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Abstract

This paperpresentQuickRank,anef cient algorithmfor rankingindividualsin
asociety givenanetwork thatencodesheir relationshipsassuminghatnetwork
possessesnaccompaning hierarchicaktructure:e.g.,the Enronemaildatabase
togetherwith the corporation$ organizationalchart. The QuickRankdesignis
foundedon the “peerreview” principle,de ned herein,andan hypothesigueto
Bonacich.Togetherthesepremisedeadsto arecursve rankingalgorithmwhich
is scalableparallelizableandeasilyupdateableMoreover, it is alsopotentially
moreresistanto link-spammingthanotherpopularrankingalgorithms.

1 Intr oduction

A fundamentaproblemin the eld of socialnetwork analysiss to rankindividualsin
a societyaccordingto their implicit “importance”(e.g.,power or in uence), derived
from a network's underlyingtopology More precisely given a social network, the
goalis to producea (cardinal)ranking wherebyeachindividual is assigned nonney-
ative realvalue,from which anordinalranking(anorderingof theindividuals)canbe
extractedif desired.In this paper we proposea solutionto this problemspeci cally
gearedowardsocialnetworksthatpossessnaccompaying hierarchicalstructure.

A socialnetwork is typically encodedn alink graph with individualsrepresented
by verticesandrelationshipgepresentedly directededgespr “links,” annotatedvith
weights.Givenalink graph,therearemultiple waysto assignmeaningo theweights.
Ononehand,onecanview theweightonalink fromi toj asexpressinghedistance
fromi to j—a quantityinverselyrelatedto j 's importance. On the otherhand,one
canview eachweightasthe level of endorsemenir respectj grantsj—a quantity
directly proportionatto j 'simportance We adoptthis latterinterpretation.

Undereitherinterpretation(weightsas distancesor weightsasendorsementsh
socialnetwork canbe seenasa collectionof judgmentspnemadeby eachindividual
in thesociety Correspondinglywe seeka meansof aggreatingindividual judgments
into a singlecollective ranking. In otherwords,we considerthe aforementionedun-
damentaproblemin socialnetwork analysisasakin to a key questionin voting: how
to aggreyatethe preference®f mary individualsinto a single collective persuasion
thatre ects the preferencesf thepopulationasawhole.

Givenalink graph,perhapghe mostbasicrankingschemes degreecentrality in
whichi'srankis acombinedneasur®f its indegree thestrengthof theendorsements



receves,andoutdayree the strengthof theendorsementsmakes. It is straightforvard
to computethis metric. However, it couldbe arguedthatit is alsosensibleo take into
accountinferredendorsements.g.,if i endorse$ andj endorseg, theni endorses
k in asenseAt the oppositeendof thespectrunlie rankingschemeshatincorporate
all suchinferredendorsements.

Centralto thesealternativesis a hypothesiglueto Bonacich(1972):anindividual
is deemedmportantif heis endosedby otherimportantindividuals In otherwords,
thestrengthof anendorsemerghouldbeconstruedelative to therankof theindividual
makingthe endorsementln termsof our voting analogy Bonacichsuggestselating
the collective rankingto the sum of all individual judgments,eachweightedby its
respectie rank as determinedby the collective. The x ed point of this averaging
process—th@rincipal eigervectorof thelink graph—de nesBonacichs metric,also
known aseigervectorcentrality Although intuitively appealingthe computationof
this x edpoint canbe prohibitivein large networks.

Recently computerscientistshave developedrelatedschemedo rank web pages
basedon the Web's underlyingtopology Viewed asa socialnetwork, web pagesare
individuals and hyperlinksare links. The mostprominentapproachto rankingweb
pageds the PageRanlalgorithm(PageandBrin, 1998;Pageetal., 1998),uponwhich
the Google searchengineis built. PageRankaggreyatesthe information contained
in the Web's hyperlinksto generatea ranking using a processnuchlike Bonacichs
methodfor computingeigervectorcentrality

In this paperwe presenQuickRankanef cient algorithmfor computinga rank-
ing in an hierarchical social network Many social networks are hierarchical. One
aptexamplealreadymentioneds the Web, wherethe individualsareweb pagesthe
network structureis provided by hyperlinksfrom one web pageto anothey and an
explicit hierarchicalstructureis givenby the Web's domains,subdomainsandsoon.
Another tting exampleis the Enronemail databasewhereindividualsare employ-
ees,the network structureis given by emailsfrom one employeeto another andan
explicit hierarchicalstructureis given by the corporatehierarchy Yet anothercom-
pelling exampleis a citationindex. In this case the individualsare publicationsthe
network structures dictatedby thereference$rom onepublicationto anotherandan
explicit hierarchicalstructureis given by the cateyorizationof publicationsby elds
(e.g.,computerscience)sub elds(e.g.,Al, theory andsystems)andsoon.

As we sketchthe key ideasbehindthe QuickRankalgorithmin this introductory
section,we alludeto the samplehierarchicakocialnetwork shavn in Figurel, anet-
work of web pageswithin a domainhierarchy The web pages,indicatedby gray
rectanglesarethe individualsin this society Socialrelationshipdetweertheseindi-
viduals(i.e., hyperlinksbetweenweb pages)are shavn asdashedines with arrows.
Thedomainhierarchyis drawvn usingsolid lineswith domainsandsubdomaingsinte-
rior nodesjndicatedby solid blackcircles,andweb pagesasleaves(grayrectangles).

Up to normalization,a rankingis a probability distribution. Given ary normal-
ized ranking(i.e., probability distribution) of the individualsin an hierarchicalsocial
network, by conditioningthat global distribution on a particularsubcommunity(e.g.,
CS), we canderive a conditionalranking of only thoseindividualswithin that sub-
community(e.g.,Pr[pagel j CS],Pr[page? j CS], etc.).Likewise,from therespectie
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Figurel: A samplehierarchicakocialnetwork.

mauginal probability of eachsubcommunitywe caninfer what we call a marginal
ranking' of subcommunitiethemseles(e.g.,Pr[Al j CS], Pr[theoryj CS],etc.).Con-
verselyit is straightforwardto recovertheglobalrankingby combiningtheconditional
andmauginal rankingsusingthe chainrule. For example,Pr[pagel] = Pr[pagel j Al]

Pr[Al j CS]Pr[CS].

Hence,to computea global ranking of the individualsin an hierarchicalsocial
network, it sufces to computemarginal rankingsat all interior nodes(i.e., rank the
childrenof all interiornodes) andcombinethosemaminal rankingsvia thechainrule.
To facilitaterecursve implementationQuickRanklocalizesthe computationof each
maiginalranking:ary links to or from leavesoutsidethe subtreeathandareignoredin
suchcomputations Beyond this computationamotivation, localizing marginal rank-
ing computationg€anbe motivatedby thefollowing “peerreview principle:” endose-
mentsamongpeess (i.e., membes of the samesubcommunity3houldbetakenat face
valug while otherendosementshouldbe consideedasonly approximate

Intuitively, it is plausiblethatrankinginformationamongindividualsin atightly-
knit communitywould be morereliablethanrankinginformationamongindividuals
who are only loosely connected.Recall the citation index, a naturalexampleof an
hierarchicalsocialnetwork. Whena researchecitesa topic in his areaof expertise,
heis likely to selectthe mostappropriateeferencesln contrast,f for somereason
a researchewith expertisein one area(e.g.,computerscience)is citing a resultin
another(e.g.,sociology),he may chooseonly somevhatrelevantreferencesHence,
we contendthatthe peerreview principle, which justi es localizedmaiginal ranking
computationsbe ts atleastsomeapplicationareas.

lviewing eachinterior nodeasthe root of a subtreewe informally referto the rankingof the children
of aninterior nodeas a mamginal ranking, althoughsucha rankingis technicallya conditional maginal
ranking,conditionedon the subcommunityde ned by thatsubtree.



To fully implementthe peerreview principleit is necessaryo de ne somenotion
of approximateendorsementslo this end,we interpretanendorsemertty anindivid-
uali in communityA for anotherindividualj 6 i in anothercommunityB 6 A as
comprisingpartof anendorsementy A of B. More preciselywe aggrejateendorse-
mentsby individualsin A for individualsin B into anendorsemertty A of B by rst
scalingtheendorsementisom eachi to eachi by i'smamginalrank,andthensumming
theresultingweightedendorsementdf we wereto replacethetargetj of anendorse-
mentby ary otherj ° 2 B, theresultingaggreateendorsemenemainsunchangedin
thissensetheoriginalendorsemeris viewedas“fuzzy” or “approximate’. Moreover,
by interpretinglinks originatingati asi's judgment,this aggreyationprocesscanbe
seerasanapplicationof Bonacichs hypothesigto obtainendorsementsf eachj 2 B
by A) followedby a summatioroverall j 2 B (to obtainanendorsementf B).

Togethertheprincipleof peerreview andBonacichs hypothesideadto the Quick-
Rankalgorithm,which we illustrateon the examplein Figure1. We begin by restrict-
ingthelink graphto, say theAl subdomaintherebyconstructingalocallink subgraph.
Next, we applyary “ at” rankingschemge.g.,degreeandeigervectorcentralityand
PageRank}o this link subgrapto producea maminal rankingof the pagesn the Al
subdomair(i.e., adistribution over 1 and2). Then,we scalethelinks from 1 to 4 and
2to 3 by themaminalranksof 1 and2, respectiely, to generatdinks from Al to 4 and
3. Finally, we sumtheseresultsto produceanaggreyatelink from Al to theory

Repeatinghis procedurefor the theory and systemssubdomainsye “collapse”
eachof the CS subdomainsnto a leaf, andsubstitutehesesubdomaindor their cor-
respondingveb pagesn thelink graph. We thenproceedrecursvely, constructinga
local link subgraphandcomputinga marginal rankingof the CS subdomainsCom-
bining this mamginal rankingwith the mamginal rankingsof theweb pagesn eachCS
subdomairyieldsasinglemaminal rankingof all thewebpagesn theCSdomain.We
repeatthis procesauntil the entirehierarchyhasbeencollapsednto a singlenode,at
which pointwe obtaina rankingof all pagesn theedu.brown domain.

Overview This paperpurportsto contributeto theliteratureon socialnetwork anal-
ysisby introducingthe QuickRankalgorithm. As suggestedby the previousexample,
QuickRankis parameterizethy a “BaseRank”procedurd(i.e.,a at rankingscheme,
suchasdegreecentrality) usedto computemarginal rankings. We begin in the next
sectionby preciselyde ning BaseRankproceduresand identifying desirableprop-
ertiesof suchprocedures.In Section3, we presentpseudocoddor the QuickRank
algorithm.We alsoconsiderto whatextentQuickRankpreseresour previously iden-
tied desirablepropertiesof BaseRankprocedures.Then,in Section4, we provide
sampleQuickRankcalculations.Our rst exampleillustratesthe distinctionbetween
standalone“BaseRanksand“QuickRanks; therankingsoutputby theseschemesA
furtherexampleshavs how QuickRankis potentiallymoreresistanto link-spamming
thancorrespondinddaseRanlproceduresWe concludein Section5. A discussiorof
relatedwork is deferredto the QuickRanktechnicalreport,currentlyin preparation.



2 A Unied View of Flat Ranking Algorithms

QuickRankis parametizedby a at (i.e., non-hierarchicalyanking algorithm, or a
“BaseRank”procedure.In this section,we preciselyde ne a BaseRanlkprocedure,
andwe formulatethefour at rankingschemesnentionedn theintroductionassuch.
We alsopresenfour desirableoropertiesof BaseRankroceduresanddiscusgo what
extentthefour aforementionedankingschemesatisfytheseproperties.

2.1 Preliminary De nitions

A socialnetwork encodeselationship@mongndividualsin asociety Suchanetwork
canberepresentedby a link graph Individualsi; j 2 | arerepresentedsvertices
andthe factthatindividual i relatesto individual j is representedby a directedlink
from vertex i to vertex j, augmentedy a nonneative real-valuedweightindicating
thestrengthof i'srelationshipto j .

A judgments anonne@ative,real-valuedvectorindexedon| . We de ne anequiv-
alencerelationon judgmentswith r* andr? equivalentif cr! = r2. For our purposes,
arankingis suchan equialenceclasstri (althoughwe oftenrefer to a ranking by
ary representie of theclass).A rankinghasexactly onerepresentatie thatis a prob-
ability distribution, which canbe obtainedby normalizingarny otherrepresentatie.
Further a rankingrepresents consistenestimateof the relative merit of pairsof in-
dividuals:i.e.,for all pairsof individualsi andj, therankingof i relatvetoj, namely
{—J 2 [0;1 ], iswell-de ned.

A link graphis anonngyative, real-valuedsquarematrixindexedon | . We restrict
attentionto the casewheretheweightsin thelink graphmayreasonablypeinterpreted
asendorsementsatherthandistanceg. A judgmenigraphis alink graphfurthercon-
strainedo have positivediagonalentries.Eachcolumnin ajudgmentgraphrepresents
thejudgmentof oneindividual. The requirementhatthe diagonalbe positive canbe
interpretedo meanthatindividualsarerequiredto judgeothersrelative to themseles.
Whereagankingsarescaleinvariant,judgmentsarescaledependent.

In the introduction, we presentedanking schemesas operatingon link graphs.
Thatwasa convenientoversimpli cation. More preciselythey mapa judgmentgraph
anda prior rankingto a posteriorranking. We view theinferenceof ajudgmentgraph
from alink graphasa preprocessingtep. This stepmight consistof insertingself-
loops: replacingzeroson the diagonalwith ones.In the caseof the Web or a citation
databasefor example,suchself-loopswould modeleachweb pageor publicationas
implicitly referringto (i.e., endorsingjtself.

Analogouslywe de ne aBaseRankroceduresahigherorderfunctionthattakes
a judgmentgraphto a mappingwhich infers a posteriorrankingfrom a prior. When
usedwithin the QuickRankalgorithm,we requirethatthe posteriorrankingoutputby
theBaseRanlprocedurébe normalizedo a probabilitydistribution. Theprior ranking
may be viewed asthe persuasiorf the “center” (i.e., the implementerof the ranking

2|t seemsconcevable that QuickRankcanbe suitablymodi ed to handlethe distancenterpretatiorby
rede ningthepeerreview notionof approximatiorasaggregatingby takingaminimuminsteacf summing,
but we have notyet exploredary applicationsf this sort.



scheme) A BaseRanlprocedureghenis a meansof aggreyatingthe judgmentsof the
individualsin the society andthe centerinto a singlecollective posteriorranking.
GivenajudgmentgraphR andaprior rankingtr i, Bonacichs hypothesisuggests
thatwe may infer a collective judgmentasr® = Rr. In this way, individual j 's pos-
terior positionis the sumof eachindividuali's conceptiorof j , weightedby the prior
rankof i. By ignoring scalein r° we caninfer the posteriorrankinghr%. Notethat
theresultof thesetwo inferencestepss well-de ned, in thathr % depend®nly onfri
andnotonr itself. We usethe termlinear to describea BaseRanlprocedurevhose
mappingfrom a prior rankingto a posteriorabidesby Bonacichs hypothesis.

2.2 SampleBaseRankProcedures

We now describehow the four ranking schemesnentionedn the introduction(i.e.,
indegree,outdeyree,eigervectorcentrality and PageRank)canbe viewed BaseRank
procedures.We assumethat the link graphhasbeenpreprocessedyith self-loops
insertedas necessaryto yield an “initial” judgmentgraph. Sincethe inferencestep
is x ed, the key stepin a linear BaseRanlkprocedureis the way in which a “ nal”
judgmentgraphis inferred from the initial judgmentgraph. The degree centrality
metricsand PageRanlareexamplesof linear BaseRanlproceduresasis eigervector
centralityundercertainassumptiongseeTheorem?.2).

The indegreeand outdegreeof individual i are de ned respectiely, asfollows:
givenaninitial judgmentgraphR,

X X
IN(i) = Rjj ouT(i) = Rji (2)
j j

Both thesecentrality metricscan be understoodas linear BaseRankprocedureghat
infer a posteriorranking from a uniform prior. Indegreeis simply the identity func-
tion: theinitial and nal judgmentgraphsareidentical. Outdareeis the transpose
operation:itheinitial and nal judgmentgraphsaretransposesf oneanother

ThePageRanlalgorithmis parameterizedy avalue 2 (0; 1) andadistributionv,
oftenreferredto asa “personalizatiorvector’ In apreprocessingtep,the columnsof
the judgmentgrapharenormalizedto yield a Markov matrix M . PageRanloperates
on the corvex combinationof M with the rank one Markov matrix vJ' (whereJ
ambiguouslydenotesary vectorof all 1's), namelyM = (1 )M + vJ'. This
matrix is easilyseerto beregular (i.e.,possessing singleclosedclass cf. Wicks and
Greenvald (2005)),hencewith auniquestabledistributionv; . Moreover, Haveliwala
andKamvar (2003)have shovn thatM hasa secondargesteigervalueof 1 | so
thatlimyy M Xvp = vy , for ary initial distributionvo, with corvergenceas(l ).
Thisresultfollows alternatively by writing v; asthelimit of ageometricseries:

Theorem2.1 If M is a Markov matrixandM = (1 )M + vJ! then

R o
vi = lim M Kvg = @ My 2)
) i=0



This theoremimpliesthat PageRanks alinear Baselganlprocedurewhlch takes
aninitial judgmentgraphM to a nal judgmentgraph ~ ;_,(1  )'M'. Theprior
ranking correspondso the personalizatiorvectorandthe posteriorrankingis a dis-
countedsumof all theinferredrankings(includingthe prior).

Unlike degreecentralityandPageRankwhichwe have showvn arelinearBaseRank
proceduresegigervector centrality is not. Given a judgmentgraphR and an prior
rankingvp, the algorithminfers a sequencef posteriorrankingsv,+1 = k,sv"n”kl St
canbeshavn thatthis sequenceventuallycorvergesto a x edpointv; , whichcanbe
interpretedasthecollective ranking Moreover, thisiterative processanbe expressed
asalinearinferencev; = W, where , andhenceR , dependnthesupportof
Vo. In particular eigervectorcentralityis a piecaviselinear BaseRanlprocedure.In
thespeciakasenvherethejudgmentgraphis strongly-connectefl.e.,R isirreducible),
eigervectorcentralityis linear, becaus&® is constan(i.e.,independentf )andv;
is independenof vo. Formally,

Theorem 2.2 If ajudgmengraphR  Oisirreduciblewith non-zeo diagonal,there
existsa uniguerankingv > 0, sudthatkvk; = 1andRv = (R)v,whee (R)isthe
magnitudeof thelargesteigervalueof R. Moreover, foranyvgy 0O, if vper =

limnr  Vn, = v. Thatis,v; = vandforall ,R = vJ'.

Rv
kRVn k1 !

2.3 GeneralizedProxy Voting

If we view eachindividual's rank as a collection of proxy (i.e., in nitely divisible
and transferable)otes, then a judgmentgraph may be interpretedas a proxy-vote
speci cation indicating how eachindividual is willing to assignhis proxy votesto
others. Given a prior ranking(i.e., aninitial allocationof proxy votes),the posterior
inferred by a linear BaseRankprocedureis a reallocationbasedon the resultsof a
single round of proxy voting. More generally in genealized proxy-voting(GPV),
individualscasttheir votesrepeatedlyover time (i.e., eachposteriorsenesasa prior
in the next round),until ultimately, the sequenc®f posteriords averagednto a nal
votecount:i.e.,a nal ranking.

While historically PageRankhas beenviewed in terms of a “random-surfer”
model (cf. Page et al. (1998)), Theorem2.1 suggestghat it may be more aptly
viewed as a GPV mechanismwith a discountfactor 2 [0;1). In particular for
a given prllgr ranking v, the posteriorcomputedby PageRankcan be expressedas
(1 ) ! ,1 0 "M 'v. Noticethatthis is just the averageof the inferredrankings
M v, wherei is distributedgeometricallywith mean . It is naturalto generalizeto
allow we|ght|ngby arb|traryd|str|but|ons ,lo iM v, or evenasthelimit of such,

limy iz izo iN M'v. Formally, we de ne ageneralizeghroxy-votingmechanism
asa (linear) BaseRanlprgpedurethattakesan|n|t|al judgmentgraphM into a nal
judgmentgraphlimy 11 izo in M.

Obsenre thatall the at rankingschemesnentionedabove, exceptoutdegree,are
not only linear BaseRankproceduresbhut canbe seenas GPV mechanismaswell.
Indegreeis a trivial instanceof GPV with i = 1. By Theorem2.1, Page-
Rankis a GPV mechanismwith .y = (1 )'. Finally, if we restrict atten-



tion to ir(reduciblejudgmentgraphseigewectorcentralityis a GPV mechanismwith

N 11 ifO i N ) )
N = . . This nal claimfollows Theorem2.2andthewell-
’ 0 otherwise b
known factthatlimi;; sj = limgnp % ikzol s;. Althoughoutdegree,which takes

R to Rt is linear, it is nota GPV mechanism.

2.4 Axioms

Next, we identify two typesof judgmentgraphsthathave naturalinterpretationsand
onwhich a particularbehaior for a BaseRanlprocedureseemgreferred.First, con-
siderthe identity matrix | asa judgmentgraph—theidentity graph—inwhich each
individual rankshimselfin nitely superiorto all others. Sucha rankinggraphpro-
videsno basisfor modifying a prior ranking. Thus,on thisinput, it seemgeasonable
thata BaseRanlprocedureshouldactastheidentity function (i.e., posterior= prior).
Second considerthe caseof a consensugraph,thatis, a judgmentgraphxy®,
wherex is a distribution andy; is individual i's arbitrary scalingfactor In other
words,a consensugraphis arank 1 matrix: everyoneagreeson therankingx, upto
amultiple. Sincethereis consensuamongthe individualsin the society we contend
thatary prior rankingshouldbeignored.A BaseRanlprocedureshouldsimply return
theconsensug. We restatehesetwo propertiesuccinctly asfollows:

Identity: BaseRank(l) = id
Consensus:BaseRank(xy!) = x

Anotherimportantissueassociatedvith rankingschemess that of manipulation
via“link spamming. Thegoalof link spammings to gamearankingsystemby creat-
ing mary falsenodessometimegalledsybils (ChengandFriedman 2006),thatlink
to somenoden, therebyattemptingo in uence therankof noden. Webspammings
a particularlypopularform of link spamming GyongyiandGarcia-Molina,2004).

» A judgment graph inhabited by sybils takes the following form: M 0 =
M

0

describeshelinks from thesybilsto existingmembersf thesocietyandM describes
thelinks amongsybils. Sincesybilsarenew to thecommunity andhenceunknawn its
originalmembersye assumehatthereareno links from thosemembergo sybils.

Obsene that generalizegroxy-voting mechanismsre spam-resistarin the fol-
lowing sense:Givena prior rankingwhich placesno weight on sybils, the posterior
rankingcomputedwith respecto the modi ed judgmentgraphM Cis, for all intents
andpurposesequialentto the posteriorrankingcomputedwith respecto theoriginal
judgmentgraphM . Thatis,

N —
i , whereM is the original judgmentgraph(i.e., without the sybils), N



Property | Indegree Outdegree Eigervector PageRank
Linear Yes Yes No Yes
GPV Yes No Yes Yes
Identity Yes Yes Yes Yes
Consensus  Yes Yes Yes No

Tablel: Somepropertieof rankingschemes.

" _# " #
M N v
Theorem2.3 If M0 = o W vo = 0 and BaseRank() =

#
BaseRank(M )v

i Pn i 0
imy 1 o in (), thenBaseRank(M 9v0= 0

For example, since PageRankis a GPV mechanismwe apply Theorem2.3 to
shaw that the posteriorranking of non-sybilsis unafectedby their presenceif we
assignsybilsa prior rankof 0. In otherwords,if sybilscanbedetectedh priori, then
PageRankmay be renderedmmuneto suchan attack. Although the corresponding
Markov matrix neednot be irreduciblefor sucha “personalization’vector we con-
cludefrom Theorem2.1 thatthe Markov processornvergesfor all prior rankingsvo.
Note thatthis conclusionfollows speci cally from our interpretationof PageRankas
a GPV mechanismasopposedo thetraditional“randomsurfer” model.

Tablel summarizesiow eachof thefour rankingschemesliscussedh this section
behae with respecto the four propertiesof BaseRankproceduresliscussedn this
section.PageRanldoesnot satisfythe consensugpropertybecausét is alwaysbiased
to somedegreeby the prior ranking. However, usingthe notationintroducedabove, if
weinsteaddeneM = (1 )M + M vJt, theresultingalgorithmsatis esall four
propertiesThis modi g¢l PageRanicorrespondso alinearBaseRanlprocedurewith

nal judgmentgraph il:o (1 )'M ™ thatis, the posterioris a discountedsum
of all inferredrankingsexcludingtheprior.

FundamentallyQuickRanks designis basednthetwo key ideasdiscussedh the
introduction,namelythe peerreview principle and Bonacichs hypothesis.However,
asQuickRankis parameterizethy a BaseRanlprocedurejt is alsodesignedo pre-
senetheldentityandConsensupropertiesin thenext sectionwe detailthealgorithm
andargueinformally thatit indeedpreseresthesetwo propertiesof BaseRanlkpro-
ceduresalthoughit fails to presere linearity. Whenwe presentsamplecalculations
in Section4, we notethat QuickRankpreseresthe spam-resistancef its BaseRank
procedureandwe illustrateits potentialto resistspamevenfurther.



3 QuickRank: The Algorithm

QuickRankoperateson a hierarchicalsocial network, that is a judgment graphR
whoseverticesaresimultaneouslyeavesof atreeT. At a highlevel, QuickRank rst
ranksthe leavesusingthe link informationcontainedin the local subgraphsit then
propagateshoselocal* rankingsup thetree,aggreyatingtnemat eachlevel, until they
have beenaggrejatedinto a singleglobalranking. Ultimately, a node's QuickRankis
theproductofits ownlocal rankandthelocal rankof eat of its ancestos. QuickRank
is parameterizetly aBaseRanlprocedurewhichit usego computdocalrankings.It
alsotakesasinputa prior rankingof the leaves. It outputsa posteriordistribution.

Although we presentQuickRankpseudocodéseeAlgorithm 1) thatis top-down
andrecursve, like mary algorithmsthatoperateontreesthesimplestwayto visualize
theQuickRankalgorithmis bottom-up.Fromthis pointof view, QuickRankrepeatedly
identi es “collapsible” nodesin T, meaningthe root nodesof subtreesof depth1,
andcollapsegheminto leaf nodeg(i.e., subtreef depth0) until thereareno further
opportunitiedor collapsing:i.e.,until T itselfis aleafnode.Collapsingnoden entails:
(i) computingalocal rankingatn, thatis arankingof n's children,and(ii) basedon
this local ranking,aggreyatingthe rankingsandthe judgmentsof n's childreninto a
singlerankinganda singlejudgmentboth of which areassociatedvith n.

Notethat QuickRankis a well-de ned algorithm: thatis, the orderin which local
rankingsarecomputedioesnotimpacttheglobalranking. This propertyis immediate,
since QuickRankpropagatestrictly local calculationsup the treein computingits
global output. Moreover, the collapseoperationreplacesa subtreeof depthl with a
subtreeof depth0 sothatQuickRankis guaranteedb terminate.

Data Structures Algorithm 1 takesasinput T, subtreeof T rootedat noden, and
returnstwo datastructures:(i) a rankingof all leaves(with supportonly on T,) and
(ii) ajudgment,which is the averageof all judgmentsof T, 's leaves, weightedby
the ranking computedin (i). At leaf noden, the rankingis simply the probability
distribution with all weightonn, denotede,, andthejudgmentis givenby Ry, .

Computing Local Rankings Recallthatthe mainideaunderlyingQuickRankis to
rst computelocal rankings,andto thenaggreatethoselocal rankingsinto a single
globalranking.Givenacollapsiblenoden, alocalrankingis arankingof n'schildren.
To computesucharanking,QuickRankrelieson a BaseRanlprocedure.

There are two inputs to this BaseRankprocedure. The rst is n's local (i.e.,
mauginal) prior ranking. The seconds a local judgmentgraphM . Forj andk both
childrenof noden, theentryof M in therow correspondingo k andthe columncor-
respondingo j is the aggreyationof all endorsementBom leavesin T; to leavesin
Tk, equalto thesumof all entriesin thej th judgmentcorrespondingo leavesof Ty .

AggregatingRankingsand Links  To aggreyatetherankingsof n'sm childreninto

3As abave, we assumehelink graphhasbeenpreprocessetb form ajudgmentgraph.
4Whereasn theintroduction we usedthetermmamginal,we now usethetermlocalto referto theranking
of anodes children. Thesalientpoint hereis: this rankingis computedusingstrictly local information.



cordingto theweightsspeci ed by thelocal rankingr . If we concatenatéhem rank-
ingsinto amatrixQ = r?! r™ , thenthe aggreationof rankingscan be
expresseaimply asQr . Also associateavith eachchild j of acollapsiblenoden is a
judgment! . Thesgudgmentsareaggreyatedin preciselythe sameway asrankings.

Algorithm 1 QuickRank(noda)
1: if n.isLeaf()then
2:  return m:getJudgmert}; ey

3: else

4:  m =n.numChildren()

5. forj =1tomdo

6: Ri;rii  QuickRanKn:getChildj))
7 fork =1tom do

8: My; = Sum(ll ; n:getChildk))

9 endfor

10. endfor

11: P= 11 oM

12: = ¢l ooqm

13: r =BaseRank{l , n.getLocalPriorRanking())
14:  return hPr; Qri
15: endif

We now arguethatif the BaseRanlproceduresatis estheldentity andConsensus
properties thenso, too, doesQuickRank. First, notice that, whenrestrictedto ary
subcommunityi.e., squarediagonalblock), anidentity or consensugraphyieldsthe
sametype of graphagain. Moreover, aggreatinglinks in sucha communitywithin
theoriginal graph(i.e.,summingrows andaveragingcolumns)alsoresultsin thesame
type of graph. Consequentlyif QuickRankemploys a BaseRanlprocedurewith the
Identity property it will outputthe prior distribution on the identity graph,sincethe
prior local rankingswill remainunchangedteachlevel in the hierarchy

Now considera consensugraphwith rankingx s.t. kxk; = 1. Restrictionto a
subcommunitygivesa consensugraphon the correspondingonditionaldistribution
of x. Likewise,aggreationproducesconsensugraphonthecorrespondingnarginal
distribution of x. If QuickRankemploys a BaseRanlalgorithmwith the consensus
propertyon a consensugraph,it will graduallyreplacethe prior distribution at the
leaveswith the conditionaldistributionsof x, until it nally outputsx itself.

We concludethis sectionby pointing out that, evenif the BaseRanlkprocedurés
linear, QuickRankmay not be expressibleas a linear inference. Normalizing local
rankingsto form distributions canintroducenon-linearities. In the next section,we
provide sampleQuickRankcalculations.



4 Examples

We now presentwo exampleghatverify ourintuition regardingQuickRankandillus-
tratesomeof its novelfeatures RecallthatQuickRank asit operate®nanhierarchical
socialnetwork (HSN), is parameterizetly a prior rankinganda BaseRanlprocedure.
First, considerthe HSN shawvn in Figure 2a. The hierarchyis drawvn using solid
lines. Thelink graphis indicatedby dottedlines betweenthe numberedeaves. All
weightsareassumedo be 1. ComputingQuickRankdor this HSN, varyingthe Base-
Rank procedureamongindegree, eigervector centrality and PageRanié, but always
assuminga uniform prior ranking,leadsto the rankings,cardinalandordinal, shavn
in Table2. The valuesin the posteriordistributions have beenrounded;hence the
ordinalrankingsmorepreciselyre ect theexactvaluesin thosedistributions.

Figure2: Two examplesof hierarchicakocialnetworks.

Table2: BaseRankandQuickRanksrom Figure2aanduniform prior.

Indegree Eigernvector PageRank

Flat

cardinal

f0.13,0.13,0.13,0.13,0.2,0.13,0.1%

f 0.19,0.08,0.16,0.14,0.22,0.10,0.1

f 0.14,0.32,0.11,0.09,0.14,0.09,0.11g

ordinal

5> 1=2=3=4=6=17

5> 1>3>4>7>6>2

2>1>5>3>7>6>14

QuickRank

cardinal

f 0.10,0.10,0.19,0.09,0.23,0.11,0.18

£ 0,0,0.41,0,0.59,0,0g9

f 0.04,0.14,0.25,0.04,0.41,0.06,0.06y

ordinal

5>3>7>6>1=2>4

5>3>1=2=4=6=7

5>3>2>7>6>1>4

For eachBaseRankprocedurewe list two pairs of rankings: that which results
fromignoringthehierarchyandthatwhichresultsfrom exploiting it usingQuickRank.
Whenwe ignorethe hierarchy all threealgorithmsrankleaf 1 above (or equalto) 3.
However, sincel defersto 3 (i.e., 1 endorse$, but notvice versa) basedn our peer
review principle, 3 shouldbe ranked higherthan1. This outcomeindeedprevailsin
the QuickRanksfor all threeBaseRanlprocedures.

As anaddedene t, QuickRankcanbemoreresistanto link spamminghanBase-
Rankprocedureshatdo not exploit hierarchies.To demonstrat¢his phenomenonin
Figure2b, we introducea sybil, leaf 8, into our original exampleto try andraisethe
rankof 6 by recommendingt highly. Notethe multiplicity of links from 8 to 6.

5Theresultsof rankingwith outdgyreearenotqualititatively different,but areomittedfor lack of space.



Table3: Figure2bwith IndegreeasBaseRank.

Uniform Prior WeightedPrior

cardinal | f 0.10,0.10,0.10,0.10,0.10,0.35,0.10,0.05 | f 0.13,0.13,0.13,0.13,0.13,0.2,0.13,0.0y

Flat
odinal | 6> 1=2=3=4=5=7>18|6>1=2=23=4=5=7>28

cardinal [ f 0.09,0.09,0.18,0.06,0.28,0.14,0.110.06g | f 0.10,0.10,0.19,0.09,0.23,0.11,0.19,0.0y

QuickRank
ordinal | 5> 3> 6> 7> 1=2>4=18|5>3>7>6>1=2>4>328

Applying QuickRankwith indegreeasBaseRanko this exampleyieldsthe rank-
ings shavn in Table 3. Usinga uniform prior, the sybil is ableto raisethe rank of 6
over7 and6 over4, whethermwe exploit the hierarchy(i.e.,useQuickRank)or not (i.e.,
computeindegreesdirectly). QuickRankcannotpreventthis outcome sincethe sybil
is anacceptednemberof 4'sand7's community However, thein uence of the sybil
is somavhatmitigatedunderQuickRank.Sincetheresultingrankingmustrespecthe
hierarchy the effect of the sybil is to raisetheranksof both 5 andé6 (i.e., bothvalues
in the posteriordistribution). No amountof link spamfrom a sybil outsidetheirlocal
communitycanincreaseherankof 6 relativeto 5.

Moreover, if oneis ableto identify sybils a priori, by settingthe prior ranksof
sybilsto zero,onecanreducetheir in uence evenfurther. If we usea prior ranking
which is weightedagainstthe sybil, say uniform over 1-7 and zero on 8, Table 3
shaws that indegree producesthe samerankingsasin Table 2, that is, without the
sybil, whetherwe exploit the hierarchyor not. In general,Theorem2.3 stateghatany
BaseRankprocedurewhich is a GPV mechanisnwill necessarilyexhibit this same
behavior. QuickRankis nota GPV schemegrecall that QuickRankis nonlinearbut
thatGPV schemesrelinear). Still, QuickRankpreseresthespam-resistangaroperty
characteristiof GPV mechanisms.

5 Conclusion

Socialnetwork, or link, analysisis regularly appliedto informationnetworksto com-
puterankings(Gar eld, 1972;Kleinberg, 1998;PageandBrin, 1998;Pageetal., 1998)
andto socialnetworks (Bonacich,1972;Hubbell, 1965;Katz, 1953; Wassermamnd
Faust,1994)to determinestanding.We discusgwo exampleof informationnetworks
with inherenthierarchicalstructure:the Web and citation indices. Social networks,
like the Enronemail databasealsoexhibit hierarchicalstructure.Simon(1962)sug-
gestgthatsuchhierarchiesareubiquitous:

Almostall societieshave elementanyunits calledfamilies,which maybegrouped
into villagesor tribes,andtheseinto larger groupings,andsoon. If we make a
chartof socialinteractionspf whotalksto whom,theclustersof densanteraction
in thechartwill identify aratherwell-de ned hierarchi€ structure.

6Simons useof theterminology*hierarchic”is slightly broadetthanour useof “hierarchicalstructure,



Still, to our knowledge, link analysisproceduredargely ignore ary hierarchical
structureaccompaying aninformationor socialnetwork. In this paperweintroduced
QuickRankalink analysigechniqueor rankingindividualsthatexploits hierarchical
structure. The foundationalbasisfor QuickRankis the peerfreview principle, which
impliesthattherelative rankingbetweertwo individualsbe determinedy theirlocal
ranksin the smallesttcommunityto which they both belong. This principle, together
with anhypothesiglueto Bonacich,leadsto arecursve algorithmwhich is scalable,
parallelizableandeasilyupdateable.

For alarge-scalsmetwork suchastheWeb,we anticipatehatQuickRankwill yield
substantiatomputationaainsover standardankingmethodge.g.,calculatingPage-
Ranksvia the power method). Moreover, it appearsnoreresistanto link-spamming
thanotherpopularrankingalgorithmson contrived examples althoughit remainsto
verify this claim empirically.
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