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Abstract. This paper presents a caseof interdisciplinary collaboration
in building and using a set of tools to compute the 
o ws in a branched
artery, to compare them with prior physical 
o w visualization, and to
interpret them with further usersin mind. The geometry was taken for a
typical epicardial coronary artery with a side branch. The incompressible
Navier-Stokesequations weresolved with the hybrid spectral/hp element
solver Nektar. Somesimulations werevisualized in the CAVE, an immer-
sive 3D stereo display environment, and selected features are described
and interpreted.

1 In tro duction

Two papers by Colin Caro and his colleaguesin the 1970s[1,2] led to a large
increaseof interest in the possible role of 
uid dynamics in the development
of atherosclerosisin arteries, and the consequent impact of this focal and local
vesseldisease.This diseaseevolvesover time to be critical in chronic conditions
such asclaudication (from ischemic e�ects in the legs), transient ischemic e�ects
in the brain (often followed within 6 months or so by thrombotic strokes), and
myocardial infarctions due to obstruction in coronary arteries. The local pathol-
ogy of atheroscleroticplaquesis widely found in many arterial locations, in vessel
sizesranging from the aorta down to arteries a tenth or so of the aortic diame-
ter [3,4]. A pathological �nding, that prompted Caro et al to suggesta role of
local variations in blood 
o w patterns, is that the distribution of such atheroscle-
rotic lesions on blood vesselwalls is not random, but has higher frequency of
incidencecloselydownstream of arterial branches[1,2]. Clinically the acute and
locally-focussedtreatment of coronary artery diseaseis undertaken widely in the
angioplasty suite. Cylindrical balloons are intro duced to coronary arteries and
in
ated to open up stenotic sections.Often a physical prop, a stent, is inserted
by balloon to hold open a section that had beenstenosed(bottlenecked) by the
disease.More recently , a catheter-baseddevice has been approved for using a
�ne wire with a coiled tip to be screwed into a thrombus in the carotid artery
and withdraw it, to clear a passagefor blood 
o w there.

Despite many advancesmadein understanding cell structure and function in
the past 30 years, especially regarding transmembrane channels, receptors and



the cytoskeleton, as well as in arterial vesselmechanics and function, including
the conceptof the vulnerable plaque, on the onehand, and many 
o w computa-
tion and visualization studies in branched and curved tubeson the other hand,
no clear closure to the question of why plaquesdevelop spatially non-randomly
on arterial walls has been achieved. Even in the 
o w computations and visual-
izations, little progresshasbeenmadein investigating how well the observations
can be explained by combination of prior knowledgeof speci�c 
o w situations,
examined for their breadth by comparisonwith speci�c examples.In this paper
someselectedexaminations of the 
o w in a circular tube in the vicinit y of a side
branch are described and discussed,�rst from using regular 
o w visualization
with dye streamsand secondlyusing post-processingof computed 
o ws; the lat-
ter embrace tube geometric modi�cations not achieved in regular physical 
o w
visualization.

2 Physical Flo w Visualization for Branc hed Tub es

Branchedtubeswerefabricated by machining - drilling, reaming,and chloroform-
polishing - of 3mm-diameter straight holes in clear PMMA 
at-sided blocks,
with 1.5mm-diameter side-branches intro duced with axes intersecting those of
the primary holes and, in di�eren t blocks, having the side branches with their
axesat 45 or 90 degreesfrom the downstream direction of the main 3mm holes.
Directly upstreamof the blocks, and with their central axesand internal diameter
matching the 3mm hole in the block, there were two short tube sectionseach
of which had one small hole permitting a dye stream to be added to the 
o w,
and capable of being rotated so the dye streams from each could be admitted
at a selectedand measuredcircumferential angle relative to that of the axis
of the side branch downstream. Careful �tting, including use of O-ring seals,
assuredthat the angle of each dye stream could be altered as desired without
leaksoccuring. Photographs of 
o w patterns as shown by dye 
o ws were taken
with a 35mm Pentax camerahaving a macro lens.

A typical steady-
ow visualization is shown in Figure 1(a). The 
o w, passing
from left to right, comesvery close to the tube junction before showing any
alteration from straight laminar 
o w. In the region where the 
o w divides the
dye streams broaden; becausethe dye streams have a �nite diameter as they
approach, this makes clear that the 
o w develops a di�eren t direction closeto
the wall than at small distancesradially inwards. Broadly speaking, oneexpects
the 
o w closeto the wall, having relatively little momentum, to be more sensitive
to the local pressuregradient than portions of the 
o w closer to the center of
the stream. The pressuregradient is expected to have components both across
the main tube and along it. The transversecomponent is due to distribution of
the reaction force associated with providing the momentum for the portion of
the 
o w going down the side branch. The longitudinal component of pressure
gradient is associated with the divergenceof streamlines,and the corresponding
deceleration of the portion of the 
uid stream entering the exit section of the
3mm-diameter tube. This divergencereminds one of a classicsolution in 
uid



Fig. 1. Steady 
o w in a tub e with a side branch. (a) Visualization illustrating a case
with 
o w separation opposite a side branch. (b) Boundary between caseswith 
o w
separation (above line) and those without (below line), line from theory [6], check data
points from 
o w visualization and our computations.

dynamics, that of steady 
o w in a conical, diverging tube, and it is interesting
that this comparison leadsto a prediction of 
o w conditions - basically a range
of values of the side-branch 
o w rate divided by the downstream main-tube

o w rate, as a function of the Reynolds number of the 
o w upstream of the
branch - for which 
o w separation on the side of the main-tube wall opposite
the side-branch, and continuing some distance downstream, is observed. This
was reported �rst as a correlation [5] in 1985and subsequently with an outline
of the analysis [6] at a conferenceof 
o ws in large blood-vesselsheld in 1989.
Our own (previously unpublished) computations have con�rmed this behavior,
as shown in Figure 1(b). Associated with a separated
o w there is a signi�cant
changein the shearstressin the 
o w at the wall, and the prospective impact of
this on lipid transport betweena blood stream and a vesselwall in this region -
which happens to be where atherosclerotic plaquesare found more frequently -
was discussedby Caro et al [1,2].

When the in
o w was made pulsatile, the dividing line (betweenhaving 
o w
separation or not on the portion of the wall opposite and downstream of the
opening into the side branch) broadenedinto a wedgeshape: above the upper
line of the wedgethe 
o w wasseparatedthere throughout a pulsation, in between
the two lines the 
o w was episodically separated/attached through a pulsation,
and below the lower line the 
o w did not separateat any time during the cycle
of a pulsation. The lines cametogether when the in
o w Reynoldsnumber at the
upstream portion of the branched tube approached 1,000.

Crossing to the side where the side branch entrance is, the sharp transition
of the wall for 
o w coming along the upstream wall to the side branch leads
to a 
o w separation in the corresponding portion of the entrance section of the
side branch over a wider range of 
o w conditions. This was visible with regular

o w visualization, as illustrated in Figures 2(a) and 2(b), where a branch at 45
degreeswas examined - this made it easier to photograph the 
o w from what
is the lower-left position in Figure 2(a) to provide Figure 2(b) than would have
beenthe casewith a 90-degreebranch. Two dyestreamsof di�eren t colors were
applied upstream, and the dye tracks show the dye swerving to enter the side



Fig. 2. Steady 
o w in a tub e with a side branch: 
o w separation in the side branch.
(a) Visualization from a side. (b) Visualization from under side branch.

branch in the mid-position acrossit entrance mouth as seenin Figures 2(a) and
2(b), the dyestreamsapproach each other on the underside of the side branch
roughly two diameters downstream of the entrance and then each divides, some
moving retrograde by the wall and towards the entrance and somecontinuing
downstream. The retrograde 
o w, on coming very closeto the entrance, passes
under the 
o w which has separatedat the upstream edgeand is carried down-
stream in the side branch. The length of this region with reversed 
o w was
observed to increasedown the side branch as the Reynolds number of the 
o w
in the side branch increased.

3 Visualization of Branc hed-T ub e Flo ws Deriv ed From
Computations

We have made computations for 
o ws, steady and unsteady in branched tubes
similar to, and also modi�ed from, those use in the earlier experiments. One
modi�cation was to provide curvature to the axesof the tube section, to study
more some details of the 
o w that would be expected in epicardial coronary
arteries, which ride in grooveson the curved external sufaceof the heart. It has
beenknown for several decadesfollowing the work of Dean [7] that a secondary
motion is found in steady 
o w in curved tubes.

We thought it would be interesting to examine vortex lines in the 
o w, and
developed someby putting seedpoints in the 
o w, computing the local vorticit y,
marching a small distance in the direction in which it pointed, computing the
local vorticit y at that point, revising the direction in which to march to the next
point, and continued for a few thousand small stepsbeforestopping arbitrarily .
If a seedpoint fell at the edgeof the 
o w �eld and marching produceda straight
line, this wasterminated much sooner asan artefact. (In any case,becauseof the
arbitrariness of seedlocations and of terminations there would be somelines that
appeared to start and �nish in the 
o w, another minor artefact). To visualize



Fig. 3. Steady 
o w in a tub e with a side branch: sample vortex lines from computed

o ws. (a) Starter tracking points seededthroughout 
o ws in tub e. (b) Sheath, of 0.1
mean velocity magnitude surface, inserted to make only vortex lines close to wall dis-
tinct.

the lines they were each sheathedvisually with a thin uniform tube, and then
displayed as in Figure 3(a). As expected, the central core of the 
o w showed
many similar lines in tight coilings traced in each such sequence,with those in
the outer 10 per cent or soof the radius being inclined di�eren tly . To reducethe
visual distraction from the inner coiling, an opaquesheath (with somespecular
re
ectivit y) was created where the magnitude of the local velocity was 0.1 of
the mean velocity in the in
o w. A typical resulting image, again close to the
side branch, is shown in Figure 3(b). A feature observed here is the formation
of 'hairpins' in a few of the vortex lines. Theseare evocative of similar hairpins
that form in laminar boundary layers as part of the processof transition to
turbulence, and for any given Reynolds number the likelihood of their being
stimulated is increasedwhen there is an 'adverse'pressuregradient, asoccurs in
this region. This hairpin shape was not observed to evolve downstream, where
the pressuregradient stopped being 'adverse',and in this caseno early transition
to turbulence was indicated. However, it was very interesting to seethis, which
physical 
o w visualization wasextremely unlikely to catch. It waspresent in this
caseonly on the side where the vesselwall had negative Gaussiancurvature, it
was looked for on the opposite side (not shown) but was not present there.

The presenceof the reverse 
o w region at the upstream side of the side
branch, under a locally separated 
o w entering the side branch from the up-
stream supply, was made visible by retaining the sheathing of regions by local
magnitudes of 0.1 mean velocity. Use of the magnitude ignores the local direc-
tion of 
o w. Figure 4 shows a close-upof the region closeto the entrance in to
a 45-degreebranch, and in this Figure the position of the tube walls has not
been ghosted in. Visible in this Figure is an object like a �nless �sh. Because
the 
o w velocity changesdirection betweenits upper surfaceand the main 
o w
coming into the side branch, there is a seeminggap between them where the
local velocity is changing direction and is therefore slow enough to be at less



Fig. 4. Steady 
o w in a tub e with a side branch: surfacesof 0.1 mean velocity mag-
nitude surface shown. Detail near entry to side branch, with '�nless �sh' showing part
of reverse 
o w region, seeFigure 1(b).

than 0.1 of the entering mean 
o w. Similarly, to the left of the underside of
the '�nless �sh' there is a region where the local velocity is less than 0.1, and
the location of the tube wall is separatedfrom the visible surfaceof the '�sh'.
With this understanding, the similarit y of the phenomenonof a reversed 
o w
region displayed in the images in Figures 2(a) and 2(b) and Figure 4 can be
appreciated, in the region just downstream of the lip of the side branch. This
is undoubtedly of relevance to tubing geometriesin manufactured equipment.
Arteries are somewhat rounded locally in this region, and it is likely that the
Reynoldsnumber of the approaching 
o w has to be large enough,or accelerated
rapidly enough, for a similar 
o w separation over a reverse 
o w region to be
present there.

Another feature of the 
o w in regions a�ected by a side-branch in tubing
geometry is secondary motion. Dean-type secondary motions in curved tubes
are already well known, and are driven basically by an imbalanceof centrifugal
forces in them. The secondarymotion involves 
o w acrossthe diameter of the
tube, in the plane of its curvature, and running from the tube wall at the inside
of the curve to the outside of the curve, with a compensating 
o w (to satisfy
continuit y requirements) closeto the wall surfacesthat bracket the plane of the
curvature. Thus the 
o w movesaround in a "D" shape at each side of the plane
of the tube curvature. The secondary 
o w requires a �nite arc of curvature
to develop into its full strength: however, this is a fraction of a radian. Even
with straight tube sections, the diversion of part of a straight-
o wing stream
through an angleinto a sidebranch involvesa �nite period wherethere can be an
imbalanceof centrifugal forcesacrosscurved streamlines,and a turn of the order
of a radian. Flow visualizations (not shown here) suggestthat a pair of counter-
rotating secondary-
ow coresare present for somediameters downstream in a
side-branch tube. There may be some in the downstream continuation of the
main tube too, especially if there is 
o w separation opposite the side branch,
as the separation region may be occupied by a horse-shoe vortex. Dean-type



Fig. 5. Secondary 
o w patterns in main tub e from our computations, successively (i)
at one tub e diameter upstream of intersection of tubing axes(ii) at intersection point of
tubing axes (iii) one diameter downstream (iv) three diameters downstream, together
showing range of slewing-round of the secondary 
o w by the 
o w exiting down the side
branch.

secondarymotions can persist even in the presenceof some pulsatilit y in the

o w, and indeed there is someevidencethat pulsatilit y added to a Dean-type
secondarymotion may increasethe mean massor heat transfer coe�cien t in a
curved tube [8] compared with a straight tube having the same 
o w through
it. Such an increasein mean transfer rates likely involveseven larger variations
in local transfer coe�cien ts at di�eren t circumferential locations. Becausethe
development of atherosclerotic lesionsmay be a�ected by local convective lipid
transport coe�cien ts, this needsto be examined in greater detail. With space
limitations here, we demonstrate one feature relating to secondary
o ws and a
side branch.

In Figure 5 we show a sequenceof patterns of secondary
o w in the main
tube 
o w, starting one tube-diameter upstream of the point where the axis of
the side branch meets the axis of the main tube; at this position the secondary

o w is almost identical to that in a curved tube without a sidebranch. The next
secondary
o w pattern is at the meeting point of the vesselaxes;to the right on
this pattern there are streamlines converging towards 3 o'clock, corresponding
to contribution to the 
o w into the side branch, and the vorticit y core that had
been on the left in the previous 
o w slewed round roughly 45 degreesclock-
wise. One diameter further downstream in the main branch the slewing of the
vortex structures persists, but with the out
o w to the side branch now passed
the secondvortex core begins to reorganize.By three diameters downstream of
the meeting-point of the vesselaxesthe secondarystreamlinesare closeto nor-
mal again. Becausethis variation of the secondary
o w - uniquely made visible
by examining the computed 
o ws - will be accompaniedby local variations of
the mass transport rate at the wall in a way unlikely to be symmetric about
the midplane through the parent artery and its side branch, someresolution of
the possible role of local transport of lipids may be determined by examining
pathological specimensfor helical slewingof the atheroma that develop over the
range in a parent vessel(such as the left anterior descendingcoronary artery),
downstream of a side branch, in which the secondary
o w itself is slewed. Ad-
ditionally , observations can be made from useof intravascular ultrasound in the



angioplasty suite to similar purpose.With pulsatile 
o ws, aswaswell demonstra-
ble by viewing streamline patterns closeto the wall in a CAVE, the secondary

o w is strongly sensitive to the acceleratingphasein its response.

4 Discussion and Conclusions

Prior experimental work, of which somepreviously unpublished 
o w visualiza-
tion (by the senior author with J. Christo) is included here, posedseveral prob-
lems about 
o w in branched tubes and application to human arteries in which
atherosclerosishas critical clinical impact. Our studies, of which a segment is
described here, have utilized the computational and visualization framework al-
ready detailed by Sobel et al [9] to examinepulsatile 
o w in models of branched
arteries and, in particular, to search for and examineparticular featuresof inter-
est such asconditions for 
o w separationopposite the entrance to a sidebranch,

o w separation over the lip of a side branch, local instabilit y, and alteration in
secondary
o w patterns in a curved tube near a side branch.

In conclusion, this paper illustrates how computational 
uid dynamics to-
gether with computer visualization form a useful complement to physical exper-
iments and, when broader knowledge of 
uid dynamics is also applied, help to
make orderly and systematic interpretation of complex phenomena.
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