theseevents appropriately. To illustrate event speci�cation and noti�cation,
considera possibleimplementation of the classCounter in Comet :

class Counter f
inc f int g cnt;
Event changes(int ov,int nv);
KeyEvent reaches();
Counter();
int ++();

g

Counter::Counter() f cnt=new inc f int g(0); g
int Counter::++() f

int old = cnt++;
notify changes(old, cnt);
notify reaches[ cnt]();
return cnt;

g

The class declares an incremental variable cnt , an event changes with two
parameters, a key-event reaches with no parameter, the constructor and the
operator. The implementation of the operation (on the right part of the snippet)
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noti�es the changes events, passingthe old and new values of the incremental
variable. It also noti�es all the key-events reaches , whosekeys are smaller or
equal to the value of cnt . These noti�cations triggers all the event-handlers
associated with these events, i.e., it executes the closures which were regis-
tered at subscription time by the whenand whenever instructions. In aspect-
oriented terms, the notify instructions are joint-points and whenand whenever
statements are dynamic aspects, i.e., aspectsassociated with instances,not with
classesas is typical in aspect-oriented languages.

Implementation of Events Conceptually, the implementation of events is close
to the obser ver design pattern. An event is compiled into virtual machine
instructions which explicitly useclosuresas shown below:

when x@changes(int o,int n)
cout << n << endl; =)

aload x
newClosure "cout << n << endl;"
subscribeEvent changes,<o,n>

The virtual machine is a JVM-lik e stack machine and x and the closure are
retrieved from the stack in subscribeEvent . At the instance level, each event
correspondsto a data structure which collectsall the subscribers.Upon noti�ca-
tion, the appropriate subscribersare executed,i.e., their parametersare properly
initialized and their closuresare executed.

5 Union of Heterogeneous Neigh borho ods

Many complex applications in areas such as scheduling and routing use com-
plex neighborhoods consisting of several heterogeneousmoves.For instance, the
elegant tabu-search of Dell'Amico and Trubian [5] consistsof the union of the
subneighborhoods, each of which consisting of several typesof moves.Similarly,
many advancedvehicle routing algorithms [10,4,2] usea variety of moves(e.g.,
swapping visit orders and relocating customerson other routes), each of which
may involve a di�eren t number of customersand trucks.

The di�cult y in expressingthese algorithms come from the temporal dis-
connection betweenthe move selectionand execution. In general,a tabu-search
or a greedy local search algorithm �rst scans the neighborhood to determine
the best move, before executing the selectedmove. However, in these complex
applications, the exploration cannot be expressedusing a (multidimensional)
selector, since the movesare heterogeneousand obtained by iterating over dif-
ferent sets.As a consequence,an implementation would typically create classes
to store the information necessaryto characterize the di�eren t types of moves.
Each of theseclasseswould inherit from a common abstract class(or would im-
plement the sameinterface). During the scanning phase,the algorithm creates
instancesof theseclassesto represent selectedmovesand storesthem in a selec-
tor whenever appropriate. During the execution phase, the algorithm extracts
the selectedmove and applies its execute operation. The drawbacks of this ap-
proach are twofold. On the onehand, it requiresthe de�nition of a several classes
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to represent the moves. On the other hand, it fragments the code, separating
the evaluation of a move from its execution in the program source.As a result,
the program is lessreadableand more verbose.

The neighbor Construct Comet supports a neighbor construct, which relies
heavily on closuresand eliminates thesedrawbacks. It makesit possibleto specify
the move evaluation and execution in one place and avoids unnecessaryclass
de�nitions. More important, it signi�can tly enhancescompositionalit y and reuse,
sincethe various subneighborhoods do not have to agreeon a commoninterface.
They key idea is to view a neighbor as a pair h� : int; move : Closurei and to
have neighbor constructs of the form
neighbor( � ,N) M

whereMis a move, � is its evaluation, and Nis a neighbor selector,i.e., a container
object to store one or several moves and their evaluations. Comet supports a
variety of such selectors and users can de�ne their own, since they all have
to implement a common interface. For instance, a typical neighbor selector for
tabu-search maintains the best move and its evaluation. The execution of the
neighbor instruction queriesselectorNto �nd out whether it acceptsa move of
quality � , in which casethe closureof Mis submitted to N.

JobshopScheduling We now illustrate how the neighbor construct signi�can tly
simpli�es the implementation of the tabu-search algorithm of Dell'Amico and
Trubian (DT) for jobshop scheduling. We �rst review the basic ideasbehind the
DT algorithm and then sketch how the neighborhood exploration is expressedin
Comet . Algorithm DT usesneighborhood NC = RNA [ NB , where RNA is a
neighborhood swapping verticeson a critical path (critical vertices) and NB is a
neighborhood wherea critical vertex is moved toward the beginningor the endof
its critical block. More precisely, RNA considerssequencesof the form hp;v; si ,
where v is a critical vertex and p;v; s represent successive tasks on the same
machine, and explores all permutations of these three vertices. Neighborhood
NB considersa maximal sequencehv1; : : : ; vi ; : : : ; vn i of critical vertices on the
same machine. For each such subsequenceand each vertex vi , it explores the
schedule obtained by placing vi at the beginning or at the end of the block, i.e.,

hvi ; v1; : : : ; vi � 1; vi +1 ; : : : ; vn i _ hv1; : : : ; vi � 1; vi +1 ; : : : ; vn ; vi i

Sincetheseschedulesare not necessarilyfeasible,NB actually considersthe left-
most and rightmost feasiblepositions for vi (instead of the �rst and last position).
NB is connectedwhich is an important theoretical property of neighborhoods.

We now show excerptsof the neighborhood implementation in Comet . The
top-level methods are as follows:
void executeMove() f

MinNeighborSelector N();
exploreN(N);
if (N.hasMove())call(N.getMove( ));

g

void exploreN(NeighborSelector N)
f

exploreRNA(N);
exploreNB(N);

g
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1. void exploreNB(NeighborSelector N) f
2. forall(v in jobshop.getCriticalVertices( )) f
3. int lm = jobshop.leftMostFeasible(v);
4. if (lm > 0) f
5. int delta = jobshop.moveBackwardDelta(v,lm) ;
6. if (acceptNBLeft(delta,v))
7. neighbor(delta,N) jobshop.moveBackward(v,lm);
8. g
9. int rm = jobshop.rightMostFeasible(v) ;
10. if (rm > 0) f
11. int delta = jobshop.moveForwardDelta(v,rm);
12. if (acceptNBRight(delta,v))
13. neighbor(delta,N) jobshop.moveForward(v,rm);
14. g
15. g
16. g

Fig. 2. Exploration of Neighborhood NB in Comet .

Method executeMove creates a selector, explores the neighborhood, and exe-
cutes the best move (if any). Method exploreN exploresthe neighborhood and
illustrates the compositionalit y of the approach: It is easy to add new neigh-
borhoods without modifying existing code, since the subneighborhoods do not
have to agreeon a common interface or abstract class.The implementation of
exploreRNA and exploreNB is of coursewhere the neighbor construct is used.
Figure 2 gives the implementation of exploreNB: method exploreRNA is simi-
lar in spirit, but somewhat more complex, since it involves 5 di�eren t moves,
as well as additional conditions to ensure feasibility. Method exploreNB uses
the instance variable jobshop , which is a di�eren tiable object representing the
disjunctive graph, a fundamental concept in jobshop scheduling [20]. This dif-
ferential object maintains the releaseand tail dates of all vertices,as well as the
critical paths, under various operationson the disjunctive graph. The exploreNB
method iterates over all critical vertices. For each of them it �nds the leftmost
feasible insertion point in its critical block (line 3). If such a feasible insertion
point exists, it evaluates the move (line 5) and then tests if the move is accept-
able (line 6). In the DT algorithm, this involvestesting the tabu status, a cycling
condition, and the aspiration criterion. If the move is acceptable,the neighbor
instruction is executed.The move itself consistsof moving vertex v by lm po-
sitions backwards. Note that, although the move is speci�ed in the neighbor
instruction, it is not executed. Only the best move is executed and this takes
place in method executeMove oncethe entire neighborhood has beenexplored.
The remaining of method exploreNB handlesthe symmetric forward move.

The neighborhood exploration is particularly elegant (in our opinion). Al-
though a move evaluation and its execution take place at di�eren t execution
times, the neighbor construct makes it possible to specify them together, sig-
ni�can tly enhancingclarit y and programming ease.The moveevaluation and ex-
ecution are textually adjacent and the logic underlying the neighborhood is not
made obscureby intro ducing intermediary classesand methods. Composition-
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alit y is another fundamental advantage of the code organization. As mentioned
earlier, new movescan be added easily, without a�ecting existing code. Equally
or more important perhaps,the approach separatesthe neighborhood de�nition
(method exploreN ) from its use (method executeMove in the DT algorithm).
This makes it possible to use the neighborhood exploration in many di�eren t
ways without any modi�cation to its code. For instance,a semi-greedystrategy,
which selectsoneof the k-best moves,only requiresto usea semi-greedyselector.
Similarly, method exploreN can be usedto collect all neighbors which is useful
in intensi�cation strategiesbasedon elite solutions [18].

Implementation of Neighbor The neighbor construct is only syntactic sugaronce
closuresare available. Indeed, the syntactic form is rewritten as shown below:
forall(v in Size)

neighbor( � (v),N)
M (v);

=)
forall(v in Size)

�  � (v)
if (N.accept( � ))

N.insert( � ,new closure f M (v); g);

The rewriting uses method accept on the selector to determine whether to
accept a move. It also ensuresthat closuresare constructed lazily.

6 Sequential Comp osition of Neigh borho ods

This sectiondiscussesthe useof checkpoint to expressthe sequential composition
concisely. Sequential composition is often fundamental in very large neighbor-
hood search, which exploressequencesor treesof (possiblyheterogeneous)moves
and selectsthe best encountered neighbor (e.g., [8,1]). This section illustrates
theseconceptsusing variable-depth neighborhood search (VDNS) [8], which was
shown very e�ectiv e on graph-partitioning and traveling salesmanproblems.

Fig. 3. A Sequenceof Moves

Variable-Depth Neighborhood Search VDNS
consistsof exploring a sequenceof movesand
moving to the state with best evaluation in
the sequence.By exploring sequenceswhich
include degrading moves, VDNS may avoid
being trapp ed in poor local optima.

Consider Figure 3 which plots the qual-
it y of a sequenceof moves.Each node in the
graph correspondsto a computation state and two successivenodesareneighbors
in the transition graph of the local search. VDNS explores the whole sequence
and then returns to the best computation state, i.e., the before-last node.

Checkpoints Checkpoints are a simple conceptual abstraction to expressVDNS
algorithms. A checkpoint is simply a data structure that implicitly represents the
computation state of a local solver, i.e., the state of all incremental variablesand
data structures of the solver. Whenever a local solver is in checkpointing mode,
checkpoints can be saved and, later, restored in order to reset all incremental
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function boolean selectBest(LocalSolver ls,int l,inc f int g f,Closure Move) f
boolean found = false;
with checkpoint(ls) f

Checkpoint chp(ls); int best = f;
forall(i in 1..l) f

call(Move);
if (f < best) f

found = true; best = f; chp = new Checkpoint(ls);
g

g
chp.restore();

g
return found;

g

Fig. 4. The implementation of VDNS in Comet .

variables, constraints, and data structures to their earlier states. Checkpoints
are �rst-class citizens in Comet . They also encapsulateincremental algorithms
to avoid saving entire computation states.

Variable-DepthNeighborhood Search in Comet Wenow illustrate how to express
VDNS in Comet for graph partitioning [8], where movesconsistsof swapping
two vertices, one from each set in the partition. The snippet

selectBest(ls,nb/2,cost)
select(s in BestSwaps) f

x[s.o] :=: x[s.d]; mark[s.o] := true; mark[s.d] := true;
g

shows the coreof the search procedurein Comet . In the snippet, ls is the local
solver, nb is the number of vertices, cost is the cost of the partition, bestSwaps
is an incremental set of tuples which maintains the best swaps, x is an array
of incremental variables specifying which set of the partition a vertex belongs
to, and mark is an array of incremental Boolean variables, indicating whether
a vertex have been selectedin the VDNS sequencealready. Note also that a
:=: b swaps the valuesof a and b. The selectBest function is the cornerstone
of the VDNS implementation. It receives four arguments: the local solver, the
length of the sequence,the function to minimize (an incremental variable), and
a closurerepresenting the move. Here the move consistsof selectinga tuple s in
BestSwapsand to swap the verticess.o and s.d . Both verticesare then marked
in order to avoid selectingthem again in the sequence.

Figure 4 depicts the implementation of function selectBest . It uses the
with checkpoint(ls) statement to indicate the use of checkpointing inside
the enclosedblock. It saves the current state in variable chp using instruc-
tion Checkpoint chp(ls) . The forall loop explores a sequenceof l moves,
storing the best computation state in variable chp. After this exploration, in-
struction chp.restore() restoresthe best computation state encountered (pos-
sibly the initial state). Note that Comet supports the syntactic rewriting from
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f(a 1,...,a n ) Sto f(a 1,...,a n ,new closure f S g) when the last argument
of function f is a closure.The VDNS implementation has a number of interest-
ing features. First, it is entirely generic and reusable: It can be applied to an
arbitrary move and separatessearch heuristic and the meta-heuristic. Second,
checkpoints specify what to maintain, i.e., the \b est" computation states, but
not how to save or restore it. The implementation usesincremental algorithms
to do so, but this is abstracted from programmers. Finally, observe the role of
closuresfor the genericity of the VDNS implementation.

Implementation of Checkpoints We now discussthe checkpoint implementation.
The key to an incremental implementation lies in a representation of computa-
tion states as sequencesof primitiv e moves from an initial state (i.e., the state
when the checkpoint statement is executed). In other words, a state s is a se-
quencehm0; : : : ; mk i wherem i is a primitiv e move. A primitiv e move in Comet
is a function f : State ! State from computation states to computation states
which is invertible, i.e., there exists a function f � 1 such that f (f � 1(s)) = s.
For instance, a move x[i]:=j corresponds to a function f (s) = sf x[i ]=j g where
sf y=vg represents the state s where y is assignedthe value v. The inversemove
is of coursef � 1(s) = sf x[i ]=lookup(s0; x[i ])g where s0 is the computation state
beforeexecuting the move, and lookup readsthe value of a variable in a compu-
tation state. Consider now how to restore a state sr from a state sc where

sc = hm0; : : : ; mn ; m0
n +1 ; : : : ; m0

k i
sr = hm0; : : : ; mn ; m00

n +1 ; : : : ; m00
l i :

The Comet implementation exploits the common pre�x of the two states. It
undoesthe su�x hm0

n +1 ; : : : ; m0
k i by using the inversemoves,and then executes

the moveshm00
n +1 ; : : : ; m00

l i . This implementation hasseveral properties. First, its
memory requirements are independent of the sizeof the computation states.Only
movesare memorizedand the sizeof a checkpoint c only dependson the length
of the sequencefrom the initial state to c. Second,the runtime requirements are
also minimal, sincethey either reexecutea subsequenceexecutedbeforeor they
execute the inverse of such a subsequence.For VDNS, for instance, restoring
the best state does not change the asymptotic complexity: in the worst case,
restoring the checkpoint involvesas much work as exploring the sequence.

The checkpoint implementation is related to techniques underlying generic
search strategies(e.g., [19,15,22]). However, it doesnot usebacktracking and/or
trailing. Rather, it makesheavy useof inversemoves,which is e�cien t because
the invariant propagation algorithm never updates the same incremental vari-
able twice [14] (which is not the case in constraint satisfaction algorithms in
general). Our implementation thus combines low memory requirements with in-
crementalit y, which is critical for many local search applications.

7 Exp erimen tal Results

This section describes some preliminary experimental results to demonstrate
the practical viabilit y of the abstractions and of closures.It comparesvarious
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implementations of the tabu-search algorithm DT (the goal, of course,is not to
compare various scheduling algorithms). In particular, it comparesthe original
results [5], a C++ implementation [21], and the Comet implementation. Table
1 presents the results corresponding to Table 3 in [5]. SinceDT is actually faster
on the LA benchmarks (Table 4 in [5]), these results are representativ e. In the
table, DT is the original implementation on a 33mhz PC, DT* is the scaled
times on a 745mhz PC, KS is the C++ implementation on a 440 MHz Sun
Ultra, KS* are the scaledtimes on a 745mhzPC, and CO are the Comet times
on a 745mhzPC. Scalingwasbasedon the clock frequency, which is favorable to
slower machines (especially for the Sun). The times corresponds to the average
over multiple runs (5 for DT, 20 for KS, and 50 for CO). Results for Comet are
for the JIT compiler but include garbagecollection. The results clearly indicate
that Comet can be implemented to be competitiv e with specializedprograms.
Note also that the C++ implementation is more than 4,000lines long, while the
Comet program has about 400 lines.

ABZ5 ABZ6 ABZ7 ABZ8 ABZ9 MT10 MT20 ORB1 ORB2 ORB3 ORB4 ORB5
DT 139.5 86.8 320.1 336.1 320.8 155.8 160.1 157.6 136.4 157.3 156.8 140.1
DT* 6.2 3.8 14.2 15.1 14.2 6.9 7.1 7.0 6.0 7.0 6.9 6.2
KS 7.8 8.2 20.7 23.1 20.3 8.7 16.4 9.2 7.8 9.3 8.5 8.1
KS* 4.6 4.8 12.2 13.6 11.9 5.1 9.6 5.4 4.6 5.5 5.0 4.8
CO 5.9 5.7 11.7 9.9 9.0 6.7 9.8 5.6 4.8 5.6 6.3 6.5

Table 1. Computational Results on the Tabu-Search Algorithm (DT)

8 Conclusion

This paper presented three novel control abstractions for Comet , which signif-
icantly enhancethe compositionalit y, modularit y, and reuseof Comet . These
abstractions may signi�can tly improve conciseness,extensibility, and clarit y of
the local search implementations. They all rely on �rst-class closures as the
enabling technology and can be implemented e�cien tly .

One of the most appealing features of Comet is its small number of funda-
mental concepts,as well as their generality. First-class closuressimplify many
applications beyond local search (e.g., [12]) and are ubiquitous in functional
programming. Events are related to many constructs in the logic and functional
communities (e.g., delay mechanismsand reactive functional programming). In-
variants (one-way constraints) and constraints are widely recognizedas natural
vehicles for many applications. These conceptsprovide signi�can t support for
local search, and may signi�can tly reduce the distance between high-level de-
scriptions of the algorithms and their actual implementations. Yet they are non-
intrusive and imposeminimal \constrain ts" on programmers,who keepscontrol
of their algorithms and their code organization. An interesting topic for future
research is to study how to unify the Comet architecture with the tree-search
models proposedin [23,11], sinceboth approacheshave orthogonal strengths.
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