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1. Introduction

Blackwell’s seminal approachability theorem provides a sufficient condition to ensure that, in
a vector-valued repeated game, a learner’s average rewards approach any closed and convex
set U ⊆ R

n [1, 4]. In this paper, we prove a close cousin of Blackwell’s theorem. On the one
hand, our theorem specializes Blackwell’s theorem: it provides a sufficient condition for the
negative orthant R

n
− ⊆ R

n to be approachable, rather than an arbitrary closed and convex
subset of finite-dimensional Euclidean space. On the other hand, our sufficient condition
(Equation 2) is weaker than Blackwell’s original condition: our condition need only hold
for some c ∈ R, rather than precisely for c = 0. Moreover, in our framework, the opponents
(i.e., not the learner) have at their disposal an arbitrary, not merely a finite, set of actions.

The main theorem in this paper was first established in Jafari’s Master’s thesis [5].
Our proof technique is related to that of Foster and Vohra [3], which, unlike the proof of
Blackwell’s theorem in Cesa-Bianchi and Lugosi [2], proves all lemmas from first principles.

2. Statement of Main Theorem

Consider an agent with a finite set of actions A playing a game against a set of opponents
who play actions in the (arbitrary) joint action space A′. (The opponents’ joint action
space can be interpreted as the product of independent action sets.) Associated with each
possible outcome is a vector given by the function ρ : A × A′ → V , where V is a vector
space over R with an inner product · and a distance metric d defined by the inner product
in the standard manner: i.e., d(x, y) = ‖x − y‖2, for all x, y ∈ V .

Definition 1 (Game) A vector-valued game is a 4-tuple Γ = (A,A′, V, ρ).
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We study infinitely-repeated vector-valued games Γ∞ in which the agent interacts with
its opponents repeatedly and indefinitely. Recall that the agent’s action set A is assumed
to be finite. We denote by ∆(A) the set of probability distributions over the set A, and
we allow agents to play mixed strategies, which means that rather than selecting an action
a ∈ A to play at each round, the agent selects a probability distribution q ∈ ∆(A). More
specifically, an arbitrary round t (for t ≥ 1) proceeds as follows:

1. the agent selects a mixed strategy qt ∈ ∆(A),

2. the agent plays an action at ∈ A (which is sampled according to the distribution qt);
simultaneously, the opponents play action a′t

3. the agent observes reward vector ρ(at, a
′
t)

Definition 2 (Action History) Given an infinitely-repeated vector-valued game Γ∞ the

set of action histories of length t, for t ≥ 0, is denoted by Ht. For t ≥ 1, Ht is given by

(A × A′)t: e.g., h = {aτ , a′τ}t
τ=1 ∈ Ht. The set H0 is defined to be a singleton.

Definition 3 (Learning Algorithm) Given an infinitely-repeated vector-valued game Γ∞,

a learning algorithm is a sequence of functions L = {Lt}∞t=1, where Lt : Ht−1 → ∆(A).

We are interested in the properties of learning algorithms employed by an agent playing
an infinitely-repeated vector-valued game Γ∞. Given a learning algorithm L = {Lt}∞t=1, and
a sequence of opposing actions a′1, a

′
2, . . . ∈ A′, we define a probability space over sequences

of the agent’s actions inductively as follows: for all α ∈ A,

P [at = α | aτ = ατ , ∀τ < t] = Lt((α1, a
′
1), . . . , (αt−1, a

′
t−1))(α) (1)

In this probability space, we define two sequences of random variables: cumulative rewards
Rt =

∑t
τ=1 ρ(aτ , a′τ ) and average rewards ρ̄t = Rt

t .
Now, following Blackwell, we define the notion of approachability as follows:

Definition 4 (Approachability) Given an infinitely-repeated vector-valued game Γ∞, a

set U ⊆ V , and a learning algorithm L, the set U is said to be approachable by L, if

for all δ > 0, there exists t0 such that for any sequence of opposing actions a′1, a
′
2, . . .,

P [∃t ≥ t0 s.t. d (U, ρ̄t) ≥ δ] < δ.

Hence, if a learning algorithm L approaches a set U ⊆ V , then d(U, ρt) → 0 almost surely.
The following theorem, which is the main result of this paper, gives a sufficient condition

for the negative orthant, that is, the set R
d
− = {x ∈ R

d | xi ≤ 0, for all 1 ≤ i ≤ d} ⊆ R
d,

to be approachable by a learning algorithm L in an infinitely-repeated vector-valued game
(A,A′, Rd, ρ)∞ where d ∈ N and ρ(A × A′) is bounded.

For x ∈ R
d, define x+ by (x+)i = max{xi, 0}, for all 1 ≤ i ≤ d.

Theorem 5 (Jafari) Given an infinitely-repeated vector-valued game (A,A′, Rd, ρ)∞ with

d ∈ N and ρ(A × A′) bounded and a learning algorithm L = {Lt}∞t=1, the negative orthant

R
d
− ⊆ R

d is approachable by L if there exists a constant c ∈ R such that for all times t ≥ 1,
for all action histories h ∈ Ht−1 of length t − 1, and for all opposing actions a′,

(Rt−1(h))+ · Ea∼Lt(h)

[

ρ(a, a′)
]

≤ c (2)

where Rt(h) ≡∑t
τ=1 ρ(aτ , a

′
τ ) and Ea∼q [ρ(a, a′)] ≡∑

a∈A q(a)ρ(a, a′).

2
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3. Preliminary Linear Algebra Lemmas

Lemma 6 For x, y ∈ R
n,

‖(x + y)+‖2
2 ≤ ‖x+ + y‖2

2 (3)

Equivalently,

‖(x + y)+‖2
2 ≤ ‖x+‖2

2 + 2(x+ · y) + ‖y‖2
2 (4)

Proof Observe that ‖(x + y)+‖2
2 =

∑

i((xi + yi)
+)2 and ‖x+ + y‖2

2 =
∑

i(x
+
i + yi)

2. Thus,
it suffices to show that ((xi + yi)

+)2 ≤ (x+
i + yi)

2 for all i.
Case 1: xi + yi ≤ 0. Here, ((xi + yi)

+)2 = 0 ≤ (x+
i + yi)

2.
Case 2: xi + yi > 0, xi ≥ 0. Here, ((xi + yi)

+)2 = (xi + yi)
2 = (x+

i + yi)
2.

Case 3: xi + yi > 0, xi < 0. Here, 0 < xi + yi < yi, so that ((xi + yi)
+)2 = (xi + yi)

2 <
y2

i = (x+
i + yi)

2.

Lemma 7 For x, y ∈ R
n,

‖(x + y)+‖2
2 ≥ 2(x+ · y) + ‖x+‖2

2 (5)

Proof

‖(x + y)+‖2
2 − 2(x+ · y) − ‖x+‖2

2 (6)

=
n
∑

i=1

[

((xi + yi)
+)2 − 2x+

i yi − (x+
i )2

]

(7)

=
n
∑

i=1

[

((xi + yi)
+)2 − 2x+

i yi − 2x+
i xi + (x+

i )2
]

(8)

=
n
∑

i=1

[

((xi + yi)
+)2 − 2x+

i (xi + yi) + (x+
i )2

]

(9)

≥
n
∑

i=1

[

((xi + yi)
+)2 − 2x+

i (xi + yi)
+ + (x+

i )2
]

(10)

=
n
∑

i=1

((xi + yi)
+ − x+

i )2 (11)

≥ 0 (12)

Line (8) follows from the observation that a+a = (a+)2, for all a ∈ R.

4. Preliminary Probability Lemmas

Let (Ω,F , P ) be a probability space with a filtration (Ft : t ≥ 0): that is, a sequence of
σ-algebras with Ft ⊆ F for all t and Fs ⊆ Ft for all s < t. A stochastic process (Zt : t ≥ 0)
is said to be adapted to a filtration (Ft : t ≥ 0) if Zt is Ft-measurable, for all times t: i.e.,
if the value of Zt is determined by Ft, the information available at time t.

We denote by Et the conditional expectation with respect to Ft: i.e., Et[·] = E[· | Ft].

Lemma 8 (Product Lemma) Assume the following:

3
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1. (Zt : t ≥ 0) is an adapted process such that ∀t, 0 ≤ Zt < k a.s., for some k ∈ R;

2. Et−1[Zt] ≤ ct a.s., for t ≥ 1, and E[Z0] ≤ c0, where ct ∈ R, for all t.

For fixed T ,

E

[

T
∏

t=0

Zt

]

≤
T
∏

t=0

ct (13)

Proof The proof is by induction. The claim holds for T = 0 by assumption. We assume it
also holds for T and show it holds for T + 1:

E

[

T+1
∏

t=0

Zt

]

= E

[

ET

[

T+1
∏

t=0

Zt

]]

(14)

= E

[

ET

[(

T
∏

t=0

Zt

)

ZT+1

]]

(15)

= E

[(

T
∏

t=0

Zt

)

ET [ZT+1]

]

(16)

≤ E

[(

T
∏

t=0

Zt

)

cT+1

]

(17)

= cT+1E

[

T
∏

t=0

Zt

]

(18)

≤
T+1
∏

t=0

ct (19)

Line (14) follows from the tower property, also known as the law of iterated expectations:
If a random variable X satisfies E [|X|] < ∞ and H is a sub-σ-algebra of G, which in turn
is a sub-σ-algebra of F , then E[E[X | G] | H] = E[X | H] almost surely [6]. Note that

E

[

∏T+1
t=0 Zt

]

< ∞. Line (16) follows because
∏T

t=0 Zt is FT -measurable and E

[

∏T
t=0 Zt

]

<

∞. Line (17) follows by assumption, since Zt, for t ≥ 0, is nonnegative with probability 1.
Line (19) follows from the induction hypothesis.

Lemma 9 (Supermartingale Lemma) Assume the following:

1. (Mt : t ≥ 0) is a supermartingale, i.e. (Mt : t ≥ 0) is an adapted process s.t. for all t,
E[|Mt|] < ∞ and for t ≥ 1, Et−1[Mt] ≤ Mt−1 a.s.;

2. f is a nondecreasing positive function s.t. for t ≥ 1, |Mt − Mt−1| ≤ f(t) a.s..

If M0 = m ∈ R a.s., then for fixed T , P [MT ≥ 2εTf(T )] ≤ eεm/f(0)−ε2T , for all ε ∈ [0, 1].

Proof For t ≥ 0, let

Yt =
Mt

f(T )
(20)

4
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and for t ≥ 1, let Xt = Yt − Yt−1, so that

Yt =
t
∑

τ=0

Xτ . (21)

Note that X0 = Y0 = m/f(0) a.s..
Because Mt is supermartingale and f(t) is positive, for t ≥ 1,

Et−1[Xt] = Et−1[Yt] − Yt−1 =
Et−1[Mt] − Mt−1

f(T )
≤ 0 a.s. (22)

Because f is nondecreasing, f(t) ≤ f(T ) for all t; hence, for 1 ≤ t ≤ T ,

|Xt| = |Yt − Yt−1| =

∣

∣

∣

∣

Mt

f(T )
− Mt−1

f(T )

∣

∣

∣

∣

≤ |Mt − Mt−1|
f(t)

≤ 1 a.s. (23)

Thus, for t ≥ 1,

Et−1

[

eεXt

]

≤ 1 + εEt−1[Xt] + ε2
Et−1[X

2
t ] ≤ 1 + ε2 a.s. (24)

The first inequality follows from the fact that ey ≤ 1 + y + y2 for y ≤ 1, and εXt ≤ 1 a.s.,
since ε ∈ [0, 1] and |Xt| ≤ 1 a.s. by Line (23). The second inequality follows from Line (22).

Therefore,

P [MT ≥ 2εTf(T )] = P [YT ≥ 2εT ] (25)

= P
[

eεYT ≥ e2ε2T
]

(26)

≤
E

[

eεYT

]

e2ε2T
(27)

=
E

[

eε
∑

T

t=0
Xt

]

e2ε2T
(28)

=
E

[

∏T
t=0 eεXt

]

e2ε2T
(29)

≤ eεm/f(0)(1 + ε2)T

e2ε2T
(30)

≤ eεm/f(0)eε2T

e2ε2T
(31)

= eεm/f(0)−ε2T (32)

Line (27) follows from Markov’s inequality. Line (30) follows from the Product Lemma
(since (Xt : t ≥ 0) is an adapted process), Line (24), and the assumption that M0 = m a.s..
Line (31) follows from the fact that (1 + x) ≤ ex.

Lemma 10 (Convergence Lemma) Given a function f : R → R that maps the positive

reals onto the positive reals and a stochastic process (Xt : t ≥ 0), if for all ε > 0, there exists

T such that for all t ≥ T , P [Xt ≥ f(ε)] ≤ e−εt, then for all δ > 0, there exists t0 such that

P [∃t ≥ t0 s.t. Xt ≥ δ] < δ.

5
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Proof Given an arbitrary δ > 0, choose ε ∈ f−1(δ). By assumption, there exists T such
that for all t > T , P [Xt ≥ δ] ≤ e−εt. Now, for all t′ ≥ T ,

P
[

∃t ≥ t′s.t. Xt ≥ δ
]

= P





⋃

t≥t′

(Xt ≥ δ)



 (33)

≤
∑

t≥t′

P [Xt ≥ δ] (34)

≤
∑

t≥t′

e−εt (35)

=
e−εt′

1 − e−ε
(36)

Hence, for sufficiently large t0, P [∃t ≥ t0 s.t. Xt ≥ δ] < δ.

5. Proof of Main Theorem

To prove our main theorem, we define a stochastic process and we use Lemmas 6 and 7
(together with the assumptions of the theorem) to show that this process satisfies the
assumptions of the Supermartingale Lemma. Finally, we apply the Convergence Lemma.

Theorem Given an infinitely-repeated vector-valued game (A,A′, Rd, ρ)∞ with d ∈ N and
ρ(A × A′) bounded and a learning algorithm L = {Lt}∞t=1, the negative orthant R

d
− ⊆ R

d

is approachable by L if there exists a constant c ∈ R such that for all times t ≥ 1, for all
action histories h ∈ Ht−1 of length t − 1, and for all opposing actions a′,

(Rt−1(h))+ · Ea∼Lt(h)

[

ρ(a, a′)
]

≤ c (37)

where Rt(h) ≡∑t
τ=1 ρ(aτ , a

′
τ ) and Ea∼q [ρ(a, a′)] ≡∑

a∈A q(a)ρ(a, a′).

Proof Given the learning algorithm L = {Lt}∞t=1, and an arbitrary sequence of opposing
actions a′1, a

′
2, . . . ∈ A′, we define a probability space over sequences of the agent’s actions

inductively as follows: for all α ∈ A,

P [at = α | aτ = ατ , ∀τ < t] = Lt((α1, a
′
1), . . . , (αt−1, a

′
t−1))(α) (38)

We view the agent’s sequence of actions a1, a2, . . . as a stochastic process with (Ft : t ≥ 0)
as its natural filtration. Observe that (Rt : t ≥ 0) is adapted to this filtration because
ρ(at, a

′
t), and hence Rt, is Ft-measurable.

The proof relies on the following observations:

1. By assumption, for all histories h ∈ Ht−1 of length t − 1, for all opposing actions a′t,

(Rt−1(h))+ · Eat∼Lt(h)

[

ρ(at, a
′
t)
]

≤ c (39)

If h is a random variable that takes values in Ht−1, then h is Ft−1 measurable.
For all opposing actions a′t,

Eat∼Lt(h)

[

ρ(at, a
′
t)
]

= E
[

ρ(at, a
′
t) | Ft−1

]

= Et−1
[

ρ(at, a
′
t)
]

(40)

Therefore,
R+

t−1 · Et−1
[

ρ(at, a
′
t)
]

≤ c a.s. (41)

6
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2. By assumption, ρ(A × A′) is bounded. WLOG, assume ρ : A × A′ → [0, 1]d so that

‖ρ(a, a′)‖2
2 ≤ d (42)

for all a ∈ A and a′ ∈ A′.

We define Mt = ‖R+
t ‖2

2 − (2c + d)t, for all t, and we show that (Mt : t ≥ 0) satisfies the
assumptions of the Supermartingale Lemma.

Assumption 1: First, observe that (Mt : t ≥ 0) is an adapted process because (Rt : t ≥ 0)
is an adapted process. Second, since ρ(A × A′) is bounded, Rt, and hence Mt, is bounded,
for all t. In particular, E[|Mt|] < ∞, for all t. Third, for t ≥ 1,

Et−1 [Mt] = Et−1

[

‖R+
t ‖2

2

]

− (2c + d)t (43)

≤ Et−1

[

‖R+
t−1‖2

2 + 2R+
t−1 · ρ(at, a

′
t) + ‖ρ(at, a

′
t)‖2

2

]

− (2c + d)t (44)

≤ ‖R+
t−1‖2

2 + 2c + d − (2c + d)t a.s. (45)

= Mt−1 a.s. (46)

Line (44) follows from Lemma 6. Line (45) follows from Lines 41 and 42.
Assumption 2: Let t ≥ 1. Define f(t) = 2c + 2dt. Note the following:

∣

∣

∣R+
t−1 · ρ(at, a

′
t)
∣

∣

∣ ≤ ‖R+
t−1‖2‖ρ(at, a

′
t)‖2 (47)

≤
(

t−1
∑

τ=1

‖ρ(aτ , a′τ )‖2

)

‖ρ(at, a
′
t)‖2 (48)

≤ (t − 1)
√

d
√

d (49)

= (t − 1)d (50)

Line (47) follows from the Cauchy-Schwarz inequality. Line (48) follows from the triangle
inequality. Line (49) follows from Line (42).

Two cases arise.
Case 1: Mt − Mt−1 ≥ 0.

|Mt − Mt−1| = Mt − Mt−1 (51)

= ‖R+
t ‖2

2 − ‖R+
t−1‖2

2 − (2c + d) (52)

≤ 2R+
t−1 · ρ(at, a

′
t) + ‖ρ(at, a

′
t)‖2

2 − (2c + d) (53)

≤ 2
∣

∣

∣R+
t−1 · ρ(at, a

′
t)
∣

∣

∣+ ‖ρ(at, a
′
t)‖2

2 − (2c + d) (54)

≤ 2(t − 1)d + d − (2c + d) (55)

= 2dt − 2(c + d) (56)

< f(t) (57)

Line (53) follows from Lemma 6. Line (55) follows from Lines (42) and (50).
Case 2: Mt − Mt−1 < 0.

|Mt − Mt−1| = Mt−1 − Mt (58)

7
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= (2c + d) − ‖R+
t ‖2

2 + ‖R+
t−1‖2

2 (59)

≤ (2c + d) − 2R+
t−1 · ρ(at, a

′
t) (60)

≤ (2c + d) + 2
∣

∣

∣R+
t−1 · ρ(at, a

′
t)
∣

∣

∣ (61)

≤ (2c + d) + 2(t − 1)d (62)

= 2c + 2dt − d (63)

< f(t) (64)

Line (60) follows from Lemma 7. Line (62) follows from Line (50).
Hence, Mt satisfies the assumption of the Supermartingale Lemma, so that

P
[

‖R+
t ‖2

2 − (2c + d)t ≥ 4t(c + dt)
√

ε
]

≤ e−εt (65)

for all ε ∈ [0, 1] (note: M0 = 0 a.s.). Observe that d
(

R
d
−, ρ̄t

)

= d
(

R
d
−, Rt

t

)

=
‖R+

t
‖2

t . Thus,

P



d
(

R
d
−, ρ̄t

)

≥
√

2c + d

t
+

4c
√

ε

t
+ 4d

√
ε



 ≤ e−εt (66)

For sufficiently large t (just how large depends on c, d, and ε), 2c+d
t + 4c

√
ε

t ≤ d
√

ε, so that

P
[

d
(

R
d
−, ρ̄t

)

≥
√

5d 4
√

ε
]

≤ e−εt (67)

Finally, we apply the Convergence Lemma to obtain: for all δ > 0, there exists t0 such that

P
[

∃t ≥ t0 s.t. d
(

R
d
−, ρ̄t

)

≥ δ
]

< δ. Because t0 depends only on c, d, and δ, this inequality

holds for the probability space generated by any sequence of opposing actions a′1, a
′
2, . . ..
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