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I. Introduction 
 

1.1 Basic Genetic Background 

 

In this work, we study and construct a haplotype phasing method on an ancestral tree structure 

which has a pedigree network shape based on phylogenetic information. In order to explain about 

haplotype inference, first we describe basic aspects of genetic structure related to haplotype phasing.  

A diploid organism such as a human has two strands for each base pair. One strand can be 

represented its sequence by A, C, G and T.  As is well known, the human genome of each 

individual has 23 pairs of chromosomes and totally about three billion base pairs across the whole 

human chromosomes.   

A SNP (Single Nucleotide Polymorphisms) in a genome is to represent positions in a DNA 

(Deoxyribonucleic Acid) sequence variation which occurs at two or more different bases in the 

population for reasons such as recombination, mutation, insertion, deletion and so on. While every 

individual has almost the same sequence in more than 99% of genomes across the population, only 

a difference of less than 1% causes different characteristics, appearance in population. Moreover the 

susceptibility of family group to a certain disease is due to this small difference. The study of SNP 

basically will be helpful in understanding for this disease association condition.  

For computational base study, we usually transform DNA’s variance, which consist of 

alphabetical values {A, C, G, T}, into the numeric values {0,1}.  For example, let’s assume there is 

a part of the DNA strand in a genome like ‘TAGATA’ in most of the population.  If a certain 
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variation has been reported by some different individuals like ‘TAGACA’, the position at which a 

SNP viewed can be called allele. While SNP shows a variation frequency, SNP can be denoted by 0 

or 1. Typically 0 is assigned the major allele which has a dominant frequency within a population 

while 1 denotes the minor allele. For example, if the nucleotide T is shown in 90% in the population 

while the nucleotide C is in 10% of them at the same position, T can be substituted for 0 while C is 

1.  A haplotype (haploid genotype) is one DNA stand which consists of a set of allele in a 

chromosome. Thus, a haplotype with n loci can be represented as a length n string in {0,1}n. 

A pair of haplotypes < h1, h2 > is a genotype.  If the two alleles of h1 and h2 are the same at the 

same locus, it is called a homozygous locus.  A homozygous locus is denoted by 0 or 1. Otherwise 

if the two alleles of h1 and h2 are different at the same locus, it is called a heterozygous locus and the 

corresponding locus is 2.  Thus, a genotype with n loci can be represented as a length n string in 

{0,1,2}n.  For example, let’s suppose the two haplotypes within the individual consist of < h1, h2 > 

= < 110011, 101101 >.  Both the first and the sixth loci are 1 which is a homozygous locus, and the 

second to the fifth loci are 0/1 or 1/0 which is a heterozygous locus. Hence, a genotype g is 

represented by < 122221 >.   
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1.2 Understanding of Genetic Information in a Pedigree 
  
 A pedigree is a formally connected graph of genetic information. It can be defined as a directed 

graph G. 

 

, where V = M U F U m, with M denoting a male node, F denoting a female node and m the 

mating node, and E = {(u,v) | u ∈  M U F  and  v ∈  m}. 
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<Figure 1> shows the pictorial representation of a pedigree graph 
with 7 individuals of a family, with a square representing a male 
node, a circle representing a female node, and a black dot the 
mating node.  A child node is placed under ones  parents.  A–B-C 
combination can be called a father-mother-child trio, or a 
parents-offspring trio, or simply trio. 
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mating node.  A child node is placed under ones  parents.  A–B-C 
combination can be called a father-mother-child trio, or a 
parents-offspring trio, or simply trio. 
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Diploid organisms, such as humans, have two identical copies of each chromosome. Already 

mentioned above in section 1.1, the one state copy of two is called allele which is regarded as a 

haplotype. The child must inherit one allele out of two from each parent under the Mendelian law1. 

For example, in the case of offspring C, the most left allele hC
1 = ‘0001’ is inherited from his father 

A , hA
2 = ‘0001’, while the right one hC

1 = ‘1100’ is from mother B , hB
1 = ‘1100’. Moreovere a pair 

of < hC
1 , hC

2 > = < 0001, 1100 > is C’s genotype, gc = ‘2202’. (see in Figure 1) 

Biologically, one individual must have only the one father-mother mating combination.  A group 

of parents and child is called a parents-offspring trio, or simply just trio. According to whether an 

input data has this pedigree information or not, genotype data can be divided by pedigree data and 

population data.  Haplotyping pedigree data is believed to be more reliable than haplotyping 

population data for unrelated individuals: the constraint provided by parents-offspring relationships 

in a pedigree could force one to settle on a unique haplotype configuration as being most probable. 

(Qiangfeng Zhang, 2005). In this paper, data on this pedigree graph concept will be used for the 

algorithm to solve the haplotype problem from genotype data. 

 

                                            
1 Mendelian law : This explains the theoretical understanding of the genetic inheritance.  There is the 
hereditary determinant which is called gene. Each parent has a gene pair in each cell.  One pair of the gene 
segregates into a gamete. Gametes are randomly accomplished with the involved gene pairs.  
(Wikipedia , http://en.wikipedia.org/wiki/Mendelian_inheritance) 
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II. Haplotype Phase 
 

2.1  The Concept of Haplotype Inference 

 

Haplotypes are not directly observable though present experimental techniques, but only 

unphased genotype data can be obtained.  Haplotyping is one of the major issues for genetic 

association studies because the cost of genotyping is still very high for whole-genome association 

studies.  Furthermore, analyzing SNP provides to find genetic difference in certain diseases 

between a case and control population.  These challenges lead to the development of the haplotype 

phasing method.   

 

 

 

 

 

 

 

 

A genotype with n heterozygous loci has 2n-1 haplotype possible pairs technically. For example, 

g = < 2122 > can have four haplotype pairs: < h1, h2 > = { < 1111, 0100 > , < 1101, 0101> , < 1101, 

0110> , < 1100, 0111> }. Hence, the algorithm for haplotype inference from unphased genotype 

Input : A set of  n genotypes

G = {g1, g2, … , gn}

Output : A set of  n  haplotype pairs

)|,(, 212121 iiiiiii ghhhhhh =⊕><>=<

<Figure 2> illustrates the basic concept of the haplotype
phasing problem.  While Input data is a set of unphased
genotypes,  the application for haplotypes phasing will resolve 
their corresponding haplotype pairs. 

Input : A set of  n genotypes

G = {g1, g2, … , gn}

Output : A set of  n  haplotype pairs

)|,(, 212121 iiiiiii ghhhhhh =⊕><>=<

Input : A set of  n genotypes

G = {g1, g2, … , gn}

Output : A set of  n  haplotype pairs

)|,(, 212121 iiiiiii ghhhhhh =⊕><>=<

<Figure 2> illustrates the basic concept of the haplotype
phasing problem.  While Input data is a set of unphased
genotypes,  the application for haplotypes phasing will resolve 
their corresponding haplotype pairs. 
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data is required for finding most probable haplotype pairs.  

 From the given problem, a haplotype pair hi1 and hi2 which seem most gi explicable resolve the 

genotype.  For example, there is a genotype input g = < 2122 >, then < h1, h2 > = < 1111, 0100 > 

are determined for its haplotype pair. However, the solution is not straightforward because there 

exists resolution ambiguity if < h1, h2 > = < 1101, 0101> are its real pair.  To solve this ambiguity 

there are many methods.  

Typically the methods are categorized based on four major principles : parsimony, phylogeny, 

maximum-likelihood and Bayesian inference (Eric Xing, 2006). Even though statistical methods 

such as maximum-likelihood or Bayesian methods usually infer the efficient ways to resolve the 

population genotype data from independent individuals, they are very time consuming, especially 

the case of large data or large number of marker loci. Besides, in the case of family based disease, 

such as Alzheimers or ischaemic heart disease, the genetic information on pedigree data is very 

important. In this study, the pedigree data and the new haplotype phasing methodology on ancestral 

pedigree data are most focused.  

Through the next section 2.2, we will look over the numerous haplotype phasing approaches. 

For comparing performance and resolution of the statistical approach to the work in this paper, the 

EM algorithm will be explained and implemented.  
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2.2 The Well-Known-Methods of Hapotype Inferences 

In order to understand better the haplotype inference, the representative algorithm of each 

distinguished categories will be simply viewed.  

 

2.2.1  Parsimony-based methods. 

The algorithm attempts to reduce the scope of possible haplotypes in observed genotype 

samples as a sort of parsimony approach. In this category, Clark’s algorithm(1990) is the earliest 

and most famous haplotype phasing algorithm. It resolves haplotype pairs in the following way :  

1) find all homozygotes and single-site heterozygosis that have unambiguous haplotypes.  

2) in every remaining unresolved genotypes, attempt to find a haplotype pair which can be 

made of the ambiguous sites.  

3) return to step 2) until all samples have been resolved.  

 

Clark stated that all resolved haplotypes based on maximum parsimony have a unique and correct 

solution.  Although the algorithm works in principle, there exist some limitations as following : 

1) when there are no homozygotes or single-site heterozygotes in a genotype sample, it may 

never get the trigger to start. 

2) There may exist the remaining unresolved haplotypes. 

3) Depending on the order of sample of genotypes, the algorithm might bring a different 

solution instead of a unique one.  

 

2.2.2  Phylogeny-based methods. 
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Basically, the method in this paper is the closest to phylogeny-based methods among the 

categories.  A Phylogeny-based algorithm intends to deterministically deduce haplotype phases 

based on phylogenetic reconstruction (Gusfield, 2002). These approaches intend to find a set of 

haplotypes which resolve a genotype by following the coalescent model. In general, the coalescent 

model of haplotype evolution has two key assumptions: no recombination and the infinite-sites 

model. In a like manner, the work in this paper has the same assumption.  

One of most famous methods is the Perfect Phylogeny Haplotyping (PPH) algorithm which can 

be solved in linear time, O(nmα (nm)) where α  is the inverse Akerman function.(Gusfield, 2003)  

Basically the PPH is used to determine whether there exist unique resolved haplotypes where its 

inference can be derived on a perfect phylogeny tree.  
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Formally the PPH algorithm is simply defined as that through the method of building a perfect 

phylogeny tree, if there is a given s x t genotype matrix M with M[i,j]∈{0, 1, 2} where s is the 

number of individuals and t is the length of each genotype, the determining 2s x t corresponding 

haplotype matrix M/ with M/∈{0, 1} will be its final goal. However, in some cases that perfect 

phylogeny is not possible, it cannot be resolved correctly.  

 

2.2.3  Maximum-likelihood-based methods. 

The EM (Expectation Maximization) algorithm is one of the popular methods for this category. 

Based on MLE (Maximum Likelihood Estimation), the EM algorithm for haplotype phasing infers 

the most reliable population haplotype probabilities. This is a more explicable HWE (Hardy–

Weinberg equilibrium)2 assumption than other methods because this assumption is based on solid 

statistical theory. However, it has strong limitation on genotype length. Moreover its performance is 

sensitive to the initial value. If there exist local maxima, the iteration may lead to locally optimal 

MLEs, which become most serious when there are many distinct haplotypes (Tianhua Niu, 2004).  

In the last section of Chapter II, the EM algorithm will be viewed in detail.  

 

2.2.4 Bayesian inference-based methods.  

Like the maximum-likelihood methods, Bayesian inference takes a statistical approach.  

However, while the maximum-likelihood methods focus on finding a haplotype pair that maximizes 

the probability of genotype from a given model, Bayesian inference aims to find the posterior 

                                            
2 HWE (Hardy–Weinberg equilibrium) : The Hardy–Weinberg principle states that both allele and 
genotype frequencies in a population remain constant unless evolutionary change occurred.  
(Wikipedia , http://en.wikipedia.org/wiki/Hardy-Weinberg_principle) 
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distribution of the model parameters given the genotype data.  In other words, while the maximum 

likelihood method focuses on solving argmax P(G|θ ), Baysian inference tries to find the posterior 

probability P(H|G), where G denotes genotypes and H corresponding haplotypes.   
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2.3 The Implementation of the EM algorithm for Haplotype Phase 

 

2.3.1  General Information about the EM algorithm 

 

The Expectation Maximization (EM) algorithm is a general method of finding the maximum-

likelihood estimate of the parameters of a distribution from a given data set.  Typically the 

implementation of the EM algorithm alternates between E-step (expectation step), which computes 

an expectation of the likelihood from the observed data, and M-step (maximization step), which 

computes the MLE of the parameters by maximizing the results from the E-step. The computed 

parameters of the M-step are used as the parameters for the consequent E-step, and the process is 

repeated. 
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<Figure 4> shows the simply defined formula of the EM algorithm. E-step(Expectation
Step) and M-step(Maximization Step) will be iterated until they satisfy                 .   
Therefore,      will be obtained. 
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Consider x for observed variables and z for latent variables.  We want to model P(x, z |θ ) by 

finding the most likely parameter set, ∑==
∧

z
ML zxPxP )|,(maxarg)|(maxarg θθθ

θθ
.  The EM 

algorithm iteratively improves an initial estimate )0(θ  by constructing new estimates )(tθ  until it 

converges to certain point, which means it satisfies )()( 1 tt ll θθ ≤+ .  After that ML

∧

θ  will be 

obtained. 

 

 

2.3.2  The EM algorithm for Haplotype Phasing 

 

The EM method estimates the population for haplotype frequencies P(hi) based on their 

likelihood, L, given the genotype data G: 

    

 

since fi are the genotype sample frequencies. 

   When G denotes the observed unphased genotype for n individuals, gi denotes the observed 

unphased genotype data for the ith individual, H denotes the overall haplotype frequencies, hj and hk 

denote the respective haplotype frequenceis for genotype gi, such that the haplotype pair (hj, hk) is 

compatible with the ith observed genotype gi.  If we assume m be the length of data, the maximum 

number of possible haplotypes will be 2m, such that P(hj) is the population frequency of haplotype hj, 

where j = 1, … , 2m.   

The EM procedure for the haplotype phasing problem is defined as follows :  
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All equal values are assigned to P(h)(0) initially. In the Expectation step, the haplotype 

frequencies are used to estimate the expected genotype frequency P(hj, hk)(t) where t denotes the tth 

iteration.  In the Maximization step, the expected genotype frequencies P(hj, hk) (t) are used to re-

estimate the haplotype frequencies P(h) (t).  Then expectation and maximization steps are iterated 

until P(h) (t) converges to some point.  

 

 

2.3.3  Implementation  

 

For estimating P(hk , hl), let F = fi [k l](p) be an m x n matrix in parameter (h1,…,hk ,…,hl ,…,hd) 

since d is the number of haplotypes which can explain all observed genotypes.  Then, matrix F 

will denote the probabilities that the observed genotypes are generated by specific pairs of 

haplotypes.  Each row represents an observed genotype gi, and each column represents a pair of 

haplotypes (hk, hl).   

 

 

 

Matrix U will denote the distribution of fij with observed frequencies of genotypes.  Then we 

can infer the parameter p, which is P(h), to maximize the probability of observing the data.  

 

  

Then argmax L(P) will be used to re-estimate through iteration.  
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Pt+1 = argmax L(Pt) 
 

if  | P t+1  –  P t |  < ε  
break; 

} 
 

1+= tPP  
 

1 ≤  i ≤ m,  where m = number of genotypes 

1 ≤  k < l  ≤  d  where d = number of haplotypes.  

E-step

M-step 

< Figure 5> The EM algorithm implementation 
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III. Haplotype Inference using the Pre-Resolved 

Table on the Ancestral Tree Structure  
 

 

3.1 Haplotypes Rearrangement in the Parents-Child Trio  

 

 3.1.1  Deduction of Possible Genotype Trio Pattern  

 

As mentioned above in Chapter I, the child in trio receives one allele from its paternal node and 

the other from its maternal node.  The basic idea of the Pre-Resolved Table algorithm is based on 

the fact that the position order of haplotypes in a gene across all nodes can be rearranged without 

losing the pattern of genotype of each node, while we assume there is no recombination or mutation 

at any loci.  

 

Theorem 1 ) The combination of genotypes in parents-child trio shows the pattern of haplotypes  

which the child node inherits from its parental node.  

 

Let gf be the genotype of father and gm be of mother, gc child. Then, the genotype gf has a pair of 

haplotypes <hf
1, hf

2> and gm has < hm
1, hm

2>, gc has < hc
1, hc

2>.  For instance, if  gf is 0, then we 

can solve its pair of haplotypes into < hf
1, hf

2> = < 0, 0 >.  If < gf, gm > is < 0, 1 >,  gc should 

always be 2, that is < hc
1, hc

2> = < 0, 1 > or < 1, 0 >.  Furthermore, while < gf, gm > is < 0, 1 >, then 
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we cannot observe the gc = 0 or 1, that is < hc
1, hc

2> = < 1, 1 > or <0, 0>.  In other examples, let us 

consider the case of < gf, gm, gc > = < 2, 0, 1 >. This is an impossible combination. gf can have either 

< hf
1, hf

2> = < 0, 1 > or < 1, 0 >, and gm should be < hm
1, hm

2> = < 0, 0 >. So, the only possible gc is 

2 or 0 that has one out of three cases among < hc
1, hc

2> = < 0, 1 > , < 1, 0 >, or < 0, 0 >.  In other 

words, < gf, gm, gc > = < 2, 0, 2 > or < 2, 0, 0 > will be only possible cases when < gf, gm > = < 2, 0 >.  

Hence, there exist some possible genotype trio patterns of its combination such as < gf, gm, gc > = < 

0, 0, 0 >, < 1, 1, 1 >, < 0, 1, 2 > and < 1, 0, 2>. Whereas, there are no such cases as < gf, gm, gc > = < 

2, 0, 1 >, < 2, 1, 0 >, < 0, 2, 1 >, < 1, 2, 0 >.  Therefore, we can predict the pattern of the parents-

offspring trio through examples out of all 27 ({0,1,2}3) genotype trio combinations.  We can 

observe only 15 possible cases as shown in Table 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

gf gm gc 

0 0 0 

1 1 1 

0 1 2 

1 0 2 

0 2 0 

0 2 2 

2 0 0 

2 0 2 

1 2 1 

1 2 2 

2 1 1 

2 1 2 

2 2 0 

2 2 1 

2 2 2 

 

< Table 1. All possible genotype trio > 
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3.1.2  Resolving Haplotypes 

  

Theorem 2 ) At any node’s genotype, g = 0 is always resolved to < h1, h2 >= < 0, 0 >, and g = 1 

to < h1, h2> = < 1, 1 >. 

 

Theorem 3 ) There exists a unique haplotypes solution at any locus on n-marker loci in a trio, 

unless any locus has < gf, gm, gc > = < 2, 2, 2 > type trio.  

 

In Figure 6, we rearrange haplotypes’ order with the following rules: 

 Rule 1 ) the left most allele of paternal and maternal node will be inherited by the child node.  

 Rule 2 ) the left most allele of hc is from paternal site, and the right most allele of hc is from 

maternal site.  

 

 

 

 

 

 

 

 

In Figure 6, we illustrate how we can use Rules 1 and 2 to resolve haplotypes from given 

genotypes.  Let us consider an example where the genotype trio is < gf, gm, gc > = < 1, 2, 2 >.  We 

hf hm hc

1 1 0 1 1 0

hf hm hc

1 1 0 1 1 0

<Figure 6> illustrates the inheritance by haplotype re-arrangement with Rules: 
1 which is the left most allele of paternal node, hf, is inherited by the left-most 
position of child node, hc.  And 0 which is the left-most allele of maternal 
node, hm, is to the most right site of hc. By this arranged ordering, we can 
resolve haplotypes for all nodes. 
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already know < hf
1, hf

2 > = < 1, 1 >.  Thus, we can set hc
1=1 by the Rule 2, and following hc

2 = 0, 

that is < hc
1, hc

2 > should be < 1, 0 > out of two cases < hc
1, hc

2 > either < 0, 1 > or < 1, 0 >.  So, < 

hm
1, hm

2 > can be resolved to < 0, 1 > by Rule 1 also out of two cases < hm
1, hm

2 > either < 1, 0 > or < 

0, 1 >.  With this pre-arranged information, we can make a table which shows the haplotypes’ 

order in a trio.  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

gf gm gc 

0 0 0 

1 1 1 

0 1 2 

1 0 2 

0 2 0 

0 2 2 

2 0 0 

2 0 2 

1 2 1 

1 2 2 

2 1 1 

2 1 2 

2 2 0 

2 2 1 

2 2 2 

All possible genotype trios 

hf hm hc 

0 0 0 0 0 0 

1 1 1 1 1 1 

0 0 1 1 0 1 

1 1 0 0 1 0 

0 0 0 1 0 0 

0 0 1 0 1 0 

0 1 0 0 0 0 

1 0 0 0 1 0 

1 1 1 0 1 1 

1 1 0 1 0 1 

1 0 1 1 1 1 

0 1 1 1 0 1 

0 1 0 1 0 0 

1 0 1 0 1 1 

0 1 1 0 0 1 

1 0 0 1 1 0 

Resolved Table 

< Figure 7> shows a resolved table that has the rearranged haplotypes by Rules 1 

and 2.  However, the < gf, gm, gc> = < 2, 2, 2 > case has two possible results. To 

resolve this, we need more information and we will address this problem at the end 

of this section 3.1.  
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While these rules are applicable to all possible genotype trios, we can obtain the resolved 

haplotype table, called the resolved table, as shown in Figure 7.  In Figure 7, the Rules 1 and 2 can 

be applied to find a unique haplotypes’ combination. Unfortunately, < gf, gm, gc> = < 2, 2, 2 > case 

in trio cannot settle into one solution, (< hf
1, hf

2> , < hm
1, hm

2> , < hc
1, hc

2> ) can be either (< 0, 1 >, 

< 1, 0 >, < 0, 1 >) or (< 1, 0 >, <0, 1 >, < 1, 0 >). This problem will be treated in the next step.  

These rules are even properly applied to n-marker genotypes in a trio. In other words, by 

rearranging the haplotypes’ order, we can resolve haplotypes no matter the genotype marker’s 

length. 

 

 

 

h1 h2

0 1

0 0

1 0

1 1

A B

C

h1 h2

0 1

0 0

1 1

1 0

h1 h2

1 1

0 1

0 0

1 0

1

2

0

2

2

0

1

2

2

0

2

1

h1 h2

0 1

0 0

1 0

1 1

A B

C

h1 h2

0 1

0 0

1 1

1 0

h1 h2

1 1

0 1

0 0

1 0

1

2

0

2

2

0

1

2

2

0

2

1

gf gm gc 

2 1 2 

0 2 0 

1 0 2 

2 2 1 

hf hm hc 

0 1 1 1 0 1 

0 0 0 1 0 0 

1 1 0 0 1 0 

1 0 1 0 1 1 

< Figure 8> shows that the resolved table is even properly working on n-marker 

genotypes with the Rules. In this example, < gf, gm, gc> = < 2012, 1202, 2021> is 

resolved into (< hf
1, hf

2> , < hm
1, hm

2> , < hc
1, hc

2> ) = (<0011, 1010>, <1001, 1100>, 

<0011, 1001>). 

A B C A B C 
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   Figure 8 illustrates an example input and the expected output.  Consider a trio < gf, gm, gc > = < 

‘2012’, ‘1202’, ‘2021’ >.  By resolving the table by the Rules, we can determine a unique 

combination of haplotypes order like (< hf
1, hf

2> , < hm
1, hm

2> , < hc
1, hc

2> ) = (< 0011, 1010 >, < 

1001, 1100 >, < 0011, 1001 >). 

 

Theorem 4) A trio, which has resolution ambiguity, can be treated by its following generation’s 

trio or a precedent generation’s trio.  

 

Let’s assume the mating between gf and gm in Figure 9 has another child D, genotype ‘2222’, 
 

 

 

 

 

 

 

 

 

 

 

 

 
 
 

gf gm gc 

2 1 2 

0 2 2 

1 0 2 

2 2 2 

hf hm hc 

0 1 1 1 0 1 

0 0 1 0 0 1 

1 1 0 0 1 0 

? ? ? ? ? ? 

A B

C

h1 h2

0 1

0 0

1 1

? ?

h1 h2

1 1

1 0

0 0

? ?

1

2

0

2

2

0

1

2

h1 h2

0 1

0 0

1 0

?  ?

2

2

2

2

D

A B

C

h1 h2

0 1

0 0

1 1

? ?

h1 h2

1 1

1 0

0 0

? ?

1

2

0

2

2

0

1

2

h1 h2

0 1

0 0

1 0

?  ?

2

2

2

2

h1 h2

0 1

0 0

1 0

?  ?

2

2

2

2

D

< Figure 9 > illustrates an example with an ambiguous site.  If there is no more information, 

< gf, gm, gc > = < 2, 2, 2 > cannot be resolved into a unique solution.  

A B D A B D 
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which means we can observe < gf, gm, gc > = < ‘2012’, ‘1202’, ‘2222’ > trio.  In this case, although 

they are rearranged by the resolved table, the rearranged trio still has ambiguity on the forth locus 

because the resolved table is sensitive to its order. In other words, both combination (< hf
1, hf

2> , < 

hm
1, hm

2> , < hc
1, hc

2> ) = (< 0011, 1010 >, < 1100, 1001 >, < 0011, 1100>) or (< 0010, 1011 >, < 

1101, 1000 >, < 0010, 1101>) might be possible. We cannot determine one out of two as a unique 

solution.  

However, if gc married and had a child like in Figure 10, we can be given another trio in which gc 

becomes gf 
/ . Figure 10 illustrates their map. Through this following descendant trio, hc can be 

derived and we will resolve a unique solution out of the above two possible combinations. i.e. < gf 
/, 

gm 
/, gc

/ > has been resolved < hf 
/, hm 

/, hc
/ > = (< 0011, 1100 >, < 0111, 1101 >, < 0011, 0111 >). 

Hence hf 
/= hc = < 0011, 1100> should be obtained, and then a unique solution for < gf, gm, gc > 

will be derived as (< hf
1, hf

2> , < hm
1, hm

2> , < hc
1, hc

2> ) = (< 0011, 1010 >, < 1100, 1001 >, < 0011, 

1100>).  We can extend this idea to every related node of a pedigree into one table, and then solve 

for a unique solution.  From this point on, the combined genotype table with pedigree information 

as in Figure 10 will be called the resolving table. 

 

 

3.1.3 Define Pre-Resolved Table and Haplotype phasing 
 

Rule 3) The resolved haplotypes have four order types < 0, 0 >, < 1, 1 >, < 0, 1 > and < 1, 0>. 

Here after, < 0, 0 > is denoted by 0, < 1, 1 > is 1, < 0, 1 > is 2, and < 1, 0 > is 3 as 

resolved haplotype’s order.  Also it will be indicated rf, rm, and rc instead of hf, hm, and hc.  
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gc = gf 
/ gm 

/ gc 
/ 

2 2 0 

2 1 2 

2 2 1 

2 1 1 

 

hf 
/ hm

/ hc
/ 

0 1 0 1 0 0 

0 1 1 1 0 1 

1 0 1 0 1 1 

1 0 1 1 1 1 

 

h1 h2

0 1

0 0

1 1

1 0

h1 h2

1 1

1 0

0 0

0 1

A B

C

1

2

0

2

2

0

1

2

h1 h2

0 1

0 1

1 0

1 0

2

2

2

2

D

h1 h2

0  1

1  1

1  0

1  1

2

1

2

1

E

F

h1 h2

0 1

0 0

1 1

1 0

h1 h2

1 1

1 0

0 0

0 1

A B

C

1

2

0

2

2

0

1

2

h1 h2

0 1

0 1

1 0

1 0

2

2

2

2

h1 h2

0 1

0 1

1 0

1 0

2

2

2

2

D

h1 h2

0  1

1  1

1  0

1  1

2

1

2

1

h1 h2

0  1

1  1

1  0

1  1

2

1

2

1

E

F

h h h h h 

0 1 1 1 0 1 0 1 0 0

0 0 1 0 0 1 1 1 0 1

1 1 0 0 1 0 1 0 1 1

1 0 0 1 1 0 1 1 1 1

Resolved table 

g g g g g 

2 1 2 2 0 

0 2 2 1 2 

1 0 2 2 1 

2 2 2 1 1 

Resolving table 

< Figure 10 > represents two generations’s trios.  If the resolved result of one generation 

still has ambiguous sites, then another result of following generation trio will help it to be 

resolved. < gc =gf 
/, gm 

/, gc
/ > is resolved < hf 

/, hm 
/, hc

/ > = (< 0011, 1100 >, < 0111, 1101 

>, < 0011, 0111 >).  From this result, we can resolve < gf, gm, gc > which still has 

ambiguous sites as < hf , hm , hc > = (< 0011, 1010 >, < 1100, 1001 >, < 0011, 1100>).  
For this, we can build the combined table which has the information of all generations in 

a table. Here after, we call it the resolving table.  

D E F D E F 

A B D E F A B D E F 
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Rule 4)  There might be a site which we cannot resolve because of its ambiguity.  Here after, 

character ‘?’ denotes this ambiguous site which can be either r = 2 or 3.   

 

With Rules 3 and 4, we can establish the Pre-Resolved Table as shown in Figure 11.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

rf rm rc 

0 0 0 

1 1 1 

0 1 2 

1 0 3 

0 2 0 

0 3 2 

2 0 0 

3 0 3 

1 3 1 

1 2 3 

3 1 1 

2 1 2 

2 2 0 

3 3 1 

? 

(2 / 3) 

? 

(3 / 2) 

? 

(2 / 3)

The Pre-Resolved Table 

<Figure 11> The Pre-Resolved Table  ( for the g-g-g case) 

g-g-g case means the case that every node in trio is a genotype.  We can 

transform genotypes in trio information to resolved types, r.  For example, when < 

gf, gm, gc > = < 2, 2, 1>, then < hf, hm, hc > = (<1,0>, <1,0>, <1,1>). Therefore, < rf, 

rm, rc > will be derived as < 3, 3, 1>. In another example, < gf, gm, gc > = < 2, 2, 2> 

can be either < rf, rm, rc > = < 2, 3, 2> or < 3, 2, 3 >. So, it is denoted as < ?, ?, ? 

>.  

hf hm hc 

0 0 0 0 0 0

1 1 1 1 1 1

0 0 1 1 0 1

1 1 0 0 1 0

0 0 0 1 0 0

0 0 1 0 1 0

0 1 0 0 0 0

1 0 0 0 1 0

1 1 1 0 1 1

1 1 0 1 0 1

1 0 1 1 1 1

0 1 1 1 0 1

0 1 0 1 0 0

1 0 1 0 1 1

0 1 1 0 0 1

1 0 0 1 1 0

 

gf gm gc 

0 0 0 

1 1 1 

0 1 2 

1 0 2 

0 2 0 

0 2 2 

2 0 0 

2 0 2 

1 2 1 

1 2 2 

2 1 1 

2 1 2 

2 2 0 

2 2 1 

2 2 2 
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For example, when < gf, gm, gc > = < 1, 2, 2 >, we can get < hf, hm, hc > = (< 1, 1 >, < 0, 1 >, < 1, 

0 >)  with the resolved table.  Following Rule 3, < rf, rm, rc > will be represented by < 1, 2, 3 >.  

In another example, while < gf, gm, gc > is < 2, 2, 1 >, the trio < rf, rm, rc > will be resolved by < 3, 3, 

1 >.  However, when < gf, gm, gc > is < 2, 2, 2 >, < rf, rm, rc > can be either < 2, 3, 2 > or < 3, 2, 3 >.  

As we have seen in similar cases before, we need more information. So, we denote it as < rf, rm, rc > 

= < ?, ?, ? > until more information is obtained to resolve this.  Hence, once three nodes in a trio 

have passed through the Pre-Resolved Table, that trio’s rf, rm, and rc represent the order of resolved 

haplotypes.  

 

 

  Theorem 5 )  If more than one of the three nodes in a trio was resolved without any ambiguity, 

the others can also be resolved properly although they still have a type ‘2’ ambiguious 

unphased genotype.  

 

For instance, if < gf, gm, rc > = < 0, 2, 2 >, then < rf, rm, rc > = < 0, 3, 2 >.  This even works 

properly on the case of < gf, gm, rc > = < 2, 2, 3 > or < gf, gm, rc > = < 2, 2, 2 > as proved on Figure 

10. < gf, gm, rc > = < 2, 2, 3 > will be < rf, rm, rc > = < 3, 2, 3 > and < gf, gm, rc > = < 2, 2, 2 > be < rf, 

rm, rc > = < 2, 3, 2 >.  With this Theorem 5, the Pre-Resolved sub Tables are deduced such as 

Figures 12 to 18.  

Figures 12 to 18 show the case that one or more out of 3 nodes in the trio were resolved already. 

While the shaded columns represent already resolved values, the remaining unresolved columns 

will be determined.  
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gf gm rc 

0 2 0 

2 0 0 

2 2 0 

1 2 1 

2 1 1 

2 2 1 

0 2 2 

2 1 2 

2 2 2 

2 0 3 

1 2 3 

2 2 3 

rf rm  

0 2  

2 0  

2 2  

1 3  

3 1  

3 3  

0 3  

2 1  

2 3  

3 0  

1 2  

3 2  

< Figure 12> Sub-Table 1 of Pre-Resolved Table (for the g-g-r case)  

The case of child node, which is the shaded column in the left table, is 

resolved. 

gf rm gc 

1 0 2 

2 0 0 

2 0 2 

0 1 2 

2 1 1 

2 1 2 

1 2 2 

2 2 0 

2 2 2 

0 3 2 

2 3 1 

2 3 2 

rf  rc 

1  3 

2  0 

3  3 

0  3 

3  1 

2  2 

1  3 

2  0 

3  3 

0  2 

3  1 

2  2 

< Figure 13> Sub-Table 2 of Pre-Resolved Table (for the g-r-g case)  

The case where one of the parents is resolved. 
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rf gm gc 

0 1 2 

0 2 0 

0 2 2 

1 0 2 

1 2 1 

1 2 2 

2 1 2 

2 2 0 

2 2 2 

3 0 2 

3 2 1 

3 2 2 

 rm rc 

 1 2 

 2 0 

 3 2 

 0 3 

 3 1 

 2 3 

 1 2 

 2 0 

 3 2 

 0 3 

 2 1 

 2 3 

< Figure 14> Sub-Table 3 of Pre-Resolved Table (for the r-g-g case)  

The case where one of the parents node is resolved. 

 

gf rm rc 

2 0 0 

2 0 3 

2 1 1 

2 1 2 

2 2 0 

2 2 3 

2 3 0 

2 3 2 

rf   

2   

3   

3   

2   

2   

3   

3   

2   

< Figure 15> Sub-Table 4 of Pre-Resolved Table (for the g-r-r case) 

The case where the child and one of the parents is resolved. 
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rf gm rc 

0 2 0 

0 2 2 

1 2 1 

1 2 3 

2 2 0 

2 2 2 

3 2 1 

3 2 3 

 rm  

 2  

 3  

 3  

 2  

 2  

 3  

 3  

 2  

< Figure 16> Sub-Table 5 of Pre-Resolved Table (for the r-g-r case) 

The case where the child and one of the parents is resolved. 

gf rm rc 

2 0 0 

2 0 3 

2 1 1 

2 1 2 

2 2 0 

2 2 3 

2 3 1 

2 3 2 

rf   

2   

3   

3   

2   

2   

3   

3   

2   

< Figure 17> Sub-Table 6 of Pre-Resolved Table (for the g-r-r case) 

The case where the child and one of the parents is resolved. 
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rf rm gc 

0 1 2 

1 0 2 

0 3 2 

3 0 2 

1 2 2 

2 1 2 

2 3 2 

3 2 2 

  rc 

  2 

  3 

  2 

  3 

  3 

  2 

  2 

  3 

< Figure 18> Sub-Table 7 of Pre-Resolved Table (for the r-r-g case) 

The case where both parents are resolved. 
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3.2 Pedigree Graph  

 

3.2.1 Tree Structure in Pedigree 

 

As viewed in Chapter I, a pedigree can be drawn as a graph of family relationships. Although it 

appears to be a very complex network graph as shown in Figure 19, it is actually composed of 

several tree structures, especially binary tree structures. 

 

Theorem 6)  The pedigree can be separately drawn as several binary tree structures.  

 

When we observe it from the standpoint of a descendant to ancestor, Theorem 6 is obvious 

because one can have only one father and mother pair biologically. Therefore we can divide a 

pedigree graph into several tree structures as shown in Figure 20.  Each of the tree structures has a 

root descendant which does not have any more offspring. Therefore, the number of trees in a 

pedigree is equal to the number of root descendants.  At this juncture, the earliest ancestor, which 

does not go up any further, is regarded as a leaf-node.  

The reason we divide a pedigree into several trees is that only the nodes in the same tree have a 

genetic relationship. When we build a resolving table to solve haplotype phasing problems, the 

nodes across different trees have no shared information. Thus, a pedigree is divided into several 

separated tree structures and its shared information will be exploited in resolving tables to resolve 

its haplotypes.  
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3.2.2. Joint Node and Building Tree Structures 

 

While the tree structures are built, there are nodes that connect multiple trees as shown in Figure 

20. These are called Joint Nodes, and they occur under two circumstances. The first is when the 

same parents have more than one offspring. In this case each father and mother node becomes a 

joint node. Second, if an individual mates with multiple spouses and a different offspring comes 

from each mating, this individual becomes a joint node.  

 

Theorem 7 )  Several joint nodes can be placed in a single tree and a joint node may appear in 

tree 1 tree 2 tree 3 tree 4

The joint node 
when a parent 
has several 
offspring

The joint node 
when one mates 
with multiple 
spouses.

The joint node 
that is involved 
in both cases.

<Figure 20> shows the separated tree structures  from a pedigree. They 
are connected by the joint nodes. 
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its involved tree structures several times.  However, the information of a joint 

node’s ancestor can be used only once in a tree structure. 

 

In other words, a joint node will appear in the different tree structures in which its different 

offspring are placed.  Since a joint node is created because of different offspring rather than 

different ancestors, the ancestor’s biological information of a joint node is always identical even 

though a joint node is involved in different tree structures. Therefore, its ancestral information can 

be used only once in one of the multiple trees connected by this joint node, reducing the 

computation of resolving haplotypes. 

 

 

3.2.3. Possibility of Switching Position 

 

Up to now, we have considered only < gf, gm > order for mating.  However, in some cases the 

mating order of < gf, gm > cannot match to the resolved child node rc when rc is resolved from 

another trio (see Figure 21).  In this case, we must consider switching gf and gm. 

 

Theorem 8 )  Switching Scheme 1 (SS1): Once a child node is resolved, we can no longer say that 

the paternal node must be placed on the left side of mating.  

 

 In Figure 21, because the first trio (A-B-C) has an ambiguous locus at its fourth site; it cannot 

be resolved completely.  To resolve the first trio, we first resolve the second trio and then we use 
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the Pre-Resolved sub-Table 1 for the g-g-r case as in Figure 12.  However, we cannot determine 

the case of < gf, gm, rc > = < 1, 0, 2 > in this table because the most left allele of rc must be placed to 

the left side of its parental node.  To address this issue, we switch gf and gm such that < gm, gf, rc > 

= < 0, 1, 2>, which leads to the properly resolved result as < rm, rf, rc > = < 0013, 0122, 0233 >    
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< Figure 21 > shows the switching case of the parental node.  The left-most side table is 

the original resolving table.  While the first trio (A-B-C) is resolved, there is an ambiguous 

site at the fourth locus as seen in the second table.  So, the second trio (C-D-E) should be 

resolved first like in the third table. However, back on the first trio, we see an impossible 

case on its second locus, <g, g, r> = <1, 0, 2>.  Thus, node A and B need to be switched, 

so that every node can be resolved properly like the right-most side table.   

r r r r r

0 0 0 1 2

0 1 2 0 0

1 2 3 1 1

3 2 3 0 3

 

A B C D EA B C D E A B C D E B A C D E
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Theorem 9)  Switching Scheme 2 (SS2) : Two haplotypes’ position in a node can be switched, 

if it is a joint node.  

  

 Switching two haplotypes positions in a gene does not alter its original pattern. For instance, 

consider the r = < 3313 > case, where r is the resolved pattern of genotypes by Rule 3 in section 

3.1.3. The combination of haplotypes of r is < h1, h2 > = < 1111, 0010 >. When we switch h1 and h2, 

< h1, h2 > = < h2, h1 > = < 0010, 1111 >, we do not effect the resolved genotype pattern, and r can be 

expressed as < 2212> instead of < 3313 >.  In particular, the case of loci r = 0 or 1 is independent 

of switching. Only r = 2 or 3 must be changed into r = 3 or 2. 

Based on this fact, when we resolve a joint node, we check whether its haplotype position needs 

to be switched or not.  Let us consider when a joint node is resolved in one tree and we learn its 

resolved haplotypes.  Then, when we employ this resolved pattern in another tree, the employed 

types and its offspring may not generate a trio pattern in the Pre-Resolved Table.  For example, in 

Figure 22, the pedigree is constructed by three tree structures because it has three root descendants, 

C, D and G.  From Tree 1, joint nodes A and B are resolved. Then their patterns are employed by 

Tree 2 and 3.  However, the pattern of node B, rm = < 1302 > cannot be directly used to resolve the 

trio (A-B-D) in Tree 2 because one of the loci yields orders ( < rf, rm, gc > = < 0, 3, 0> ) which does 

not exist (See the Pre-Resolved sub-Table 2 for g-r-g case in Figure 13). It is caused by the fact that 

a different haplotype in B was inherited by its offspring D and E.  Therefore, node B’s haplotype 

pattern, rm = < 1302 >, should be permutated in Tree 2.  Using SS2 (Theorem 9) we can change rm 

from < 1302 > to < 1203 >.  Then we can obtain the resolved result for D, rc = < 2031 >.  

In the Tree 3 case, since B is a joint node, we switch the pattern of B to < 1203 > by using SS2. 
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However, the trio A-B-C still has some problems, < rf, rm, gc > = < 2, 1, 1> and < 3, 3, 2>.  In this 

case, A, rf must switch its pattern, A = rf = < 2013 > into < 3012 > (SS2). After the haplotype pattern 

of both A and B are changed, we can resolve for C = < 1032 >.  
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< Figure 22 > illustrates the switching case on a joint node.  After Tree 1 resolves node A and 

B, then Tree 2 and 3 adopt their resolved patterns. However, they cannot be used directly. As 

shown in Figure 22, for Tree 2, node B has switched its pattern.  For Tree 3, node A and B 

have switched both haplotype patterns. After all these changes, we can correctly resolve all 

genotypes in pedigree.  (The shaded rows indicate where errors occur.) 
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3.3. Algorithm Construction 

 

3.3.1. Tree Search List for Resolving Tables 

 

Every node in a tree has a trio-relationship with its parental nodes or offspring node. Hence, 

when we construct resolving tables, we have to consider a trio as a single entity. This entity is 

regarded as a single node in a new tree, which is virtually constructed for building resolving tables. 

In Figure 23, the real tree has 13 nodes, but it is composed of 6 entities (i.e. A-B-C or C-D-E is 

regarded as one entity). So, in the virtual tree there are 6 corresponding nodes, and we search the 

virtual tree to build the list for the resolving table. In general, the virtual tree consists of (t-1) / 2 

nodes at most, where t is the number of total nodes in the real tree.  

Each virtual tree is scanned by the DFS (Depth First Search) algorithm in order to build the 

resolving table lists. When a virtual tree is scanned, the DFS algorithm generates a searching path. 

Then we segment the path by leaf node (the earliest ancestor node in this case).  Each segmented 

path becomes a resolving table for the Pre-Resolved Table algorithm. Among the resolving table 

lists, the longest resolving table with the furthest ancestor from the root descendant (e.g. A, B in 

Figure 23) becomes the starting table used to resolve haplotypes. The longest resolving table is 

more efficient in general because it has more information than the shorter ones.  For example in 

Figure 23, the segmented search paths are {trio1, trio2, trio3, trio4}, {trio5} and {trio6}. So, the 

table list has three elements of the resolving table. Therefore, each resolving table will be 

{A,B,C,D,E,F,G,H,I}, {J,K,F}, and {L,M,H}.   

 



 - 37 -

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3.2. Construction of the Algorithm  

 

At the initializing step, we always settle some trios such as < gf, gm, gc > = < 0, 0, 0 >, < 1, 1, 1 

>, < 0, 2, 0 >, < 2, 0, 0 >, < 1, 2, 1 >, < 2, 1, 1 >, < 2, 2, 0 > and < 2, 2, 1 >  into  < rf, rm, rc > = < 

0, 0, 0 >, < 1, 1, 1 >, < 0, 2, 0 >, < 2, 0, 0 >, < 1, 3, 1 >, < 3, 1, 1 >, < 2, 2, 0 > and < 3, 3, 1 >.   

At the resolving step, we determine whether each node is a joint node or not, and whether it 
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< Figure 23 > illustrates the pictorial representation of trios that are considered to be one entity in 

the virtual tree because each trio has one relationship in the left figure.  
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has already been resolved in previously resolved tables.  If a node is a joint node or already 

resolved, its information is copied into the current resolving table. In this case, we must determine 

whether to use SS1 or SS2 (Theorem 8 and 9) to switch the joint node for each node that contains it.  

Then, the resolving table will be resolved through the Pre-Resolved Table.  

 

 

for d = 1 : number( trees in input data )  %  same as number of the root descendant 

    % build resolving tables in a tree by DFS algorithm 
    resolving_talbles = build_resolving_table(tree(d)); 
     
    for i = 1 : number ( resolving_tables ) 
        init_table = initialize_table ( resolving_table(i) ); 
         

        % resolving step 
        for j = number (trio in the resolving_table) :  
           if is_joint_node(any node out of three trio node) 
              check_switching_haplotypes_position (trio(j)); 
           end 
            
           if is_already_resolved_in_other_table(any node out of three trio node) 
              apply_to_table (i); 
           end 
 
           check_switching_parental_node_position (trio(j)); 
           if ( is_no_information_about_switing_node_position )  

&& ( is_root_descendant (child) ) 
              set (no_switing); 
           end 
            
           for m = 1 : length ( markers )  % same as the length of a genotype 
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              The_Pre_Resolved_Table (parent1, parent2, child); 
           end 
        end 
    end 
end 

 
 

< Figure 24. the Pre-Resolved Table algorithm code > 

The iteration i and j together will be the total sample genotype size. Hence, we see O(nmd) 

time complexity which is linear, where n is the size of pedigree (number of genotypes), m is 

the number of loci, and d is number of tree (number of root descendants). 
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IV. Experimental Results  
 

For generating sample data, we use the MS (HUDSON) program which is a genetic sample 

generator under the neutral model. The sample data has 200 individuals’ haplotypes without 

mutation and recombination.  

 

 4.1 Haplotype phasing using the EM algorithm 

  

The 200 individuals’ genotypes are randomly generated from the haplotypes which the MS 

(HUDSON) program generated. Input data has only the genotypes. After haplotype phasing using 

the EM algorithm, phased pairs are compared with original haplotype pairs.  

 

most maximized haplotpye of each genotype : sample 200 individual  

 
000000000, 100000011 -> genotype 200000022 -> phased 100000011, 000000000 
100000001, 101000001 -> genotype 102000001 -> phased 101000001, 100000001 
100000001, 000110000 -> genotype 200220002 -> phased 100110001, 000000000 
100000001, 000000000 -> genotype 200000002 -> phased 100000001, 000000000 
100000101, 000000000 -> genotype 200000202 -> phased 100000101, 000000000 
 

                             . . . . . . . 

 
 

 

 

< Figure 25. Output of EM > 

The left-most part is a generated haplotype by the MS-hudson program.  The 

genotype is randomly generated based on haplotypes. The right part is phased 

haplotype pairs. The resolution accuracy is perfect.  



 - 41 -

We obtained the haplotype phasing results as described in Figure 25.  They are 100% perfectly 

phased compared with the original pair. When we run this algorithm with various genotype lengths, 

it shows that the running time is sensitive to data marker’s length.  Table 2 shows the average time 

versus the genotype length when run 50 times.  

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

length 3 4 5 6 7 8 9 

time(s) 0.083 0.095 0.197 0.359 1.618 15.277 139.743 

<Table 2>  Average running time variation. 

With a different genotype length, computation time(second) is 

increased exponentially.  

< Figure 26 . Graph for average running time variation of EM> 

The EM algorithm runs with exponential increase by size of genotypes in the sample. 
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4.2 Haplotype phasing using the Pre-Resolved Table on Ancestral Tree  

 

A sample for the Pre-Resolved Table algorithm needs to have the pedigree information, 

although the EM phasing algorithm takes just genotype data. Hence, we built two pedigrees for 

this empirical study: one contains 100 individuals and the other has 200 individuals. Thus, the 

input data for the Pre-Resolved Table algorithm contains four entries such as node_id, parent 1, 

parents 2 and genotype of the node. The combination of node_id, parent 1 and parent 2 indicates 

the parents-child trio. The earliest ancestor node only has ‘0, 0’ for parent 1 and parent 2.  For 

example, if input data shows ’20, 0, 0, 1002002’, this node’s id is 20 and this node is the earliest 

ancestor with genotype 1002002. In the other example, if input data is ‘100, 43, 80, 2110002’, this 

node’s id is 100 which has 43 and 80 as its parent nodes, and the genotype is 2110002. The earliest 

ancestors’ genotypes are randomly generated from the haplotypes which the MS (HUDSON) 

program generated. The rest of the genotypes are generated based on the pedigree information.  

After haplotype phasing using Pre-Resolved Table algorithm, phased pairs will be compared with 

original haplotype pairs.  

We obtained the haplotype phasing results as described in Figure 27.  It is 100% perfectly 

phased compared with the original pair. When we run this algorithm with various genotype lengths 

(3 to 100) in the same pedigree information, we observe that the computation time does not 

exponentially increase with the genotype lengths (Table 3) but increases in a linear fashion.  Even 

with the genotype length of 100, it took less than 6 seconds with 200 individuals’ data.  Table 3 

shows the average running time versus the genotype length when run 50 times. 
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smple size : 200  
site length : 8  
resolved accuracy : 100.00 % correct phased  
21 org 00000011 11100000 -> geno 22200022 -> ph 00000011 11100000 
22 org 11100000 00000111 -> geno 22200222 -> ph 11100000 00000111 
23 org 11100000 00000111 -> geno 22200222 -> ph 11100000 00000111 
24 org 11100000 00000111 -> geno 22200222 -> ph 11100000 00000111 

. . . . . . . 

 
 
 
 
 
 
 
 
 
 

 
 

 
 

< Table 3 > Average running time variation.  

According to 100 and 200 individuals samples, computation 

time(second) increases in a linear fashion.   

< Figure 27. Output of Pre-Resolved Table Algorithm > 

The ouput sequence is node_id, original haplotype, genotype, phased haplotype. The 

original haplotypes are randomly generated with data from MS-hudson program.   

< Figure 28 . Graph for average running time variation > 

The computation time shows linear time variation instead of exponential one.  

individuals length 3 5 7 11 15 20 30 100 

100 0.137 0.312 0.327 0.599 0.735 0.798 0.921 2.976

200 
time(s) 

0.274 0.391 0.699 0.891 1.012 1.592 2.145 5.876
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In Figure 27, we obtained 100% accuracy when there was no unresolved or incorrect haplotype 

pair. However, we found that accuracy slightly decreased with the presence of unresolved haplotype 

pairs (see Table 4).  The haplotypes can not be resolved exactly in the Pre-Resolved Table 

algorithm when all of following conditions are met :  

1) the node is the earliest ancestor node. 

2) the node is not a joint node (has only one child). 

3) the trio which includes this node contains <g, g, g/r > = < 2, 2, 2 >. 

4) the order of parents nodes in the trio can not be determined.  

For example in Figure 29, consider nodes A and B to be the earliest ancestor nodes, and that they 

have only child C in the pedigree. Since node A and B do not mate with any others, they are not a 

joint node. So, we only utilize information from a trio A-B-C for resolving the node A and B.  

After C is resolved as < 1002 > from the descendant trio, we have to figure out whether A and B 

need to be switched or not by SS1 (Theorem8).  However, < A,B,C > = < g, g, r > = < 2202, 2002, 

1002 > does not provide any further information about the decision to switch. Although the first 

three loci in trio are successfully resolved (see Figure 29), the fourth locus ( < g, g, r > = < 2, 2, 2 

length 3 5 7 11 15 20 30 100 

Accuracy(%) 100 99.335 99.774 98.401 99.484 99.426 99.728 99.653

< Table 4 > Average resolution accuracy   

The overall average resolution accuracy is 99.475% when PRT phasing was run 100 

times : 50 times for the pedigree which has 100 individuals and 50 times for the 

pedigree which has 200 individuals. The earliest ancestors’ genotypes are randomly 

generated from the haplotypes which MS (HUDSON) program generated. The rest 

of the genotypes are generated based on the pedigree information. (Note : for each 

run the sample data was randomly generated.) 
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> ) yields an ambiguity.  This is because the order of nodes A and B must be decided. In fact, the 

results from the order < A, B, C > and < B, A, C > are different on this ambiguous locus.  While 

the order <A,B,C> produces < r, r, r > = < 3202, 3003, 1002>, the order < B, A, C > produces < r, r, 

r > = < 3002, 3203, 1002 >.  Therefore, if a pedigree has this specific case, the resolved haplotypes 

may not be accurate.  Nonetheless, since it rarely happens that the above four conditions are met, 

the resolution accuracy is still ~ 99%.  In conclusion, the Pre-Resolved Table algorithm reduces 

the computation time significantly while it sustains its reliability in the haplotype phasing.  
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< Figure 29 > shows a case where unphased data remains.  Whether A and B are switched 

or not varies the output. Although we need more information to resolve this case, there is no 

more information because A and B are not a joint node and do not have any more children, 

and also do not have any ancestor information. Therefore, we cannot resolve a unique 

solution in this specific case.  
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4.3  Comparison  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

The EM algorithm is more efficient if the sample data indicates only the genotypes of its 

population. However, the time complexity for one iteration of the EM algorithm is O(n2k) where n 

is the number of genotypes, and k is the maximum number of heterozygous loci. 

  On the other hand, The Pre-Resolved Table algorithm has O(nmd) for its time complexity, where 

n is the size of pedigree (the number of genotypes), m is the number of loci, and d is the number of 

< Figure 30 > illustrates the graph for comparison of average running time variation between 

the EM algorithm and the Pre-Resolved Table algorithm. The blue line indicates computation 

time of the EM algorithm, while the red line denotes the Pre-Resolved Table algorithm.  
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trees (number of root descendants).  

Therefore, if the sample data contains the pedigree information, the Pre-Resolved Table algorithm 

will provide reliable computing with reduced running time.  

 

 

V. Conclusion and Further Works 
 

   In this paper, we present the Pre-Resolved Table algorithm which only increases computing time 

linearly with various data sizes, while other statistical methods tend to increase the time complexity 

exponentially.  The Pre-Resolved Table algorithm resolves haplotypes more accurately than other 

parsimony and phylogeny algorithms.  The Pre-Resolved Table algorithm reduces comparing 

scope with pre-resolved order with every possible genotype combination for the parents-child trio. 

Because it has basically a binary tree structure, the running time is more reliable.  

In this study we assume that there is no recombination and mutation. Even though the Pre-

Resolved Table algorithm can resolve the pattern of haplotype with very reliable accuracy (~99%), 

it still exhibits several drawbacks. When there is recombination or mutation in the data, this can not 

produce exact results. Also, each genotype’s specific locus is the ambiguity site, they can not be 

resolved properly because every <g,g,g> =<2,2,2> combination does not give any information.  To 

address this problem, we are investigating the integration between the Pre-Resolved Table algorithm 

and the EM algorithm to resolve only these ambiguous sites, which will provide more accurate 

results.  
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