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Abstract

This paperpresentsQuickRank,anef�cient algorithmfor rankingindividualsin
asociety, givenanetwork thatencodestheir relationships,assumingthatnetwork
possessesanaccompanying hierarchicalstructure:e.g.,theEnronemaildatabase
togetherwith the corporation's organizationalchart. The QuickRankdesignis
foundedon the“peer-review” principle,de�ned herein,andanhypothesisdueto
Bonacich.Together, thesepremisesleadsto a recursive rankingalgorithmwhich
is scalable,parallelizable,andeasilyupdateable.Moreover, it is alsopotentially
moreresistantto link-spammingthanotherpopularrankingalgorithms.

1 Intr oduction

A fundamentalproblemin the�eld of socialnetwork analysisis to rankindividualsin
a societyaccordingto their implicit “importance”(e.g.,power or in�uence), derived
from a network's underlyingtopology. More precisely, given a social network, the
goalis to producea(cardinal)ranking, wherebyeachindividual is assignedanonneg-
ative realvalue,from whichanordinalranking(anorderingof theindividuals)canbe
extractedif desired.In this paper, we proposea solutionto this problemspeci�cally
gearedtowardsocialnetworksthatpossessanaccompanying hierarchicalstructure.

A socialnetwork is typically encodedin a link graph, with individualsrepresented
by verticesandrelationshipsrepresentedby directededges,or “links,” annotatedwith
weights.Givena link graph,therearemultiplewaysto assignmeaningto theweights.
On onehand,onecanview theweightona link from i to j asexpressingthedistance
from i to j —a quantity inverselyrelatedto j 's importance.On the otherhand,one
canview eachweight asthe level of endorsement,or respect,i grantsj —a quantity
directlyproportionalto j 's importance.We adoptthis latterinterpretation.

Undereither interpretation(weightsasdistancesor weightsasendorsements),a
socialnetwork canbeseenasa collectionof judgments,onemadeby eachindividual
in thesociety. Correspondingly, weseekameansof aggregatingindividual judgments
into a singlecollective ranking. In otherwords,we considertheaforementionedfun-
damentalproblemin socialnetwork analysisasakin to a key questionin voting: how
to aggregatethe preferencesof many individuals into a singlecollective persuasion
thatre�ects thepreferencesof thepopulationasa whole.

Givena link graph,perhapsthemostbasicrankingschemeis degreecentrality, in
whichi 'srankisacombinedmeasureof its indegree,thestrengthof theendorsementsi



receives,andoutdegree,thestrengthof theendorsementsi makes.It is straightforward
to computethis metric.However, it couldbearguedthatit is alsosensibleto take into
accountinferredendorsements:e.g.,if i endorsesj andj endorsesk, theni endorses
k in a sense.At theoppositeendof thespectrumlie rankingschemesthatincorporate
all suchinferredendorsements.

Centralto thesealternativesis a hypothesisdueto Bonacich(1972):an individual
is deemedimportantif heis endorsedby otherimportantindividuals. In otherwords,
thestrengthof anendorsementshouldbeconstruedrelativeto therankof theindividual
makingtheendorsement.In termsof our voting analogy, Bonacichsuggestsrelating
the collective ranking to the sum of all individual judgments,eachweightedby its
respective rank as determinedby the collective. The �x ed point of this averaging
process—theprincipaleigenvectorof thelink graph—de�nesBonacich'smetric,also
known aseigenvectorcentrality. Although intuitively appealing,the computationof
this �x edpoint canbeprohibitive in largenetworks.

Recently, computerscientistshave developedrelatedschemesto rankweb pages
basedon theWeb's underlyingtopology. Viewedasa socialnetwork, webpagesare
individualsandhyperlinksare links. The mostprominentapproachto rankingweb
pagesis thePageRankalgorithm(PageandBrin, 1998;Pageetal.,1998),uponwhich
the Googlesearchengineis built. PageRankaggregatesthe information contained
in the Web's hyperlinksto generatea rankingusinga processmuchlike Bonacich's
methodfor computingeigenvectorcentrality.

In this paper, we presentQuickRank,anef�cient algorithmfor computinga rank-
ing in an hierarchical social network. Many socialnetworks arehierarchical. One
aptexamplealreadymentionedis theWeb,wherethe individualsarewebpages,the
network structureis provided by hyperlinksfrom oneweb pageto another, and an
explicit hierarchicalstructureis givenby theWeb's domains,subdomains,andsoon.
Another�tting exampleis the Enronemail database,whereindividualsareemploy-
ees,the network structureis given by emailsfrom oneemployeeto another, andan
explicit hierarchicalstructureis given by the corporatehierarchy. Yet anothercom-
pelling exampleis a citation index. In this case,the individualsarepublications,the
network structureis dictatedby thereferencesfrom onepublicationto another, andan
explicit hierarchicalstructureis givenby the categorizationof publicationsby �elds
(e.g.,computerscience),sub�elds(e.g.,AI, theory, andsystems),andsoon.

As we sketchthekey ideasbehindtheQuickRankalgorithmin this introductory
section,we alludeto thesamplehierarchicalsocialnetwork shown in Figure1, a net-
work of web pageswithin a domainhierarchy. The web pages,indicatedby gray
rectangles,aretheindividualsin this society. Socialrelationshipsbetweentheseindi-
viduals(i.e., hyperlinksbetweenweb pages)areshown asdashedlines with arrows.
Thedomainhierarchyis drawn usingsolid lineswith domainsandsubdomainsasinte-
rior nodes,indicatedby solidblackcircles,andwebpagesasleaves(grayrectangles).

Up to normalization,a ranking is a probability distribution. Given any normal-
izedranking(i.e., probabilitydistribution) of the individualsin anhierarchicalsocial
network, by conditioningthatglobaldistribution on a particularsubcommunity(e.g.,
CS), we canderive a conditional rankingof only thoseindividualswithin that sub-
community(e.g.,Pr[page1 j CS],Pr[page2 j CS],etc.).Likewise,from therespective



Figure1: A samplehierarchicalsocialnetwork.

marginal probability of eachsubcommunity, we can infer what we call a marginal
ranking1 of subcommunitiesthemselves(e.g.,Pr[AI j CS],Pr[theoryj CS],etc.).Con-
versely, it is straightforwardto recovertheglobalrankingbycombiningtheconditional
andmarginal rankingsusingthechainrule. For example,Pr[page1] = Pr[page1 j AI]
Pr[AI j CS]Pr[CS].

Hence,to computea global ranking of the individuals in an hierarchicalsocial
network, it suf�ces to computemarginal rankingsat all interior nodes(i.e., rank the
childrenof all interiornodes),andcombinethosemarginalrankingsvia thechainrule.
To facilitaterecursive implementation,QuickRanklocalizesthecomputationof each
marginalranking:any links to or from leavesoutsidethesubtreeathandareignoredin
suchcomputations.Beyondthis computationalmotivation, localizingmarginal rank-
ing computationscanbemotivatedby thefollowing “peer-review principle:” endorse-
mentsamongpeers (i.e., membersof thesamesubcommunity)shouldbetakenat face
value, whileotherendorsementsshouldbeconsideredasonlyapproximate.

Intuitively, it is plausiblethat rankinginformationamongindividualsin a tightly-
knit communitywould be morereliablethanrankinginformationamongindividuals
who areonly looselyconnected.Recall the citation index, a naturalexampleof an
hierarchicalsocialnetwork. Whena researchercitesa topic in his areaof expertise,
he is likely to selectthe mostappropriatereferences.In contrast,if for somereason
a researcherwith expertisein onearea(e.g., computerscience)is citing a result in
another(e.g.,sociology),hemay chooseonly somewhatrelevant references.Hence,
we contendthat thepeer-review principle,which justi�es localizedmarginal ranking
computations,be�ts at leastsomeapplicationareas.

1Viewing eachinterior nodeastheroot of a subtree,we informally refer to the rankingof thechildren
of an interior nodeasa marginal ranking,althoughsucha ranking is technicallya conditionalmarginal
ranking,conditionedon thesubcommunityde�ned by thatsubtree.



To fully implementthepeer-review principleit is necessaryto de�ne somenotion
of approximateendorsements.To thisend,we interpretanendorsementby anindivid-
ual i in communityA for anotherindividual j 6= i in anothercommunityB 6= A as
comprisingpartof anendorsementby A of B . More precisely, weaggregateendorse-
mentsby individualsin A for individualsin B into anendorsementby A of B by �rst
scalingtheendorsementsfrom eachi to eachj by i 'smarginalrank,andthensumming
theresultingweightedendorsements.If wewereto replacethetargetj of anendorse-
mentby any otherj 0 2 B , theresultingaggregateendorsementremainsunchanged.In
thissense,theoriginalendorsementis viewedas“fuzzy” or “approximate.” Moreover,
by interpretinglinks originatingat i asi 's judgment,this aggregationprocesscanbe
seenasanapplicationof Bonacich'shypothesis(to obtainendorsementsof eachj 2 B
by A) followedby a summationoverall j 2 B (to obtainanendorsementof B ).

Together, theprincipleof peerreview andBonacich'shypothesisleadto theQuick-
Rankalgorithm,whichwe illustrateon theexamplein Figure1. We begin by restrict-
ing thelink graphto,say, theAI subdomain,therebyconstructingalocallink subgraph.
Next, we applyany “�at” rankingscheme(e.g.,degreeandeigenvectorcentralityand
PageRank)to this link subgraphto producea marginal rankingof thepagesin theAI
subdomain(i.e.,a distribution over1 and2). Then,we scalethelinks from 1 to 4 and
2 to 3 by themarginalranksof 1 and2, respectively, to generatelinks from AI to 4 and
3. Finally, we sumtheseresultsto produceanaggregatelink from AI to theory.

Repeatingthis procedurefor the theoryandsystemssubdomains,we “collapse”
eachof theCSsubdomainsinto a leaf, andsubstitutethesesubdomainsfor their cor-
respondingwebpagesin the link graph.We thenproceedrecursively, constructinga
local link subgraph,andcomputinga marginal rankingof theCSsubdomains.Com-
bining this marginal rankingwith themarginal rankingsof thewebpagesin eachCS
subdomainyieldsasinglemarginalrankingof all thewebpagesin theCSdomain.We
repeatthis processuntil theentirehierarchyhasbeencollapsedinto a singlenode,at
whichpointwe obtaina rankingof all pagesin theedu.brown domain.

Overview This paperpurportsto contributeto theliteratureon socialnetwork anal-
ysisby introducingtheQuickRankalgorithm.As suggestedby thepreviousexample,
QuickRankis parameterizedby a “BaseRank”procedure(i.e., a �at rankingscheme,
suchasdegreecentrality)usedto computemarginal rankings. We begin in the next
sectionby preciselyde�ning BaseRankproceduresand identifying desirableprop-
ertiesof suchprocedures.In Section3, we presentpseudocodefor the QuickRank
algorithm.We alsoconsiderto whatextentQuickRankpreservesourpreviously iden-
ti�ed desirablepropertiesof BaseRankprocedures.Then, in Section4, we provide
sampleQuickRankcalculations.Our �rst exampleillustratesthedistinctionbetween
standalone“BaseRanks”and“QuickRanks,” therankingsoutputby theseschemes.A
furtherexampleshowshow QuickRankis potentiallymoreresistantto link-spamming
thancorrespondingBaseRankprocedures.We concludein Section5. A discussionof
relatedwork is deferredto theQuickRanktechnicalreport,currentlyin preparation.



2 A Uni�ed View of Flat Ranking Algorithms

QuickRankis parametizedby a �at (i.e., non-hierarchical)ranking algorithm, or a
“BaseRank”procedure.In this section,we preciselyde�ne a BaseRankprocedure,
andwe formulatethefour �at rankingschemesmentionedin theintroductionassuch.
Wealsopresentfour desirablepropertiesof BaseRankprocedures,anddiscussto what
extentthefour aforementionedrankingschemessatisfytheseproperties.

2.1 Preliminary De�nitions

A socialnetwork encodesrelationshipsamongindividualsin asociety. Suchanetwork
canbe representedby a link graph. Individualsi; j 2 I arerepresentedasvertices,
andthe fact that individual i relatesto individual j is representedby a directedlink
from vertex i to vertex j , augmentedby a nonnegative real-valuedweight indicating
thestrengthof i 's relationshipto j .

A judgmentis anonnegative,real-valuedvectorindexedonI . Wede�ne anequiv-
alencerelationon judgmentswith r 1 andr 2 equivalentif cr1 = r 2. For our purposes,
a rankingis suchan equivalenceclasshr i (althoughwe often refer to a rankingby
any representiveof theclass).A rankinghasexactlyonerepresentative thatis a prob-
ability distribution, which canbe obtainedby normalizingany other representative.
Further, a rankingrepresentsa consistentestimateof therelative merit of pairsof in-
dividuals:i.e., for all pairsof individualsi andj , therankingof i relative to j , namely
r i
r j

2 [0; 1 ], is well-de�ned.
A link graphis anonnegative,real-valuedsquarematrix indexedon I . We restrict

attentionto thecasewheretheweightsin thelink graphmayreasonablybeinterpreted
asendorsements,ratherthandistances.2 A judgmentgraphis a link graphfurthercon-
strainedto havepositivediagonalentries.Eachcolumnin ajudgmentgraphrepresents
the judgmentof oneindividual. Therequirementthat thediagonalbepositive canbe
interpretedto meanthatindividualsarerequiredto judgeothersrelativeto themselves.
Whereasrankingsarescaleinvariant,judgmentsarescaledependent.

In the introduction,we presentedranking schemesas operatingon link graphs.
Thatwasaconvenientoversimpli�cation. More precisely, they mapa judgmentgraph
andaprior rankingto aposteriorranking.Weview theinferenceof a judgmentgraph
from a link graphasa preprocessingstep. This stepmight consistof insertingself-
loops: replacingzeroson thediagonalwith ones.In thecaseof theWebor a citation
database,for example,suchself-loopswould modeleachwebpageor publicationas
implicitly referringto (i.e.,endorsing)itself.

Analogously, wede�ne aBaseRankprocedureasahigher-orderfunctionthattakes
a judgmentgraphto a mappingwhich infersa posteriorrankingfrom a prior. When
usedwithin theQuickRankalgorithm,we requirethattheposteriorrankingoutputby
theBaseRankprocedurebenormalizedto aprobabilitydistribution. Theprior ranking
maybeviewedasthepersuasionof the“center” (i.e., theimplementerof theranking

2It seemsconceivablethatQuickRankcanbesuitablymodi�ed to handlethedistanceinterpretationby
rede�ningthepeer-review notionof approximationasaggregatingby takingaminimuminsteadof summing,
but wehave notyet exploredany applicationsof this sort.



scheme).A BaseRankprocedurethenis a meansof aggregatingthejudgmentsof the
individualsin thesociety, andthecenter, into a singlecollectiveposteriorranking.

Givena judgmentgraphR andaprior rankinghr i , Bonacich'shypothesissuggests
thatwe may infer a collective judgmentasr 0 = Rr . In this way, individual j 's pos-
terior positionis thesumof eachindividual i 's conceptionof j , weightedby theprior
rankof i . By ignoringscalein r 0, we caninfer theposteriorrankinghr 0i . Note that
theresultof thesetwo inferencestepsis well-de�ned, in thathr 0i dependsonly onhr i
andnot on r itself. We usethe term linear to describea BaseRankprocedurewhose
mappingfrom a prior rankingto a posteriorabidesby Bonacich'shypothesis.

2.2 SampleBaseRankProcedures

We now describehow the four rankingschemesmentionedin the introduction(i.e.,
indegree,outdegree,eigenvectorcentralityandPageRank)canbe viewed BaseRank
procedures.We assumethat the link graphhasbeenpreprocessed,with self-loops
insertedasnecessary, to yield an “initial” judgmentgraph. Sincethe inferencestep
is �x ed, the key stepin a linear BaseRankprocedureis the way in which a “�nal”
judgmentgraphis inferred from the initial judgmentgraph. The degreecentrality
metricsandPageRankareexamplesof linearBaseRankprocedures,asis eigenvector
centralityundercertainassumptions(seeTheorem2.2).

The indegreeandoutdegreeof individual i are de�ned respectively, as follows:
givenaninitial judgmentgraphR,

IN(i ) =
X

j

Rij OUT(i ) =
X

j

Rj i (1)

Both thesecentralitymetricscanbe understoodas linear BaseRankproceduresthat
infer a posteriorrankingfrom a uniform prior. Indegreeis simply the identity func-
tion: the initial and �nal judgmentgraphsare identical. Outdegreeis the transpose
operation:theinitial and�nal judgmentgraphsaretransposesof oneanother.

ThePageRankalgorithmis parameterizedbyavalue� 2 (0; 1) andadistributionv,
oftenreferredto asa “personalizationvector.” In apreprocessingstep,thecolumnsof
the judgmentgrapharenormalizedto yield a Markov matrix M . PageRankoperates
on the convex combinationof M with the rank one Markov matrix vJ t (whereJ
ambiguouslydenotesany vectorof all 1's), namelyM � = (1 � � )M + �v J t . This
matrix is easilyseento beregular (i.e.,possessingasingleclosedclass,cf. Wicksand
Greenwald(2005)),hencewith auniquestabledistributionv1 . Moreover, Haveliwala
andKamvar (2003)have shown thatM � hasa secondlargesteigenvalueof 1 � � , so
thatlim k !1 M k

� v0 = v1 , for any initial distributionv0, with convergenceas(1� � )k .
This resultfollowsalternatively by writing v1 asthelimit of a geometricseries:

Theorem2.1 If M is a Markov matrixandM � = (1 � � )M + �v J t , then

v1 = lim
k !1

M k
� v0 = �

1X

i =0

(1 � � ) i M i v (2)



This theoremimplies thatPageRankis a linearBaseRankprocedure,which takes
aninitial judgmentgraphM to a �nal judgmentgraph�

P 1
i =0 (1 � � ) i M i . Theprior

rankingcorrespondsto the personalizationvectorandthe posteriorrankingis a dis-
countedsumof all theinferredrankings(includingtheprior).

UnlikedegreecentralityandPageRank,whichwehaveshown arelinearBaseRank
procedures,eigenvectorcentrality is not. Given a judgmentgraphR and an prior
rankingv0, thealgorithminfersa sequenceof posteriorrankingsvn +1 = Rv n

kRv n k1
. It

canbeshownthatthissequenceeventuallyconvergesto a�x edpointv1 , whichcanbe
interpretedasthecollectiveranking.Moreover, this iterativeprocesscanbeexpressed
asalinearinferencev1 = R � v0

kR � v0 k1
, where� , andhenceR� , dependonthesupportof

v0. In particular, eigenvectorcentralityis a piecewise-linearBaseRankprocedure.In
thespecialcasewherethejudgmentgraphis strongly-connected(i.e.,R is irreducible),
eigenvectorcentralityis linear, becauseR � is constant(i.e., independentof � ) andv1

is independentof v0. Formally,

Theorem2.2 If a judgmentgraphR � 0 is irreduciblewith non-zero diagonal,there
existsa uniquerankingv > 0, such thatkvk1 = 1 andRv = � (R)v, where� (R) is the
magnitudeof thelargesteigenvalueof R. Moreover, for anyv0 � 0, if vn +1 = Rv n

kRv n k1
,

limn !1 vn = v. Thatis, v1 = v andfor all � , R� = vJ t .

2.3 GeneralizedProxy Voting

If we view eachindividual's rank as a collection of proxy (i.e., in�nitely divisible
and transferable)votes, then a judgmentgraphmay be interpretedas a proxy-vote
speci�cation indicating how eachindividual is willing to assignhis proxy votesto
others.Givena prior ranking(i.e., an initial allocationof proxy votes),theposterior
inferredby a linear BaseRankprocedureis a reallocationbasedon the resultsof a
single round of proxy voting. More generally, in generalized proxy-voting(GPV),
individualscasttheir votesrepeatedlyover time (i.e., eachposteriorservesasa prior
in thenext round),until ultimately, thesequenceof posteriorsis averagedinto a �nal
votecount:i.e.,a �nal ranking.

While historically PageRankhas been viewed in terms of a “random-surfer”
model (cf. Page et al. (1998)), Theorem2.1 suggeststhat it may be more aptly
viewed as a GPV mechanismwith a discountfactor 
 2 [0; 1). In particular, for
a given prior ranking v, the posteriorcomputedby PageRankcan be expressedas
(1 � 
 ) � 1 P 1

i =0 
 i M i v. Notice that this is just the averageof the inferredrankings
M i v, wherei is distributedgeometricallywith mean
 . It is naturalto generalizeto
allow weightingby arbitrarydistributions,

P 1
i =0 � i M i v, or evenasthelimit of such,

limN !1
P N

i =0 � i;N M i v. Formally, wede�ne ageneralizedproxy-votingmechanism
asa (linear)BaseRankprocedurethat takesan initial judgmentgraphM into a �nal
judgmentgraphlim N !1

P N
i =0 � i;N M i .

Observe thatall the �at rankingschemesmentionedabove, exceptoutdegree,are
not only linear BaseRankprocedures,but canbe seenasGPV mechanismsaswell.
Indegree is a trivial instanceof GPV with � i;N = � i; 1. By Theorem2.1, Page-
Rank is a GPV mechanismwith � i;N = � (1 � � ) i . Finally, if we restrict atten-



tion to irreduciblejudgmentgraphs,eigenvectorcentralityis a GPVmechanism,with

� i;N =

(
1

N +1 if 0 � i � N

0 otherwise
. This �nal claim followsTheorem2.2andthewell-

known fact that lim i !1 si = lim k !1
1
k

P k � 1
i =0 si . Althoughoutdegree,which takes

R to Rt is linear, it is notaGPVmechanism.

2.4 Axioms

Next, we identify two typesof judgmentgraphsthathave naturalinterpretations,and
on which a particularbehavior for a BaseRankprocedureseemspreferred.First, con-
sider the identity matrix I asa judgmentgraph—theidentity graph—inwhich each
individual rankshimself in�nitely superiorto all others. Sucha rankinggraphpro-
videsno basisfor modifying a prior ranking.Thus,on this input, it seemsreasonable
thata BaseRankprocedureshouldactastheidentity function(i.e.,posterior= prior).

Second,considerthe caseof a consensusgraph,that is, a judgmentgraphxy t ,
wherex is a distribution and yi is individual i 's arbitrary scalingfactor. In other
words,a consensusgraphis a rank1 matrix: everyoneagreeson therankingx, up to
a multiple. Sincethereis consensusamongthe individualsin thesociety, we contend
thatany prior rankingshouldbeignored.A BaseRankprocedureshouldsimply return
theconsensusx. We restatethesetwo propertiessuccinctly, asfollows:

Identity: B aseRank(I ) = id

Consensus:B aseRank(xy t ) = x

Anotherimportantissueassociatedwith rankingschemesis thatof manipulation
via “link spamming.” Thegoalof link spammingis to gamearankingsystemby creat-
ing many falsenodes,sometimescalledsybils(ChengandFriedman,2006),that link
to somenoden, therebyattemptingto in�uence therankof noden. Webspammingis
a particularlypopularform of link spamming(GyongyiandGarcia-Molina,2004).

A judgment graph inhabited by sybils takes the following form: M 0 ="
M N

0 M

#

, whereM is the original judgmentgraph(i.e., without the sybils), N

describesthelinks from thesybilsto existingmembersof thesociety, andM describes
thelinks amongsybils.Sincesybilsarenew to thecommunity, andhenceunknown its
originalmembers,weassumethatthereareno links from thosemembersto sybils.

Observe thatgeneralizedproxy-voting mechanismsarespam-resistantin the fol-
lowing sense:Givena prior rankingwhich placesno weight on sybils, the posterior
rankingcomputedwith respectto themodi�ed judgmentgraphM 0 is, for all intents
andpurposes,equivalentto theposteriorrankingcomputedwith respectto theoriginal
judgmentgraphM . Thatis,



Property Indegree Outdegree Eigenvector PageRank
Linear Yes Yes No Yes
GPV Yes No Yes Yes
Identity Yes Yes Yes Yes
Consensus Yes Yes Yes No

Table1: Somepropertiesof rankingschemes.

Theorem2.3 If M 0 =

"
M N

0 M

#

, v0 =

"
v

0

#

, and B aseRank(�) =

limN !1
P N

i =0 � i;N (�) i , thenB aseRank(M 0)v0 =

"
B aseRank(M )v

0

#

.

For example,sincePageRankis a GPV mechanism,we apply Theorem2.3 to
show that the posteriorrankingof non-sybilsis unaffectedby their presence,if we
assignsybilsa prior rankof 0. In otherwords,if sybilscanbedetecteda priori , then
PageRankmay be renderedimmuneto suchan attack. Although the corresponding
Markov matrix neednot be irreduciblefor sucha “personalization”vector, we con-
cludefrom Theorem2.1 that theMarkov processconvergesfor all prior rankingsv0.
Note that this conclusionfollows speci�cally from our interpretationof PageRankas
a GPVmechanism,asopposedto thetraditional“randomsurfer” model.

Table1 summarizeshow eachof thefour rankingschemesdiscussedin thissection
behave with respectto the four propertiesof BaseRankproceduresdiscussedin this
section.PageRankdoesnot satisfytheconsensuspropertybecauseit is alwaysbiased
to somedegreeby theprior ranking.However, usingthenotationintroducedabove,if
we insteadde�ne M � = (1 � � )M + �M vJ t , theresultingalgorithmsatis�esall four
properties.This modi�ed PageRankcorrespondsto a linearBaseRankprocedurewith
�nal judgmentgraph�

P 1
i =0 (1 � � ) i M i +1 , that is, theposterioris a discountedsum

of all inferredrankingsexcludingtheprior.
Fundamentally, QuickRank'sdesignis basedon thetwo key ideasdiscussedin the

introduction,namelythepeer-review principleandBonacich's hypothesis.However,
asQuickRankis parameterizedby a BaseRankprocedure,it is alsodesignedto pre-
servetheIdentityandConsensusproperties.In thenext section,wedetailthealgorithm
andargueinformally that it indeedpreservesthesetwo propertiesof BaseRankpro-
cedures,althoughit fails to preserve linearity. Whenwe presentsamplecalculations
in Section4, we notethatQuickRankpreservesthespam-resistanceof its BaseRank
procedure,andwe illustrateits potentialto resistspamevenfurther.



3 QuickRank: The Algorithm

QuickRankoperateson a hierarchicalsocial network, that is a judgment3 graphR
whoseverticesaresimultaneouslyleavesof a treeT. At a high level, QuickRank�rst
ranksthe leavesusingthe link informationcontainedin the local subgraphs;it then
propagatesthoselocal4 rankingsup thetree,aggregatingthemateachlevel, until they
have beenaggregatedinto a singleglobalranking.Ultimately, a node'sQuickRankis
theproductof its ownlocal rankandthelocal rankof eachof its ancestors. QuickRank
is parameterizedby aBaseRankprocedure,which it usesto computelocal rankings.It
alsotakesasinputa prior rankingof theleaves.It outputsa posteriordistribution.

Althoughwe presentQuickRankpseudocode(seeAlgorithm 1) that is top-down
andrecursive,likemany algorithmsthatoperateontrees,thesimplestwayto visualize
theQuickRankalgorithmis bottom-up.Fromthispointof view, QuickRankrepeatedly
identi�es “collapsible” nodesin T , meaningthe root nodesof subtreesof depth1,
andcollapsestheminto leaf nodes(i.e., subtreesof depth0) until thereareno further
opportunitiesfor collapsing:i.e.,until T itself is aleafnode.Collapsingnoden entails:
(i) computinga local rankingat n, that is a rankingof n's children,and(ii) basedon
this local ranking,aggregatingthe rankingsandthe judgmentsof n's childreninto a
singlerankinganda singlejudgment,bothof whichareassociatedwith n.

NotethatQuickRankis a well-de�ned algorithm: that is, theorderin which local
rankingsarecomputeddoesnotimpacttheglobalranking.Thispropertyis immediate,
sinceQuickRankpropagatesstrictly local calculationsup the tree in computingits
globaloutput. Moreover, thecollapseoperationreplacesa subtreeof depth1 with a
subtreeof depth0 sothatQuickRankis guaranteedto terminate.

Data Structur es Algorithm 1 takesasinput Tn , subtreeof T rootedat noden, and
returnstwo datastructures:(i) a rankingof all leaves(with supportonly on Tn ) and
(ii) a judgment,which is the averageof all judgmentsof Tn 's leaves,weightedby
the ranking computedin (i). At leaf noden, the ranking is simply the probability
distributionwith all weightonn, denoteden , andthejudgmentis givenby Rn .

Computing Local Rankings Recallthat themain ideaunderlyingQuickRankis to
�rst computelocal rankings,andto thenaggregatethoselocal rankingsinto a single
globalranking.Givenacollapsiblenoden, alocalrankingis arankingof n'schildren.
To computesucha ranking,QuickRankreliesona BaseRankprocedure.

There are two inputs to this BaseRankprocedure. The �rst is n's local (i.e.,
marginal) prior ranking. Thesecondis a local judgmentgraphM . For j andk both
childrenof noden, theentryof M in therow correspondingto k andthecolumncor-
respondingto j is theaggregationof all endorsementsfrom leavesin Tj to leavesin
Tk , equalto thesumof all entriesin thej th judgmentcorrespondingto leavesof Tk .

AggregatingRankingsand Links To aggregatetherankingsof n'sm childreninto
a singlerankingassociatedwith n, QuickRankaveragesthe rankingsr 1; : : : ; r m ac-

3As above,weassumethelink graphhasbeenpreprocessedto form a judgmentgraph.
4Whereasin theintroduction,weusedthetermmarginal,wenow usethetermlocalto referto theranking

of anode's children.Thesalientpointhereis: this rankingis computedusingstrictly local information.



cordingto theweightsspeci�edby thelocal rankingr . If we concatenatethem rank-
ings into a matrix Q =

�
r 1 � � � r m

�
, then the aggregationof rankingscanbe

expressedsimplyasQr . Also associatedwith eachchild j of acollapsiblenoden is a
judgmentl j . Thesejudgmentsareaggregatedin preciselythesamewayasrankings.

Algorithm 1 QuickRank(noden)
1: if n.isLeaf()then
2: return hn:getJudgment() ; en i
3: else
4: m = n.numChildren()
5: for j = 1 to m do
6: hl j ; r j i  QuickRank(n:getChild(j ))
7: for k = 1 to m do
8: M k j = Sum(l j ; n:getChild(k))
9: end for

10: end for
11: P =

�
l1 : : : lm

�

12: Q =
�

r 1 : : : r m
�

13: r = BaseRank(M , n.getLocalPriorRanking())
14: return hPr; Qr i
15: end if

We now arguethatif theBaseRankproceduresatis�estheIdentityandConsensus
properties,thenso, too, doesQuickRank. First, notice that, when restrictedto any
subcommunity(i.e.,square,diagonalblock),anidentityor consensusgraphyieldsthe
sametype of graphagain. Moreover, aggregatinglinks in sucha communitywithin
theoriginalgraph(i.e.,summingrowsandaveragingcolumns)alsoresultsin thesame
typeof graph. Consequently, if QuickRankemploys a BaseRankprocedurewith the
Identity property, it will outputthe prior distribution on the identity graph,sincethe
prior local rankingswill remainunchangedateachlevel in thehierarchy.

Now considera consensusgraphwith rankingx s.t. kxk1 = 1. Restrictionto a
subcommunitygivesa consensusgraphon thecorrespondingconditionaldistribution
of x. Likewise,aggregationproducesaconsensusgraphonthecorrespondingmarginal
distribution of x. If QuickRankemploys a BaseRankalgorithmwith the consensus
propertyon a consensusgraph,it will graduallyreplacethe prior distribution at the
leaveswith theconditionaldistributionsof x, until it �nally outputsx itself.

We concludethis sectionby pointingout that,even if theBaseRankprocedureis
linear, QuickRankmay not be expressibleasa linear inference. Normalizing local
rankingsto form distributionscanintroducenon-linearities.In the next section,we
providesampleQuickRankcalculations.



4 Examples

Wenow presenttwo examplesthatverify our intuition regardingQuickRankandillus-
tratesomeof itsnovel features.RecallthatQuickRank,asit operatesonanhierarchical
socialnetwork (HSN), is parameterizedby aprior rankingandaBaseRankprocedure.

First, considerthe HSN shown in Figure2a. The hierarchyis drawn usingsolid
lines. The link graphis indicatedby dottedlines betweenthe numberedleaves. All
weightsareassumedto be1. ComputingQuickRanksfor thisHSN,varyingtheBase-
Rankprocedureamongindegree,eigenvectorcentrality, andPageRank,5 but always
assuminga uniform prior ranking,leadsto therankings,cardinalandordinal,shown
in Table2. The valuesin the posteriordistributionshave beenrounded;hence,the
ordinalrankingsmorepreciselyre�ect theexactvaluesin thosedistributions.

Figure2: Two examplesof hierarchicalsocialnetworks.

Table2: BaseRanksandQuickRanksfrom Figure2aanduniform prior.

Indegree Eigenvector PageRank
cardinal f 0.13,0.13,0.13,0.13,0.2,0.13,0.13g f 0.19,0.08,0.16,0.14,0.22,0.10,0.12g f 0.14,0.32,0.11,0.09,0.14,0.09,0.11g

Flat
ordinal 5 > 1 = 2 = 3 = 4 = 6 = 7 5 > 1 > 3 > 4 > 7 > 6 > 2 2 > 1 > 5 > 3 > 7 > 6 > 4

cardinal f 0.10,0.10,0.19,0.09,0.23,0.11,0.18g f 0, 0, 0.41,0, 0.59,0, 0g f 0.04,0.14,0.25,0.04,0.41,0.06,0.06g
QuickRank

ordinal 5 > 3 > 7 > 6 > 1 = 2 > 4 5 > 3 > 1 = 2 = 4 = 6 = 7 5 > 3 > 2 > 7 > 6 > 1 > 4

For eachBaseRankprocedure,we list two pairsof rankings: that which results
from ignoringthehierarchy,andthatwhichresultsfromexploiting it usingQuickRank.
Whenwe ignorethehierarchy, all threealgorithmsrank leaf 1 above (or equalto) 3.
However, since1 defersto 3 (i.e.,1 endorses3, but notviceversa),basedonourpeer-
review principle,3 shouldbe rankedhigherthan1. This outcomeindeedprevails in
theQuickRanks,for all threeBaseRankprocedures.

As anaddedbene�t, QuickRankcanbemoreresistantto link spammingthanBase-
Rankproceduresthatdo not exploit hierarchies.To demonstratethis phenomenon,in
Figure2b, we introducea sybil, leaf 8, into our original exampleto try andraisethe
rankof 6 by recommendingit highly. Notethemultiplicity of links from 8 to 6.

5Theresultsof rankingwith outdegreearenotqualititatively different,but areomittedfor lackof space.



Table3: Figure2bwith IndegreeasBaseRank.

Uniform Prior WeightedPrior
cardinal f 0.10,0.10,0.10,0.10,0.10,0.35,0.10,0.05g f 0.13,0.13,0.13,0.13,0.13,0.2,0.13,0.0g

Flat
ordinal 6 > 1 = 2 = 3 = 4 = 5 = 7 > 8 6 > 1 = 2 = 3 = 4 = 5 = 7 > 8

cardinal f 0.09,0.09,0.18,0.06,0.28,0.14,0.11,0.06g f 0.10,0.10,0.19,0.09,0.23,0.11,0.19,0.0g
QuickRank

ordinal 5 > 3 > 6 > 7 > 1 = 2 > 4 = 8 5 > 3 > 7 > 6 > 1 = 2 > 4 > 8

Applying QuickRankwith indegreeasBaseRankto this exampleyields therank-
ings shown in Table3. Using a uniform prior, thesybil is ableto raisetherankof 6
over7 and6 over4, whetherweexploit thehierarchy(i.e.,useQuickRank)or not(i.e.,
computeindegreesdirectly). QuickRankcannotpreventthis outcome,sincethesybil
is anacceptedmemberof 4's and7's community. However, thein�uence of thesybil
is somewhatmitigatedunderQuickRank.Sincetheresultingrankingmustrespectthe
hierarchy, theeffect of thesybil is to raisetheranksof both5 and6 (i.e., bothvalues
in theposteriordistribution). No amountof link spamfrom a sybil outsidetheir local
communitycanincreasetherankof 6 relative to 5.

Moreover, if one is able to identify sybils a priori , by settingthe prior ranksof
sybils to zero,onecanreducetheir in�uence even further. If we usea prior ranking
which is weightedagainstthe sybil, say uniform over 1-7 and zero on 8, Table 3
shows that indegreeproducesthe samerankingsas in Table 2, that is, without the
sybil, whetherweexploit thehierarchyor not. In general,Theorem2.3statesthatany
BaseRankprocedurewhich is a GPV mechanismwill necessarilyexhibit this same
behavior. QuickRankis not a GPV scheme(recall that QuickRankis nonlinearbut
thatGPVschemesarelinear).Still, QuickRankpreservesthespam-resistanceproperty
characteristicof GPVmechanisms.

5 Conclusion

Socialnetwork, or link, analysisis regularly appliedto informationnetworksto com-
puterankings(Gar�eld, 1972;Kleinberg,1998;PageandBrin, 1998;Pageetal.,1998)
andto socialnetworks(Bonacich,1972;Hubbell,1965;Katz, 1953;Wassermanand
Faust,1994)to determinestanding.Wediscusstwo examplesof informationnetworks
with inherenthierarchicalstructure:the Web andcitation indices. Socialnetworks,
like theEnronemaildatabase,alsoexhibit hierarchicalstructure.Simon(1962)sug-
geststhatsuchhierarchiesareubiquitous:

Almostall societieshave elementaryunitscalledfamilies,whichmaybegrouped
into villagesor tribes,andtheseinto larger groupings,andso on. If we make a
chartof socialinteractions,of whotalksto whom,theclustersof denseinteraction
in thechartwill identify a ratherwell-de�ned hierarchic6 structure.

6Simon's useof theterminology“hierarchic” is slightly broaderthanouruseof “hierarchicalstructure,”



Still, to our knowledge,link analysisprocedureslargely ignoreany hierarchical
structureaccompanyinganinformationor socialnetwork. In thispaper, weintroduced
QuickRank,a link analysistechniquefor rankingindividualsthatexploitshierarchical
structure.The foundationalbasisfor QuickRankis the peer-review principle,which
impliesthattherelative rankingbetweentwo individualsbedeterminedby their local
ranksin thesmallestcommunityto which they bothbelong. This principle, together
with anhypothesisdueto Bonacich,leadsto a recursive algorithmwhich is scalable,
parallelizable,andeasilyupdateable.

For alarge-scalenetwork suchastheWeb,weanticipatethatQuickRankwill yield
substantialcomputationalgainsoverstandardrankingmethods(e.g.,calculatingPage-
Ranksvia thepower method).Moreover, it appearsmoreresistantto link-spamming
thanotherpopularrankingalgorithmson contrivedexamples,althoughit remainsto
verify this claimempirically.
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