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Abstract. One of the most appealing features of constraint programming is its rich constraint language for
expressing combinatorial optimization problems. This paper demonstrates that traditional combinators from
constraint programming have natural counterparts for local search, although their underlying computational
model is radically different. In particular, the paper shows that constraint combinators, such as logical and
cardinality operators, reification, and first-class expressions can all be viewed as differentiable objects. These
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1. Introduction

Historically, most research on modeling and programming tools for combinatorial
optimization has focused on systematic search, which is at the core of branch & bound
and constraint satisfaction algorithms. However, in recent years, increased attention has
been devoted to the design and implementation of programming tools for local search
(e.g., [3, 10, 11, 15, 22, 27, 29]). This is motivated by the orthogonal strengths of the
paradigms, the difficulty of obtaining efficient implementations, and the lack of
compositionality and reuse in local search.

CoMmET [12, 25] is a novel, object-oriented, programming language specifically
designed to simplify the implementation of local search algorithms. Comet supports a
constraint-based architecture for local search organized around two main components: a
declarative component which models the application in terms of constraints and
functions, and a search component which specifies the search heuristic and meta-
heuristic. Constraints and objective functions are natural vehicles to express combina-
torial optimization problems and often capture combinatorial substructures arising in
many practical applications. But constraints and objective functions have a fundamen-
tally different computational model in CoMmET as they do not prune the search space.
Rather they are differentiable objects that maintain a number of properties incrementally
and provide algorithms to evaluate the effect of various operations on these properties.
The search component then uses these functionalities to guide the local search using
selectors and other high-level control structures [25]. The architecture enables local
search algorithms to be high-level, compositional, and modular.
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However, constraint programming languages and libraries also offer rich languages for
combining constraints, including logical and cardinality operators [24], reification, and
expressions over variables. These “combinators” are fundamental in practice, not only
because they simplify problem modeling, but also because they lay the foundations for
expressing various kinds of ad-hoc constraints that typically arise in complex
applications. In addition, these combinators make it possible to write generic search
procedures that can be used across a wide range of applications.

This paper shows that traditional constraint programming combinators bring similar
benefits for local search, although their underlying computational model differs
significantly. In particular, the paper shows that arithmetic, logical, and cardinality
operators, reification, and first-class expressions can all be viewed as differentiable
objects, providing high-level and efficient abstractions for composing constraints and
objectives in local search. These combinators naturally support very high-level models,
partial constraint satisfaction techniques, and generic search procedures that are
independent of the application at hand and only rely on generic interfaces for constraints
and objective functions. As a consequence, they foster the separation of concerns
between modeling and search components, increase modularity, and favor composition-
ality and reuse. More generally, the paper shows that the rich language of constraint
programming is conceptually robust and brings similar benefits to constraint program-
ming and local search, despite their fundamentally different computational models.

The rest of this paper is organized as follows. Sections 2 and 3 discuss how to combine
constraints and objective functions in COMET, Section 4 introduces first-class expressions,
and Section 5 discusses generic search procedures. Section 6 briefly discusses modeling
issues for local search and contrast them to constraint programming. Section 7 concludes
the paper. Applications and experimental results are presented together with the
abstractions in these sections.

2. Constraints

Constraints in coMET are differentiable objects that implement the same interface. This
section starts by specifying and illustrating the constraint interface, before moving to the
presentation of the constraint-based combinators.

2.1. The Constraint Interface

Constraints in CoMET are differentiable objects. Given a variable assignment o, a con-
straint ¢ maintains its truth value 7,(c), its violation degree v,(c), and the variable
violations,v, (x,c) that may be associated with each variable x in c¢. Constraints also
implement differentiable methods to evaluate the effect of moves on their violations.
More precisely, constraints in COMET implement the interface (partially) described in
Figure 1. The interface gives access to the constraint variables (method getVari-
ables) and to two decision variables which represent the truth value of the constraint
(method isTrue) and its violation degree (method violations). The violation
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interface Constraint {
var{int}[] getVariables();
var{bool} isTrue();
var{int} violations();
int getViolations(var{int} x);
int getAssignDelta(var{int} x,int v);
int getSwapDelta(var{int} x1,var{int} x2);
int getAssignDelta(var{int}[] x,int[] v);

}

Figure 1. The constraints interface in CoMET (partial description).

degree is constraint-dependent and measures how much the constraint is violated. This
information is often more useful than the truth value in guiding the local search. There
are many ways to define the violations of a constraint. For instance, the violations of an
arithmetic constraint / > 1 is typically given by max(0, » — /). However, for
combinatorial constraints, different concepts of violations have been proposed. See, for
instance, [17, 26]. The method getViolations returns the violations which may be
attributed to a given variable, which is often useful in selecting local moves in some
search procedures.

The remaining methods provide the differentiable API of the constraint. They make it
possible to evaluate the effect of an assignment, a swap, or multiple assignments on the
violation degree. Method getAssignDelta can be used to evaluate the impact of
assigning value d to variable, x i.e.,

Ay (x = d,c) = vaprea)(c) = valc)

where a is the current assignment and a[x <— v] denotes the assignment a in which x has
been assigned to v. Method getSwapDelta can be used to evaluate the impact of
swapping variables x and y, i.e.,

A (x < p,¢) = Vafrey (€) = Va(c)

where a is the current assignment and a[x < y] denotes the assignment a in which x has
been swapped with y.

Example 1 (AllDifferent). Consider the constraint ¢ = alldifferent(a) that holds if all
variables in a are given different values. In COMET, this constraint uses value-based
violations:

VQ(C) = Z max (#a(da a) -1, 0)

deD

where #.(d,a) denotes the number of occurrences of value d in array a under
assignment o and D is the domain of all variables in a. The variable violations are once
again value-based.:

Vo(x,¢) = max (#q(a(x),a) — 1,0)
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where «a(x) denotes the value of variable x under assignment o. The differentiable
methods can be implemented in constant time. For instance,

T if alx) = d
Alx «d,c) = {(#a(d7 a) > 1) — (#a(a(x),a) > 2) otherwise.

Maintaining the violations incrementally is performed in time O( | ) | ) where O is the set
of reassigned variables by using the distribute invariant of LocaLizer [11] and
incremental updates of arithmetic sums.

Example 2. (AllPresent). Consider the constraint ¢ = allpresent(R,a) that holds if all

values in R are assigned to some variable in a. The violations of allpresent(R,a) are once
again value-based:

va(c) = #{d € R|#4(d,a) = 0}

The variable violations are defined as

Va<x7 C) = #a(a(x)7a) > 1

indicating that variable x can be reassigned to reduce the violations of c. Selecting a
variable x such that

#aola(x),a) =1

cannot decrease the violations. Once again, observe that these expressions can be
maintained efficiently under changes to the variables.

We are now ready to discuss constraint-based combinators, which also are constraints
in coMET. Their semantics is summarized in Table 1 for simplicity.

Table 1. The semantics of some constraint combinators

Combinators Violation Degrees

¢ && ¢z v(cr) + v(c2)

€1 € min(v(cy), v(c2))

1(c) If v(¢;) > 0 then 1 else 0
exactly (k, [cy,- .., cn]) abs(>1, 7(ci) — k)
atmost (k, [cy, ..., cn]) max (30, 7(c;) — k,0)

kxc k x v(c)
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2.2.  Constraint Systems

Constraint systems, a fundamental modeling abstraction in COMET, are container objects
representing a conjunction of constraints. Constraint systems are constraints themselves
and implement the Constraint interface. Hence they maintain their truth value and
their violation degree, i.e., the sum of the violation degrees of their constraints. They also
support the differentiable API. Figure 2 depicts a simple CoMET program for the n-queens
problem. Lines 1-4 describe the problem variables and data structures, lines 5-9
describe the modeling component, and lines 10—13 specify the search procedure. Line 3
creates a uniform distribution and line 4 declares the decision variables: variable
queen([i] represents the row of the queen placed in column i. These decision variables
are initialized randomly using the uniform distribution." Line 5 declares the constraint
system and lines 68 specify the problem constraints using the ubiquitous alldifferent
constraint. More precisely, they specify that the queens cannot be placed on the same
row, the same upper diagonal, and the same lower diagonal. Lines 10—13 describe a min-
conflict search procedure [14]. Line 11 selects the queen q with the most violations and
line 12 chooses a new value v for queen q. Line 13 assigns this new value to the queen,
which has the effect of (possibly) updating the violation degree of the subset of affected
constraints and of the constraint system. Lines 11-13 are iterated until a solution is
found.

Constraint systems provide a clean separation between the declarative and search
components of a local search. Observe that it is possible to add new constraints to the
constraint system without changing the search procedure. Similarly, it is possible to
change the search procedure (e.g., adding a tabu list) without modifying the model. It is
also important to stress that a single COMET program may use several constraint systems
simultaneously. This is useful, for instance, for local search algorithms that maintain the
feasibility of a subset of constraints (e.g., the hard constraints), while allowing others to
be violated (e.g., the soft constraints).

range Size = 1..1024;

LocalSolver m();

UniformDistribution distr(Size);

var{int} queen[i in Size] (m,Size) := distr.get();

S W N

ConstraintSystem S(m);
S.post(alldifferent (queen));
S.post(alldifferent(all(i in Size) queen[i] + i));
S.post(alldifferent(all(i in Size) queen[i] - i));
m.close();

© 00 ~NOoO O

10. while (S.violations() > 0)

11. selectMax(q in Size) (S.getViolations(queen[q]))
12. selectMin(v in Size) (S.getAssignDelta(queen[ql,v))
13. queen[q] := v;

Figure 2. A CoMET program for the queens problem.
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2.3. Logical and Cardinality Operators

One of the appealing features of constraint programming is its ability to combine
constraints using logical and cardinality operators. CoMET offers similar functionalities
for local search. For instance

Constraintc =((x = y)[|(x = 2));

illustrates a disjunctive constraint in CoMET. The disjunctive constraint is a differentiable
object implementing the Constraint interface. In particular, the violation degree of a
disjunction ¢ = cy|lc; is given by min(v(c;), v(cp)), where v(c) denotes the violation
degree of c.

CoMET also features a variety of cardinality operators. For instance, Figure 3 illustrates
the cardinality operator exactly(k,[cy, - .., c,]), a differentiable constraint which holds if
exactly & constraints hold in ¢y, . .., ¢,. The figure depicts a COMET program to solve the
magic series problem, a traditional benchmark in constraint programming. A series
(S0, - - - » Sp) 18 magic if s; represents the number of occurrences of i in (sg, .. ., s,). Lines
6-10 in Figure 3 specify the modeling component. Line 8 features the cardinality
operator to express that there are magic[v] occurrences of v in the magic series and
line 9 adds the traditional redundant constraint. Lines 11-19 implement a min-conflict
search with a simple tabu-search component. Observe the modeling component in this
program which is similar to a traditional constraint programming solution. Interestingly,
local search performs reasonably well on this problem as indicated in Table 2. The table

int n = 400;

range Size = 0..n-1;

LocalSolver m();

var{int} magic[i in Size] (m,Size) := 0;
int tabuli in Sizel = -1;

G W N

ConstraintSystem S(m);
forall(v in Size)
S.post(exactly(magic[v],all(i in Size) magic[i] == v));
S.post(sum(i in Size) i * magic[i] == n);
0. m.close();

= O 0 N O

11. int it = 0;
12. while (S.violations() > 0) {

13.  selectMax(s in Size:tabul[s]<it) (S.getViolations(magic[s]))

14. selectMin(v in Size:magic[s]!=v)
(S.getAssignDelta(magic[s],v)) {

15. magic[s] := v;

16. tabuls] = it + 3;

17. }

18. it = it + 1;

19. }

Figure 3. A CoMET program for the magic series problem.
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Table 2. Performance results on the magic series program

n 70 90 110 130 150 170 190 210

best(T) 0.21 0.41 0.57 0.84 1.09 1.44 2.09 3.20
w(T) 1.05 1.78 5.70 13.58 21.70 47.60 67.83 150.41
worst(T) 7.35 10.85 30.95 102.63 86.54 347.77 400.20 761.11
a(T) 1.73 2.84 9.12 22.87 31.38 81.80 110.71 240.85

gives the best, average, and worst times in seconds for 50 runs on a 2.4 Ghz Pentium, as
well as the standard deviation.

The contributions here are twofold. On the one hand, CoMET naturally accommodates
logical and cardinality operators as differentiable objects, allowing very similar
modelings for constraint programming and local search. On the other hand, implemen-
tations of logical and cardinality operators directly exploit incremental algorithms for the
constraints they combine, providing compositionality both at the language and imple-
mentation level. The implementations can in fact be shown optimal in terms of the input/
output incremental model [20], assuming optimality of the incremental algorithms for the
composed constraints. For instance, the implementation of the combinator

atmost(k, [c1,. .., ¢4))

updates its violation y . | 7(c;) in constant time whenever the truth value of a constraint
¢; changes. This is optimal if the composed constraints are optimal and independent. If
there are some dependencies between the constraints, it may be possible to derive more
efficient algorithms exploiting the underlying structures.”

2.4. Weighted Constraints

Many local search algorithms (e.g., [6, 21, 28]) use weights to focus the search on some
subsets of constraints. COMET supports weight specifications which can be either static or
dynamic. (Dynamic weights vary during the search). Weights can be specified with the *
operator. For instance the snippet

Constraint ¢ = 2*¥alldifferent (x)

associates a constant weight of 2 to an alldifferent constraint and returns an object
implementing the Constraint interface. Its main effect is to modify the violation
degree of the constraint and the results of its differentiable API. Weights can also be
specified by variables, which is useful in many applications where weights are updated
after each local search iteration. This feature is illustrated later in the paper in a fre-
quency allocation application.

Figure 4 depicts the modeling component of a COMET program to solve the progressive
party problem. It illustrates both constant weights and the cardinality operator atmost.
Line 7 expresses weighted alldifferent constraints to ensure that a party never visits the
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LocalSolver m();

UniformDistribution distr (Hosts);

var{int} boat[Guests,Periods] (m,Hosts) := distr.get();
int tabu[Guests,Periods,Hosts] = -1;

S W N e

ConstraintSystem S(m);
forall(g in Guests)

S.post(2 * alldifferent(all(p in Periods) boatl[g,pl));
forall(p in Periods)
9. S.post(2 * knapsack(all(g in Guests) boat[g,pl,crew,cap));
10. forall(i in Guests, j in Guests : j > i)
11.  S.post(atmost(1,all(p in Periods) boat[i,pl==boat[j,pl));
12. m.close(Q);

0 ~N o o,

Figure 4. The COMET model for the progressive party problem.

same boat twice. Line 9 posts weighted knapsack constraints to satisfy the capacity
constraint on the boats. Finally, line 11 uses a cardinality constraint to specify that no
two parties meet more than once over the course of the event. The cardinality operator
makes for a very elegant modeling: it removes the need for the rather specific
meetAtmostOnce constraint used in earlier version of the CoMET program [12]. It also
indicates the ubiquity of cardinality constraints for expressing, concisely and naturally,
complex constraints arising in practical applications.

Table 3 describes experimental results for this modeling and the search procedure of
[12] augmented with a restarting component that resets the current solution to a random
configuration every 100,000 iterations in order to eliminate outlier runs.’> The table
describes results for various configurations of hosts and various numbers of periods. The
results report the average running times over 50 runs of the algorithm, as well as the best
times in parenthesis. With the addition of a restarting component, the standard deviation
for the hard instances is always quite low (e.g., configuration 1-9,16—19 with 7 periods
has a mean of 95.4 and a deviation of 4.8) and shows that the algorithm’s behavior is
quite robust. The results were obtained on a 2.4 Ghz Pentium 4 running Linux. The
performance of the program is excellent, as the cardinality operator does not impose any
significant overhead. Once again, the implementation can be shown incrementally
optimal if the underlying constraints support optimal algorithms. Blank entries in the
table correspond to instances that could not be solved.

Table 3. Experimental results for the progressive party program

H/P 6 7 8 9 10
1-12,16 0.32 (0.30) 0.41 (0.35) 0.60 (0.54) 1.01 (0.69) 3.74 (1.27)
1-13 0.41 (0.34) 0.77 (0.46) 3.15 (0.99) 42.22 (5.80)

1,3-13,19 0.41 (0.33) 0.79 (0.47) 3.50 (0.92) 28.6 (6.39)

3-13,25,26 0.44 (0.35) 0.93 (0.50) 4.53 (1.30) 65.32 (7.79)

1-11,19.21 1.75 (0.54) 36.1 (2.86)

1-9,16-19 2.81 (1.06) 95.4 (4.81)
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2.5.  Partial Constraint Satisfaction

Some local search algorithms do not rely on violation degrees; rather they reason on the
truth values of the constraints only. This is the case, for instance, in partial constraint
satisfaction [5], where the objective is to minimize the (possibly weighted) number of
constraint violations. CoMET provides an operator to transform an arbitrary constraint
into a satisfaction constraint, i.e., a constraint whose violation degree is 0 or 1 only. For
instance, the snippet

Constraintc = satisfactionConstraint(alldifferent(x));

assigns to c the satisfaction counterpart of the alldifferent constraint. The key con-
tribution here is the systematic derivation of the satisfaction implementation in terms of
the original constraint interface. The resulting implementation only induces a small
constant overhead.

CoMET also supports satisfaction systems that systematically apply the satisfaction
operator to the constraints posted to them, simplifying the modeling and the declarative
reading. Figure 5 illustrates satisfaction systems on an excerpt from a frequency allo-
cation problem, where the objective is to minimize the number of violated constraints.
Line 1 declares the satisfaction system S, while lines 5, 8, and 11 post the various types
of distance constraints to the system.

3. Objective Functions

We now turn to objective functions, another class of differentiable objects in COMET.
Objective functions may be linear, nonlinear, or may capture combinatorial substructures
arising in many applications. A typical example is the function MinNbDistinct(x1, . . ., X,)
which minimizes the number of distinct values in (xy, ..., x,) and arises in graph color-
ing, frequency allocation, and other resource allocation problems.

1 SatisfactionSystem S(m);

2 forall(d in DistanceCtrs)

3 switch (d.ty) {

4. case 1:

5. S.post(abs(freq[d.vi]-freq[d.v2]) == d.rhs);
6 break;

7 case 2:

8. S.post(abs(freq[d.vil-freq[d.v2]) > d.rhs);
9. break;

10. case 3:

11. S.post(abs(freq[d.vi]-freq[d.v2]) < d.rhs);
12. break;

3.}

Figure 5. Partial constraint satisfaction in frequency allocation.
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This section illustrates how objective functions, like constraints, can be combined
naturally to build more complex objectives. Once again, this desirable functionality
comes from the Objective interface depicted in Figure 6 and implemented by all
objective functions. In particular, the interface gives access to their variables, to two
variables, and the differentiable API. The first variable (available through method value)
maintains the value of the function incrementally. The second variable (available through
method evaluation) maintains the evaluation of the function which may, or may not,
differ from its value. The evaluation is useful to guide the local search more precisely by
distinguishing states which have the same objective value. Consider again the objective
function nbDistinct. Two solutions may use the same number of values, yet one of them
may be closer than the other to a solution with fewer values. To distinguish between
these, the evaluation may favor solutions where some values are heavily used while
others have few occurrences. For instance, such an evaluation is used for graph coloring
in [9] and is shown in Table 4 that summarizes the objective functions discussed in this
paper. The differentiable API returns the variation of the evaluation induced by
assignments and swaps. The method getEvaluation also returns the contribution of
a variable to the evaluation and is the counterpart of method getViolations for
objective functions. Note that several objective functions can coexist in the same COMET
statement and they can be combined in many ways as discussed below. This flexibility is
orthogonal to the pairs (value,evaluation) of objection functions.

3.1. Arithmetic Operators

Objective functions can be combined using traditional arithmetic operators. For instance,
the excerpt

Objective f = condSum(open, fixed)

+ minAssignment(open, transportionCost);

illustrates the addition of two objective functions capturing combinatorial substructures
expressing the fixed and transportation costs in uncapacitated warehouse location. These

interface Objective {
var{int}[] getVariables();
var{int} value();
var{int} evaluation();
int getEvaluation(var{int} x);
int getAssignDelta(var{int} x,int v);
int getSwapDelta(var{int} x1,var{int} x2);
int getAssignDelta(var{int}[] x,int[] v);

}

Figure 6. The objective interface in CoMET (partial description).
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Table 4. The semantic of some objective functions

Objective Value Evaluation
MinNbDistinct(x[E]) #{xle]|e € E} = e € Elxle] = i}
i

MinNbDistinct(x[E],w[E]) #{x[e] | e € E} Zw[x[e]]

ecE
MaxNbDistinct(x[E],w[V]) #{x[e] | e € E} Z wv]

veV:—oceur(v,x)
condSum(b[E], ¢[E]) > cle] > cle]

ecE:ble] ecE:ble]

minAssignment(b[ V], c[E, V]) ; ; Enll/gl[v]c[e7 V] ; . En’}gl[v]c[a V]
constraintsAsObjective(c) v(c) v(c)

functions are useful in a variety of other applications such as k-median and configuration
problems and encapsulate efficient incremental algorithms [13].

3.2. Reification: Constraints as Objective Functions

Some of the most challenging applications in combinatorial optimization feature
complex feasibility constraints together with a “global” objective function. Some
algorithms approach these problems by relaxing some constraints and integrating them in
the objective function. To model such local search algorithms and relax constraint
naturally, CoMET provides the generic operator constraintAsObjective that transforms a
constraint into an objective function whose value and evaluation are the violation degree
of the constraint. Moreover, traditional arithmetic operators transparently apply this
operator to simplify the declarative reading of the model. The implementation of this
combinator, which is also given in Table 4, is in fact trivial, since it only maps one
interface in terms of the other.

3.3. Frequency Allocation

To illustrate objective functions, consider a frequency allocation problem where
feasibility constraints impose some distance constraints on frequencies and where the
objective function consists of minimizing the number of frequencies used in the solution.
We present an elegant COMET program implementing the Guided Local Search (GLS)
algorithm proposed in [28].* The key idea underlying the GLS algorithm is to iterate a
simple local search where feasibility constraints are integrated inside the objective
function. After completion of each local search phase, the weights of the violated
constraints are updated to guide the search toward feasible solutions. If the solution is
feasible, the weights of some frequencies used in the solutions (e.g., the values that occur
the least) are increased to guide the search toward solutions with fewer frequencies.
Figure 7 depicts the modeling part of the GLS algorithm. Line 2 declares the decision
variables, while lines 3 and 4 create the variables representing the weights that are
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1 LocalSolver m();

2. var{int} freq[RV](m);

3.  var{int} w[RC](m) := 0;
4 var{int} fw[RF](m): = O;
5 SatisfactionSystem S(m);

6. forall(d in DistanceCtrs)

7. switch (d.ty) {

8. case 1:

9. S.post(abs(freqld.v1]-freqld.v2]) == d.rhs,w[d.id]);
10. break;

11. case 2:

12. S.post(abs(freqld.vi]l-freqld.v2]) > d.rhs,w[d.id]);
13. break;

14. case 3:

15. S.post(abs(freq[d.vi]-freq[d.v2]) < d.rhs,w[d.id]);
16. break;

7.}

18. MinNbDistinct nbFreq(freq,fw);
19. Objective obj = S + nbFreq;
20. m.close();

Figure 7. The modeling part of a CoMmET program for frequency allocation.

associated with constraints and values respectively. Line 5 declares the satisfaction
system S and lines 6—17 post the distance constraints in S, as presented earlier in the
paper. The only difference is the use of weights which are useful to focus the search on
violated constraints. Line 18 declares the objective function nbFreq which minimizes
the number of distinct frequencies. Note that this function receives, as input, a dynamic
weight for each value to guide the search toward solutions with few frequencies. Line 19
is particularly interesting: it defines the GLS objective function obj as the sum of the
satisfaction system (a constraint viewed as an objective function) and the “actual”
objective nbFreq. Of course, the search component uses the objective obj.

Figure 8 depicts the search part of the algorithm. Function GLS iterates two steps for a
number of iterations: a local search, depicted in lines 8—19, and the weight adjustment.
The weight adjustment is not difficult: it simply increases the weights of violated
constraints and, if the solution is feasible, the weights of the frequencies that are used the
least in the solution (modulo a normalization factor [28]). The local search considers all
variables in a round-robin fashion and applies function moveBest on each of them,
until a round does not improve the objective function (lines 8—14). Function moveBest
selects, for variable freq[v], the frequency f that minimizes the values of the
objective function (ties are broken randomly). It uses the differentiable API to evaluate
moves quickly.

It is particularly interesting to observe the simplicity and elegance of the CoMET
program. The modeling component simply specifies the constraints and the objective
function, and combines them to obtain the GLS objective. The search component is
expressed at a high level of abstraction as well, only relying on the objective function
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1. function void GLS() {

2 while (it < maxIterations) {
3. localSearch();

4. updateWeights();

5 it++;

6 }

7.}

8. function void localSearch() {

9. int old;

10.  do {

11. old = obj.evaluation();

12. forall(v in RV) moveBest(v);
13. } while (old != obj.evaluation());
14. }

15. function void moveBest(int v) {
16. if (obj.getEvaluation(freq[v]) > 0)

17. selectMin(f in Domain[v]) (obj.getAssignDelta(freqlv],f))
18. freql[v] := f;
19. }

Figure 8. The search part of a CoMET program for frequency allocation.

and the decision variables. Table 5 depicts the experimental results on the first three
instances of the Celar benchmarks. It reports quality and efficiency results for 50 runs of
the algorithms on a 2.4 GHz Pentium IV. In particular, it gives the average, standard
deviation, and the best and worst values for the number of frequencies and the time to the
best solutions in seconds. It also reports the average number of iterations and its standard
deviation. The preliminary results indicate that the resulting CoMET program, despite its
simplicity and elegance, compares well in quality and efficiency with specialized
implementations in [28] whose quality results (best/worst/average) are reproduced in the
last three columns of the table.

4. First-Class Expressions

We now turn to first-class expressions, another significant abstraction which is also an
integral part of constraint programming libraries [8]. First-class expressions are

Table 5. Experimental results for frequency allocation

id o usS) a(S) B(S) W(S) o) a(0) ) a(l) B/Win
1 18.76 2.15 16 24 4.40 2.50 778.60 420.02 16/22/18.6
2 14.00 0.00 14 14 0.69 1.06 152.72 257.28 14/14/14.0

3 15.36 1.23 14 18 2.69 1.96 523.40 383.69 14/18/15.4
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constructed from incremental variables, constants, and arithmetic, logical, and relational
operators. In CoMET, first-class expressions are differentiable objects which can be
evaluated to determine the effect of assignments and swaps on their values. In fact,
several examples presented earlier feature first-class expressions. For instance, the COMET
code

S.post(alldifferent(all(iinSize) queen|[i] + 1));
from the n-queens problem can be viewed as a shortcut for

expr{int}d[i inSize] = queen[i] + i;

S.post(alldifferent(d));

The first instruction declares an array of first-class integer expressions, element d [1i]
being the expression queen[i] + 1. The second instruction states the alldifferent
constraint on the expression array.

First-class expressions significantly increase the modeling power of the language,
since constraints and objective functions can now be defined over complex expressions
instead of incremental variables only. Moreover, efficient implementations of these
enhanced versions can be obtained systematically by combining the differentiable APIs
of constraints, objective functions, and first-class expressions.

The all-interval series problem [1] further illustrates the benefits of using first-class
expressions in CoMET. The problem is a well-known exercise in music composition. It
consists of finding a sequence of notes such that all notes in the sequence, as well as
tonal intervals between consecutive notes, are different. It can thus be modeled as the
finding of a permutation of the first n integers such that the absolute difference between
two consecutive pairs of numbers are all different. To our knowledge, constraint
programming can only find two structured solutions for instances of this problem, while
musicians typically look for a variety of “innovative” solutions.

Figure 9 depicts a CoMET program solving the all-interval series problem. The basic
idea behind the modeling is to maximize the number of different distances

[va =vil,eey [Vn = Vil

between successive number v; and v; ;- | in the series. Line 7 in Figure 9 declares the
variables v[1i] in the series, which are initialized to a random permutation of 0. n — 1.
This guarantees that all variables have distinct values, a property maintained by the
search procedure whose local moves swap the values of two variables. Line 8 specifies
the objective function MaxNbDistinct which maximizes the number of distinct distances
in abs(v[2] — v[1]), ..., abs(v[n] — v[n-1]). Observe that almost all
variables occur in two expressions.

It is interesting to observe the work performed by the implementation of
MaxNbDistinct for this problem. The constraint first defines a set of variables e; to
maintain the expressions

€ = |Vi - V[—1|
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1. int n = 40;

2. range Size = 1..n;

3. range Domain = 0..n-1;

4. range SD = 1..n-1;

5. LocalSolver m();

6. RandomPermutation perm(Domain) ;

7. var{int} v[Size] (m,Domain) := perm.get();

8. MaxNbDistinct obj(all(k in SD) abs(v[k+1]l-v[k]));
9. m.close();

10. while (obj.value() < n-1)

11. select(i in Size: obj.getEvaluation(v([i]) > 0)
12. selectMax(j in Size:j!=1i) (obj.getSwapDelta(v[il,v[j1))
13. vI[i] :=: v[jl;

Figure 9. A CoMET program for the all-interval series problem.

incrementally. It then states the objective MaxNbDistinct(e,, ..., e,) on these new
variables. To evaluate the effect of swapping two variables v; and v;, the implementation
performs the following two steps.

1. It retrieves the expression ey, ..., ¢, whose values have changed to di, ... ,d; due to
the swap of v; and v;. There are typically four such expressions: e;, €11, e, and e;, ;.
2. It applies the differentiable method

A, ([e; — d,..., ex — dy], MaxNbDistinct(e))

The main benefit of first-order expressions is thus to automate this tedious and error-
prone aspect of the local search, enabling the problem to be stated elegantly and to be
solved efficiently.

The performance of the algorithm can be improved upon by associating weights to the
distances (as suggested in [1]). The justification here is that larger distances are much
more difficult to obtain and it is beneficial to bias the search toward them. To
accommodate this enhancement, it suffices to replace line 8 by

MaxNbDistinct obj(all(k inSD)abs(v[k + 1]—v[k]),all(k in SD)k"3);

Table 6 gives the experimental results for various values of » and for the COMET program,
extended to restart the computation after 1,000 iterations if no solution was found. The
resulting CoMET significantly outperforms existing programs. The Java implementation
from [1] takes an average time of 63 seconds for » = 30 on a 733 MHz Pentium III
(instead of 0.39 seconds for CoMET on a 2.4 GHz machine). The gain probably comes
from the better incrementality of ComeT which uses differentiation to evaluate moves
quickly. Indeed, our first CoMET program for this problem, which did not use first-class
expressions and did not support the differentiable API for the objective function, took
10.44 seconds in average over 50 runs for n = 30.
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Table 6. Performance results on the all-interval series program

n w(T) B(T) ) a(T) ) a(l)

10 0.00 0.00 0.01 0.00 252 383
15 0.01 0.00 0.06 0.02 203.9 276.2
20 0.04 0.00 0.26 0.07 859.0 1235.8
25 0.07 0.00 0.52 0.10 1183.30 1419.4
30 0.39 0.01 2.41 0.64 6092.8 7986.0
35 0.86 0.03 6.75 1.49 11864.5 16792.8
40 2.62 0.09 18.68 4.05 32669.5 38641.3
45 6.63 0.12 36.79 9.24 78961.7 753493
50 34.09 1.27 165.41 52.56 355816.6 416601.4
55 130.05 9.30 278.75 160.56 1277633.4 906189.4

5. Generic Search Procedures

The combinators presented in this paper have an additional benefit: they provide the
foundation for writing generic search procedures in ComEeT. Indeed, search procedures
are now able to interact with declarative components only through the Constraint
and Objective interfaces, abstracting away the actual details of constraints and
objective functions. These generic search procedures do not depend on the application at
hand, yet they exploit the differentiable APIs to implement heuristics and meta-heuristics
efficiently. Moreover, these APIs are implemented by efficient incremental algorithms
exploiting the structure of the applications. In other words, although the search
procedures are generic and do not refer to specificities of the applications, they exploit
their underlying structure through the combinators.

Figure 10 depicts a min-conflict search in CoMET. The code is essentially similar to the
search procedure in the queens problem: it is only necessary to collect the variable array
and its range in lines 2-3, and to use the variable domains in line 6. As a consequence,
lines 10-13 in the queens problem can simply be replaced by a call minConflict-
Search(S). Similarly, Figure 11 implements a constraint-directed search inspired
by search procedures used in WSAT [21, 29] and DRaAGONBREATH [16]. The key idea is
to select a violated constraint first (line 6) and then a variable to re-assign (line 9). Once

1 function void minConflictSearch(Constraint S) {

2 var{int}[] var = S.getVariables();

3 range Size = var.getRange();

4. while (S.violations() > 0)

5 selectMax(i in Size) (S.getViolations(var[i]))

6 selectMin(v in var[i].getDomain())
(S.getAssignDelta(var[il,v))

7. var[i] := v;

8. 1}

Figure 10. A generic min-conflict search in CoMET.
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1 function int cdSearch(ConstraintSystem S) {

2 UniformDistribution noise(0..99);

3 range C = S.getRange();

4 Constraint c[i in C] = S.getConstraint(i);

5. while (S.violations() > 0)

6. select(i in C: !c[i].isTrue()) {

7 var{int}[] var = c[i].getVariables();

8 range RV = var.getRange();

9 selectMax(v in RV) (c[i].getViolations(var[v]))
1

0. selectMin(val in var([v].getDomain())
(c[i] .getAssignDelta(var[v],val))
11. if (S.getAssignDelta(var([v],val) < 0)
12. var[v] := val;
13. else if (noise.get() < 10) {
14. var[v] := val;
15. }
6. }

Figure 11. A generic constraint-directed search in CoMET.

again, lines 10-13 in the queens problem can simply be replaced by a call
cdSearch(S). Such constraint-oriented local search procedures are particularly
effective on a variety of problems, such as the ACC sport-scheduling problem. The
actual search procedure in [29] was also successfully implemented in COMET.

Observe that these search procedures are generic and do not depend on the actual
shape of the constraints, which can be propositional, linear, nonlinear, combinatorial, or
any combination of these. Moreover, generic search procedures bring another interesting
benefit of constraint programming to local search: the ability to provide a variety of
(parameterized) default search procedures, while exploiting the specific structure of the
application.

6. Modeling and Reformulation

The main contribution of this paper is to show that the rich constraint language of
constraint programming is also a natural and effective modeling vehicle for local search.
It is thus legitimate to wonder whether traditional modeling and reformulation techniques
from constraint programming are also beneficial for local search. This topic is beyond
the scope of this paper, but it is interesting to highlight briefly the distinct roles of these
techniques in constraint programming and local search.

6.1. Combinatorial Constraints
Combinatorial (global) constraints are fundamental in constraint programming to obtain

more effective pruning algorithms. Their role in local search is different: they aim at
exploiting combinatorial substructures for obtaining more efficient incremental algo-
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rithms that maintain the violations and implement differentiation. Interestingly, the same
combinatorial substructures are often appropriate for both purposes.

6.2. Redundant Constraints

Redundant constraints are a traditional modeling technique in constraint programming,
whose role is also to improve the pruning of constraint propagation algorithms. The
magic series problem illustrated the benefits of redundant constraints in local search.
Their role in local search however is fundamentally different: they are used to refine the
definition of violations in order to guide the search more effectively.

Figures 12 and 13 illustrate the benefits of redundant constraints on the magic series
application. They depict the effect of assigning different values to the selected variable x
on the violations of the redundant and cardinality constraints at two different iterations
during the search. More precisely, each figure plots three functions:

1. the function f.(d) = A,(x < d, ¢,) for the redundant constraint c,, the selected
variable x, and a given assignment o;

2. the function f.(d) = A, (x < d, {ci,..., ¢cy}) for the cardinality constraints (cy, ...,
cy), the selected variable x, and a given assignment a;
3. the function f,(d) = A.(x — d,{c;, c1,..., ¢,}) for all constraints, the selected

variable x, and a given assignment .

First, observe that the redundant constraint provides much more differentiation
between the various values. On Figure 12, the violations of cardinality constraints are
almost similar for all possible assignments, while there are considerable variations in
the violations of the redundant constraint. This is also the case for smaller values in
Figure 13. Second, and most importantly, the redundant constraint actually recom-
mends some values: the value f(d) is negative for a number of values, while this is not
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Figure 12. The role of redundant modeling: second illustration.
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Figure 13. The role of redundant modeling: first illustration.

the case for the cardinality constraints. In particular, on Figure 12, the redundant
constraint recommends the value 1, while the cardinality constraints have f.(d) > 0 (and
fAd) = 0 for small values). In fact, on this problem, the cardinality constraints almost
always recommend the value 0 and this is the case for the two figures. Fortunately, the
combination of the cardinality and redundant constraints guide the search much more
precisely. For instance, on a magic serie of length 10, the average number of iterations
over 50 runs to reach a solution drops from 556 to 129.

Note also that constraint weights, as in the frequency allocation problem, and value
weights, as in the all-interval series, are naturally viewed as redundant constraints,
providing further evidence of the benefits of this modeling technique for local search.

6.3. Variable Elimination

Variable elimination is also an traditional reformulation technique in constraint
programming (e.g., [7]) and its role is to improve the pruning of constraint propagation
algorithms. Variable elimination was also used in the frequency allocation problem and,
once again, its role in local search is of a different nature: it allows the local search to
maintain the feasibility of the distance constraints | i = f | = d. Alternatively, it can be
viewed as exploring a more complex neighborhood where assignments take place in
pairs to maintain the feasibility of these specific distance constraints. Variable
elimination is significant in that application, since otherwise the violations of these
constraints increase each time one of their variables is assigned.

6.4. Symmetries

Symmetries have become a fundamental topic in constraint programming and it is inter-
esting to discuss its role in local search as well. Some symmetry-breaking techniques,
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such as the aggregation of undistinguishable values, are useful in local search, as shown
in car sequencing [12] for instance. However, on other problems where symmetries seem
fundamental in obtaining good efficiency for constraint programming, local search algo-
rithms seem to behave well without taking symmetries into account. The reason is
probably due to the nature of local search which typically explores the search space
around the current solution and do not jump wildly to symmetric assignments in other
regions of the search space. This is the case, for instance, of the social golfer problem
[4]. Some authors have argued that some symmetry-breaking techniques, e.g., the use of
lexicographic constraints, may actually hurt the performance of local search algorithms
[18, 19]. Such constraints, which are not redundant, biased the violations in a negative
way and may prevent the local search from moving closer to solutions. Note however
that lexicographic constraints may also have a negative impact in constraint program-
ming, where they may interfere with the search heuristic as discussed in [23], where it is
argued that it is more effective to break symmetries during the search than to use lexi-
cographic constraints.

7. Conclusion

This paper aimed at demonstrating that constraint-based combinators from constraint
programming are natural abstractions for expressing local search algorithms. In
particular, it showed that logical and cardinality operators, reification, and first-class
expressions can all be viewed as differentiable objects encapsulating efficient incre-
mental algorithms. These combinators, and their counterparts for objective functions,
provide high-level ways of expressing complex ad-hoc constraints, generic search pro-
cedures, and partial constraint satisfaction. They were also shown to be amenable to
efficient implementations. As a consequence, this paper, together with earlier results,
indicates that the rich language of constraint programming is a natural vehicle for writing
a wide variety of modular, extensible, and efficient local search programs.
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Notes

1. CoMmEeT does not impose any limitations on how to generate initial solutions. For
instance, they may be produced by greedy algorithms as is typically the case in
scheduling (e.g., [2]).
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The same issue arises in constraint programming of course. It may be possible to
derive more effective pruning algorithm whenever additional structure is available.
Note that the labels of the first two rows (1-12,16 and 1-13) of Table 3 in [12] were
switched.

The point is not to present the most efficient algorithm for this application, but to
illustrate the concepts introduced herein on an interesting algorithm/application.
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