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Abstract

In boundary labeling each point site is uniquely connected to a label
placed on the boundary of an enclosing rectangle by aleader, which may
be a rectilinear or straight line segment. To our knowledge, all the results
reported in the literature for boundary labeling deal with t he so-called
one-to-one boundary labeling, i.e., dierent sites are lab elled di erently.
In certain applications of boundary labeling, however, mor e than one site
may be required to be connected to a common label. In this case the
presence of crossings among leaders often becomes inevitéd Minimiz-
ing the total number of crossings in boundary labeling becomes a critical
design issue as crossing is often regarded as the main sourcef confu-
sion in visualization. In this paper, we consider the crossing minimiza-
tion problem for multi-site-to-one-label boundary labeling, i.e., nding the
placements of labels and leaders such that the total number of crossings
among leaders is minimized. We show the crossing minimization problem
to be NP-complete under certain one-side and two-side labeing schemes.
Subsequently, approximation algorithms or heuristics are derived for the
above intractable problems.

Submitted: Reviewed: Revised: Accepted: Final:
June 2007 September 2007 February 2008 April 2008 August 2008
Published:

October 2008
Article type: Communicated by:
Regular Paper S.-H. Hong

H. Yen is the corresponding author of this paper. Research su pported in part by NSC Grant
96-2221-E-002-027, and Research Grant 95-EC-17-A-02-S1- 049, Taiwan.

E-mail addresses: [sanlin@cobra.ee.ntu.edu.ti{(Chun-Cheng Lin) khr@cobra.ee.ntu.edu.tw(Hao-
Jen Kao) yen@cc.ee.ntu.edu.tv(Hsu-Chun Yen)


mailto:sanlin@cobra.ee.ntu.edu.tw
mailto:khr@cobra.ee.ntu.edu.tw
mailto:yen@cc.ee.ntu.edu.tw

320 C. Lin, H. Kao, and H. Yen Many-to-One Boundary Labeling

1 Introduction

In information visualization, cartography, geographic information systems (GIS),
and graph drawing, map labelingis an important task which is concerned with
e ciently placing extra information, in the form of text lab els, next to features
(such as points, lines, or areas) in a drawing (map). In orderto ensure read-
ability, unambiguity and legibility, it is suggested that t he labels be pairwise
disjoint and close to the features to which they belong[[13].A detailed bibliog-
raphy and survey on map labeling can be found in[[21]/]17], spectively. ACM
Computational Geometry Impact Task Force [7] has identi ed label placement
as an important area of research. The majority of map labeliy problems are
known to be NP-complete [11,[14] in general. (The interestedeader is also
referred to [19,[20] for various approximations and heurists for map labeling.)

Map labeling problems are classi ed by the following three knds of graphical
features according to their dimensions, namely, point featres, line features, and
area features. For example, in a geographical map, a city (1., river and lake)
is typically represented by a point (resp., line and area) fature. Note that a
point or a line feature label is normally located next to the associated object,
while an area feature label is usually placed within the bounary of the feature
to be labeled.

Most of the research on map labeling has primarily focused otabeling point
features, and the basic requirement in this case is that all he labels should be
pairwise disjoint. It is clear that such a requirement is di cult to be achieved
in the case where large labels are placed on dense points. Inggtice, large
labels are usually used in technical drawings or medical atises where certain
site-features are explained with blocks of texts. To addres this problem, Bekos
et al. proposed the so-callecboundary labeling[1, [3,[4], in which all labels are
attached to the boundary (four sides) of a rectangleR enclosing all sites, and
each site is connected to a unique label by deader, which may be a rectilinear
or straight line segment. In such a setting, they investigatd how to place the
labels and leaders in a drawing such that there are no crossys among leaders
and either the total leader length or the bends of leaders areninimized under a
variety of constraints. In a recent article, Bekos et al. [2]investigated a similar
problem for labeling polygonal sites under the framework oboundary labeling.

For the work reported in [I] [2, [3,[4] regarding boundary labeing, each label
is uniquely associated with a site (point feature). In practice, however, it is not
uncommon to see more than one site to be associated with the s® label. Such
examples include the religion distribution in each state ofa country, the language
distribution of the world, or the association or organization composed of some
countries in the world, etc. In view of the above, in this pape we investigate the
multi-site-to-one-label boundary labeling(a.k.a., many-to-one boundary labelingy
in which the mapping from sites to labels is a many-to-one fuetion, i.e., more
than one site is allowed to be connected to a common label andaeh site is
connected only by a leader. Unlike the conventional bounday labeling, this kind
of labeling inevitably leads to a high possibility of crossngs among leaders in the
drawing. Therefore, an important objective for many-to-one boundary labeling
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is to nd the placements of labels and leaders such that the téal number of
crossings among leaders is minimized. Aside from minimiziopthe total number
of crossings, we also consider the issue of minimizing the t leader length
under the framework of many-to-one boundary labeling in this paper.

Labeling key components of a motherboard is an example used i[5] for
illustrating the usefulness of the technique of one-to-oneéboundary labeling.
For motherboards used in servers or parallel computers, its common to nd
multiple copies of components such as CPUs, chipsets, memoiDIMMs, 1/O
ports, expansion slots, and so on, on the same motherboard. nlthis case,
placing labels along the sides of a motherboard involves comcting multiple
sites to a single label, suggesting an example to which manig-one boundary
labeling can apply. Figure[d gives the boundary labeling of he ASUS KFN5-
Q/SAS motherboard in a many-to-one fashion. For comparisonpurpose, the
motherboard is also labeled by two other approaches in Figwe[2, wherearea
labeling in Figure P(a) places a text label within the boundary of eachobject,
and legend labelingin Figure P(b) attaches an assigned number to each object
of the same component, and places a legend table with those mbers as well
as the text information of their corresponding components @ the right side of
the motherboard.

PS2 Port 8 DIMMs
USB Port ATX Power Supply
COM Port 2 LAN Ports
VGA Port Battery
4 CPUs BIOS
6 Expansion Slots 2 Chipsets
IDE Slot 6 SATA Connectors

Figure 1: An example of many-to-one boundary labeling.

In comparison with Figure [2(a) (where text labels are of di erent sizes caus-
ing some of them to be too tiny to read), Figure[1 displays cleeer and more
readable text labels on such a dense motherboard, though merspace is re-
quired. If the motherboard is colored (as shown in Figure[1),then the area
labeling which places lots of redundant texts inside the moherboard tends to
cause unnecessary confusion in visualization. As for Figerl2(b), the legend
labeling can be viewed as an alternative to many-to-one boutary labeling. In
practice, choosing the right labeling scheme often dependsn the application,
and an integrated solution might turn out to be better in some cases.

Conventionally, boundary labeling is identi ed as k-side labeling with typet
leaders(where k 2 f 1;2;4g and t 2 f opo; po; ) if the labels are allowed to be
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Four CPUs

Two Chisets

BIOS

. Eight DIMMs

Six Expansion Slots
. Six SATA Connector]
. IDE Slot

. Two LAN Port

. VGA Port

—1|10. PS2 Port

11. USB Port

12. COM Port

13. ATX Power Supply
14. Battery
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(a) Area labeling. (b) Legend labeling.

Figure 2: Other labeling approaches.

attached to the k sides of the enclosing rectangl® by only type-t leaders. The
parametert speci es the way a leader is drawn to connect a site to a labelThe

opg po, and s stand for orthogonal-parallel-orthogonal parallel-orthogonal and

straight-line, respectively, which can easily be understood from the exaples

given in Figures[3 (a), (b) and (c). For each type-opoleader, we further assume
that the parallel (i.e., “p') segment lies immediately outsideR in the so-called
track routing area, as shown in Figure[3 (a).

Track Routing Area

=] [——————nu| [ ——n
L b [ P [

1] |3 |3 |3
— | —— [—
%j 4 [ 4 / 4
i

R Is R ‘7j | | R ,//// Iy
(a) Typeopoleaders (b) Typepo leaders (c) Typesleaders

Figure 3: lllustration of leaders.

Very recently, in order to improve one-side one-to-one boudary labeling
with type- po leaders, Benkert et al. [6] introduced a new notation of so-alled
type-do leaders, in which the do stands for diagonal-orthogonal As shown in
Figure [4, the only di erence between typepo and type-do leaders is that the
leader starts with a diagonal segment of xed angle orientedtowards the la-
bel. They suggested to apply typedo leaders to producing smoother shapes of
leaders such that it becomes easier to comprehend the assigent from sites to
labels. Intuitively, we observe from Figure[4 that the model of type-do leaders
can obtain shorter total leader length than that of type-po. Therefore, they
investigated the problem of minimizing the total leader length, without any
crossings of leaders.
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(a) Typepo leaders (b) Typedoleaders

Figure 4: Comparison between typedo and type-do leaders in one-to-one bound-
ary labeling.

As listed in Table [I, the main contributions of this paper include:

1. Crossing minimization problems for both one-side and tweside many-to-
one labeling with type-opo leaders are proved to be NP-complete (Sec-
tions 3 and[4). We also design approximation algorithms to cpe with
such intractable problems.

2. Crossing minimization problems for one-side and two-sid many-to-one
labeling with type-po leaders are proved to be NP-complete (Sectionsl 5
and [6). Heuristic algorithms with satisfactory experimental results are
also given for these problems.

3. In Section[4, we discuss the many-to-one labeling with theobjective of
minimizing the total leader length to be solvable in polynomial time, along
a similar line of the work of [1].

Table 1: The main contributions of this paper.

number leader time solution
objective of sides type complexity
Minimize the crossing number one opo NPC approximation
Minimize the crossing number two opo NPC approximation
Minimize the crossing number one po NPC heuristic
Minimize the crossing number two po NPC heuristic
Minimize total leader length any opo, po P following [I] 4]

A wide variety of variants of one-to-one boundary labeling tave been pro-
posed and studied from an algorithmic viewpoint in the literature. Table
summarizes those that are related to our work. By comparing Bble [ with
Table [Z, it is interesting to note that in the one-to-one case minimizing the to-
tal leader length while respecting the no-crossing constiat is always tractable,
whereas in the many-to-one case, minimizing the crossing maber becomes in-
tractable. Also note that the total leader length minimizat ion problem remains
solvable in polynomial time even in the many-to-one case.
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Table 2: Variants of one-to-one boundary labeling problemsand their complex-
ities.

number leader time
objective of sides type complexity reference
Minimize total leader length one, four S o(n“ ) 81 4]
Minimize total leader length one opo O(n logn) 81 4]
Minimize total leader length two opo o(n?) 81 4]
Minimize total leader length four opo o(n? log® n) [T 4]
Minimize total leader length one, two po 0o(n?) 81 4]

All the problems are subject to the constraint that there are no crossings among
leaders; the positions of ports are xed; each label is of uniform (maximum) size.

In one-to-one boundary labeling, it is always possible to nd a layout without
crossings among leaders; in the many-to-one case, howeviader crossings are
inevitable in general. This disparity is exactly the reasonwhy minimizing the
number of crossings is the most critical issue in many-to-oe boundary labeling.

2 Preliminaries

A k-side typet many-to-one boundary labelled magor k-side typet map, for
short), where k 2 f 1;2;4g and t 2 f opo; po; ®, isM = (P;L;n1;Nny;n3;ng;f)
where

P="fp;p2;:5png P 2R%1 i N, is the set of sites (points) on the
plane enclosed in a rectangldR,

L is the set oflabelswith jLj = ni + Ny + N3+ Ny,

ni;N2;Nn3;Nng 2 N are the numbers oflabelsto the East, West, South, and
North, respectively, of the axis-parallel rectangle enclosinglasites in P,

f : P 1 L is an onto function which assigns each site irP to a label in
L. Note that f is a many-to-one function in general.

W.l.o.g., we assume that fork=1 (resp., 2), labels are only placed on theEast
side (resp.,East and West sides) of the enclosing rectangle oP. Hence,n; +
nz+ ng =0for k=1and n3 + n, =0 for k =2. On the other hand, labels
can be placed on the four sides of the rectangle whek = 4. The parameter t,
t 2 f opo; po; g, refers to the type ofleadersallowed for connecting sites to labels.
The opa po, and s stand for orthogonal-parallel-orthogonal parallel-orthogonal
and straight-line, respectively. See Figurd B for these three types of leaders
For notational convenience, we refer to theEast, West, South, and North sides
to be the 1st, 2nd, 3rd, and 4th sides throughout the rest of ths paper. One
should also note that every labell is connected withjf (l)j sites; hence| has
to have jf 1(l)j ports to which the sites are connected. Althoughf ! is not a
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function, the slight abuse of notation is simply for convenence of understanding.
For simplicity, we assume that there are no two sites with the samex- or y-
coordinates, and the locations of ports of each label are pde ned (see labells
with three ports in Figure Bl(a)). Note that if part of a leader is overlapped
with a certain other leader in a boundary labeling, then the overlapping can
be removed by slightly adjusting the location of port of one d the two leaders.
Therefore, it is reasonable to assume that leaders never oilap. In addition,

the leader connecting siteu to label | is denoted by ul.

A boundary labelingof a map M is a sequence of labelsl; ;174 13; 55
192,13 051335030 13*) such that 81 i 4,0 ) n;;ll 2 L. Wlo.g., we
assume that all the labels are dierent. Intuitively speaking, I1;::; 1" is the
sequence of labels along thé-th side. W.l.o.g., fori =1 and 2 (i.e., East and
West sides, resp.) a top-down ordering is assumed; fdar= 3 and 4 (i.e., South
and North sides, resp.) a left-to-right ordering is assumed Figure [§ illustrates
a 4-side types boundary labeling. For simplicity, we assume labels (drawnas
rectangles) along the same side to be of uniform and maximumize; hence, the
ordering of labels along each side is su cient to determine he exact positions
of labels. Asf is a many-one function in general, there might be several sis
connecting to the same label. For example, three sites are ocoected to labells
in Figures[3(a) and[3(b). Itis easy to observe from that to minimize the number
of crossings (or the total leader length) in the case of typespoleaders show in
Figure [3(a) (resp., type-po leaders show in FigureB(b)), the ordering of ports
at which the three leaders touch labell; (drawn as a rectangle) must respect
the ordering (in increasing order) of the y-coordinates (resp.,x-coordinates) of
the three sites connected to labell3. The crossing numberis the number of
crossings among leaders in a drawing.

Ny
b | | I
w 10
o |
/4\- |8
Ny R l4 m
1 l2
Is
l11 ‘ lg
Nz

Figure 5: A four-side many-to-one labeling with type-s leaders.

One of the optimization problems considered in this paper isas follows:
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The Crossing Problem for k-Side Many-to-One Labeling with Type-
t (CPkML-t, for short): Given a k-side typet map M , determine a boundary
labeling for M so that the crossing number is minimized.

Before deriving our main results, we rst recall three NP-complete problems,
namely, the Decision Crossing Problem(DCP) [8], the Max-Bisection Problem
[22], and the Min-Bisection Problem for directed graphs [10] that are closely
related to our problems.

Consider a two-layered networkG = (Lg; L 1; E) consisting of disjoint setsL o
andL; of nodes and aseE Ly L; of edges. Assume that the nodes i g
and L1 appear on the vertical linesx = 0 and x = 1, respectively, and the edges
in E are straight line segments joining two nodes fromLy and L respectively.
A drawing of G is generated by assigning each node 2 L;, i =0;1, to ay-
coordinate y;(v). Hence, two edgesuv and tw, whereu;t 2 Lo and w;v 2 L,
cross in the drawing if and only if (Yo(u)  Yo(t))(y1(v) vyi(w)) < 0. Let the
number of crossings in a drawing ofG specied by yp, and y; be denoted by
cross(G; yo; y1). In fact, the crossing number is a ected only by the ordering of
the nodes ofL o and L1, not by their precise positions; soyg and y; are said the
ordering of Lo and L4, respectively. The DCP is stated as follows:

The Decision Crossing Problem (DCP)

Instance: A two-layered network G = (Lg;L3; E), an ordering yp of Lo, and an
integer M .

Question: Is there an orderingy; of Ly, so that cross(G;yo;y1) M?

The Max-Bisection Problemis stated as follows. So far the best approxima-
tion ratio for the Max-Bisection problem is 1.431 [22].

The Max-Bisection Problem : Given an undirected graph G = (V; E) with
non-negative weightsw;; for each edge inE (and w;; = 0 if (i;j) 62E),
partition Ighe nodes in V into two sets S and V n S of equal cardinality so that
W(S) = j,5j2vns Wij IS maximized.

Contrary to the Max-Bisection Problem, the Min-Bisection Problem is the
problem of computing a bisection for an input graph G so that w(S) is min-
imized. Note that if thepgraph is directed, then the objective of the problem
is to minimize W(S) := ;)2 (s:vns) Wij - The problem for undirected graphs
is known to be NP-hard [12], and the problem for directed grafhs can be eas-
ily shown to be NP-hard as well [10]. For the case of undirect® graphs, an
O(log*® n)-approximation algorithm is known [9]. In practice, Kerni ghan-Lin
heuristic (a.k.a., K-L heuristic) [L5] is a well-known algarithm for handling the
problem for undirected case. As for the case of directed grds, Feige and Ya-
halom [10] showed that the Min-Bisection Problem for direced graphs is not
approximable at all.



JGAA 12(3) 319{356 (2008) 327

3 The Crossing Problem for One-Side Many-to-
One Labeling with Type- opolLeaders

In this section, we show that the crossing problem for one-sie many-to-one
labeling with type-opo leaders (CP1ML-0opg is NP-complete (Subsection[3.11).
We also give an approximation algorithm guaranteed to yielda solution which
is less than or equal to three times the optimal solution (Sulsection[3.2). Note
that in the restricted case in which each label is associatedvith at most two

sides, an analysis used in[16] can be applied to showing thégarithm presented
in Subsection[3.2 to be optimal.

3.1 CP1ML- opois NP-complete

Consider the case where all the labels are placed on the Eastle of rectangleR
which encloses all the sites in the given map. Recall that we ssume that there
are no two sites with the samex- or y- coordinates. In addition, since every
leader goes from a site through the right borderline of rectagle R orthogonally,
there is no crossing between leaders inside rectangRe We can arbitrarily adjust
the x-coordinate of the bend of every typeepoleader in the track routing area
(see Figure[3 (a)) so that two leaders cross only when thg-coordinate order
of their corresponding sites is di erent from that of their c orresponding labels.
That is, the crossing number is a ected only by the y-coordinate orders of sites
and labels, not by their x-coordinate orders. As a result, if every typeepo
leader is replaced by a straight line segment and all the site are on a vertical
line, then the problem under consideration is similar to the DCP except our
problem allows more than one site to be connected to a commorabel. In what
follows, we show the concerned problem to be NP-complete. Ithe case where
every leader is replaced by a straight line segment and eversite is placed on a
vertical line, the decision version of the problem can be catpred by the decision
many-to-one crossing problem(DMCP) as follows:

The Decision Many-to-One Crossing Problem (DMCP)

Instance: A two-layered network G = (Lg; L1; E) where the mapping from nodes
in Lo to nodes inL ; is a many-to-one function, an orderingyo of Lo, an integer
M.

Question: Is there an orderingy; of Ly, so that cross(G;yo;y1) M?

Theorem 1 DMCP is NP-complete.

Proof: It is clear that DMCP is in NP because we can guess an orderingfd_
and then check if the crossing number is no more thaM in polynomial time.
It remains to show the NP-hardness, which is established by aeduction
from DCP as follows.
DCP diers from DMCP only in the restriction that each node in Lg is
connected only by an edge. From a DCP instanceG = (Lg;L1;E), M (note
that M refers to both a part of the instance of DCP and the number of cossings
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Figure 6: An example reducing from DCP to DMCP.

S

P
o) O
pi2|[;| t 1) . qt
2p s 1

P inG'

Figure 7: The rst category of crossings.
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Figure 8: The second category of crossings.
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of DCP), we construct a DMCP instance G°= (LJ;L?%;E9, M ?as follows. Let
L9 = L;. We denote the node with thei-th maximal y-coordinate in Lo by pj,
and f11;12; ::;Ikg s the set of the nodes inL; to which p; is connected, i.e., there
are k edges connectingy; to k nodes inL;. For each nodep; in Lo, we create a
set of & nodes, sayP; = fp!; p?;:::; p?¥g, in LY, wherepl has thej -th maximal
y-coordinate among all. Then forj = 1 to k, we connectpl and p* ** to Il
That is, we connectp! and p? to I, p? and p* * to I2, ... , and pf and p¢**
to IX. An example is illustrated in Figure

We denote the cardinality of P; by jP;j and the number of the nodes inLg
by jLoj. Let M°be

o) . i
X 2 U= 4w
i=1 2

We show that there exists an orderingy? of L? such that cross(G%y3;y9) MO
if and only if there exists an orderingy; of L1 such that cross(G;yo;y1) M.

The crossings inGP can be divided into the following two categories: the
edge incident to a node inP; crosses the edge incident to a node 1) in the
sameP; or 2) in P; fori 6 j. For the rst category of crossings, as shown in
Figure[7, fori = 1;::;jLoj, for any two pairs of nodes inP;, (pf; p?™! **') and
(p; pi2inJ t+ ), s 6 t, there are two crossings regardless of the order of and ¢,

and hence there are ijizizz crossings for all permutations of selecting 2 from

fpl;p?; P g. So the crossing number for the rst categoryis 180 2 17172
For the second category of crossings, as shown in Figuié 8, ehedgep; ¢
crosses the edge; gs in G if and only if there are the four crossings shown in
the right of Figure Blin G° regardless of the order of and ¢. Therefore, there
are 4V crossings for the second category iG°if and only if G hasM crossings.
2

Based on the above, we have the following corollary.
Corollary 1 CP1ML-opois NP-complete.

Proof: (Sketch) To yield the lower bound, it su ces to show a reducti on from
DMCP to CP1ML- opa

Consider an instance of DMCP, i.e., a two-layered networkG = (Lo;L1;E),
ordering yo of Lo. With those information, Algorithm 1 konstructs a one-side
type-opomap M .

In what follows, we discuss all the possible cases of whethany two leaders,
saypalp and pclg, cross inM . W.l.o.g., we assume that they-coordinate of p, is
greater than that of p.; leaderspalp and pclq are not straight-line segments (i.e.,
there are bends orp,l, and pclg). Note that, in a boundary labeling for type- opo
leaders, we only need to consider the crossings of leaderstirack routing area
because all the typeepoleaders go from a site through the right borderline of
rectangle R orthogonally so that there are no crossings inside rectanglR. We
discuss the following two cases: the bends of typepoleaderspgly, and pclg are
drawn in 1) the same category; 2) di erent categories. In the rst case, w.l.0.g.,
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Algorithm 1 DMCP-to-CP1ML-  opo

Input: A two-layered network G = (Lg;Lq; E) where the mapping form nodes
in Lo to nodes inL is a many-to-one function, orderingyo of Lo, ordering y1
of L1 (e.g., see Figurd_B(a)).

Output: A one-side typeopomap M (e.g., see Figurd B(b)).

1: Construct a one-side typeopo map M where every site represents every
node in Lo; the locations of sites are determined so that they-coordinate
order of sites is the same as orderingy of Lo while the x-coordinate order
of sites is determined arbitrarily; every label representsevery nodes inL;;
the y-coordinate order of labels is the same as ordering; of L.

2: Vertically slice the track routing area of map M into two regions, where the
right (resp., left) region is denoted by T; (resp., T»), as shown in Figure[9(b).

3: Now we connect each leader itM representing each edge ift. According to
the locations of two endpoints of each leader, all the leaderare classi ed into
two categories: the rst category is denoted byC;, where the corresponding
site of every leader has largey-coordinate than its corresponding label port;
the second category is denoted byC,, which includes the leaders that are
not in C;.

4. Sort the labels connected by the leaders in each category amaing to their
y-coordinates.

5. Now we draw every leader as follows. In order not to induce thecrossings
among the leaders connected to a common label, one should rnicg that the
y-coordinate increasing ordering of the ports at which the laders touch a
label must respect they-coordinate increasing ordering of the sites connected
to the label. As shown in Figure[9(b), the bends of all the typeopoleaders
in Cy (resp., Cy) are drawn in region Ty (resp., T2), and the x-coordinate
increasing order of the bends of the leaders ilC; (resp., C,) respects the
y-coordinate increasing order (resp.y-coordinate decreasing order) of their
corresponding sites.

track routing area
.

@ Pre——

® W . Ell

@ X 2 ® E ‘ L

® A@ pi- o

G T
() o

Figure 9: (a) A instance of two-layered network. (b) The boundary labeling
corresponding to (a).
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we assume the bends of typ@po leadersp,lp and pclg to be drawn in region
T1. Since from Step 5 of Algorithm[1 the x-coordinate increasing order of the
bends of leaderg,ly, and pcly respects they-coordinate increasing order of sites
pa and pc, hence, the two leaders must be drawn as Figure—10(al) dr 1023
In the second case, w.l.0.g., we assume the bends of leadegsd, and p¢lq to be
drawn in regions T; and T,, respectively. By Step 5 of Algorithm [, the two
leaders must be drawn as Figuré_10(b1)(Z10(b2), of10(b3). Webserve from
Figure [10 that there is one crossing between leades |, and pcly if and only if
the y-coordinate increasing order of site, and p; di ers from that of labels |,
and l4. Note that by Algorithm T}here is at most one crossing betwea leaders
palb and pcld-

Pa pao—% Pa pao—f— *é» lg
| | = o P
Pce—i [ p“—fpa | : : :
3 b i b ._‘——' lg C =y | Iy
Py Py Pc Pec : Pce—! |

' T ' T T, T T, T ' T
(a1) (a2) (b1) (b2) (b3)

Figure 10: (a) All the possible cases where bends of two leadeare drawn in
region T;. (b) All the possible cases where the bend of leadeg, |y, (resp., pclqg)
is drawn in region Ty (resp., T2).

In light of the above, two edges (leaders),l, and pclg in G (in M) cross if
and only if the y-coordinate increasing order of nodes (sitesp, and p; di ers
from that of nodes (labels) |, and I4. Hence, we obtain that two edgesp,l, and
pclg in G cross if and only if there is one crossing between two leadeis M . 2

3.2 An approximation algorithm

Our approximation algorithm is similar to the so-called median algorithm pro-
posed by Eades and Wormald in[I8]. The idea of the median algi@hm is to
place the labels in \median order'. For convenience and simplicity, we view
the labeling problem as nding an ordering y; of L; in a two-layered network
G = (Lo;Ly;E) such that the crossing number is as small as possible. De ne
Ny of u 2 L; as the nodesfvy;vy;:i;vjg 2 Lo incident to u. The median or-
der is, for each nodeu 2 L4, to choose the median of they-coordinates of the
neighbors ofu as the y-coordinate of u. Precisely, if N, = fvy;vy; ;v g with
Yo(V1) <Yo(Vv2) <Yo(vs) <::<yo(vj), then de ne med(u) = yo(Vh=2c). The
median algorithm setsy; (u) = med(u) for each nodeu 2 L;, and separates the
two nodes with the same median by an in nitesimal amount.

The crossing number in the output of the median algorithm is denoted by
med(G; yo), while the crossing number in the output of the optimal labeling is
denoted by opt(G; yo).
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Theorem 2 For all two-layered networksG where the mapping fromLg to L
is a many-to-one function and for all orderingsyg, med(G;y,) 3opt(G;yo).

Proof: Along a similar line of the proof of [8], our proof is given as éllows.

De ne ¢, of u;v 2 L; as the number of crossings that the edges incident
to u make with the edges incident tov wheny;(u) <y i(v). More formally, for
ué v2L,,

cw = Jff suitvg  E :yo(s) > yo(t)gj
and ¢y, = 0. The degree ofu is denoted byd,. For proving the theorem , we
claim that if u;v 2 L3, and med(u) med(v), then ¢, < 3¢y . Divide the
edges incident withu and v into 4 groups , , ; and , where

= fwu:yo(w) med(u)g, = fwv:ys(w) med(Vv)g;
= fwv :yo(w) <med(v)g; = fwu:yo(w) >med(u)g;

s

Figure 11: An example for the groups , , ,and .

An example is illustrated in Figure 1. Leta=j j,b=j j,c=j j,d=]j]j.
If med(u) = yi1(u) med(v) = yi(v), then edges in cannot cross edges in .
Furthermore, the number of crossings between edges in and edges in is at
most ac, and similarly for crossings between edges in and edges in . Also,
the number of crossings between edges in and edges in is at most cd. So

Cw ac+ bd+ cd:

Furthermore, if u and v are placed so thaty;(u) > y1(v), then edges in
must cross edges in ; hence
cu ab:
The claim can be discussed by four cases wherg and d, are odd or even. In

the following we only consider the case wheréd, and d, are both odd; the other
cases are similar and simpler.



JGAA 12(3) 319{356 (2008) 333

_ du+1 _ du 1 _ dv+1 dv 1
a= 5 ;d= 5 ‘b= > iC 5
) cw ac+ bd+ cd
_du+1 dv 1+dv+1 du 1+dv 1 du 1

2 2 2 2 2 2
3
Z(du +1)(dy +1);

dy+1 dy+1 _1
2 2 4

Cu ab= (dy +1)(dy +1)

) Cw 3Cw

Therefore,
X
med(G; yo) = Cuv
X med (u) med (v);y1(u)<y 1(v)

3minfcy;cwg (Sincecyy  3cw andcy  3cw)

uv2Lbg
X

3 minfcy;Cwg  30pt(G;yo)

uv2Lb,

2

It should be noticed that nding improved approximation alg orithms for the
CP1ML-opoproblem remains an interesting open question.

An experimental result using the approximation algorithm described earlier
is given in Figure[12, which illustrates the distribution of some wildlife animals
in Taiwan, where leaders are drawn by Algorithm 1. Intuitively many-to-one
boundary labeling is more suitable for static maps, for whit the leaders allow
the user to easily trace the corresponding label of each siteWhen the number
of labels gets larger, such an advantage becomes more obv&u

4  The Crossing Problem for Two-Side Many-to-
One Labeling with Type- opolLeaders

From our previous result that the crossing problem is NP-conplete for CP1ML-
opq the intractability result clearly holds for CP2ML- opoas well. (CP1ML-opo
is a special case of CP2MLlopo with n, = 0.) In this section, we consider
CP2ML-opo under the restriction that ny = n, (i.e., the East and West sides
contain the same number of labels). The reason why such a reagttion makes
sense is given as follows. Recall that we assume labels alothg same side to be
of equal size. Ifn; = n; (e.g., see Figure 13(a)), then labels on both sides are
of equal size, which may give us a high degree of balance in ibdity because
labels on two sides can be viewed as a re ectional symmetry ahg a vertical
axis, regardless of leaders and sites. On the other hand, ihere is a signi cant
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Legend: = Brown
@ Brown booby I—, booby
O Taiwan hill partridge o |

O Masked palm civet o

B Hawk O = Taiwan hill

O Melogale moschata partridge

O Bamboo partridge o

O Chinese pangolin O \\
B Mallard o Masked
palm civet

Hawk

B I

Melogale
o moschata

[t Bamboo
& [ partridge

Chinese
pangolin

Mallard

Figure 12: The distribution of some animals in Taiwan, whichis represented by
one-side many-to-one labeling with typeepoleaders.
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di erence in the number of labels on the two sides, then the tats inside the
labels along the denser side may not be readable as Figure 13(shows.

[

l7 jL [ Y g T .7'741 :Z

|3 ]:4' ]: |3 — " PR W Iz

— —t— Is

lg —T  ° Iy I — .74‘ 1o
| . j 9 I

l10 th R —1—ls | L~ R . — i
(@n=m=5 (b)Y zn, (N = 8,n, =2)

Figure 13: Two boundary labeling layouts with type-opo leaders for the same
map.

Note that if the number of labels is not even, we can just add a dmmy label
to make the number even. In this section, we rst show the conerned crossing
problem to be NP-complete, and then provide an approximatian algorithm for
the intractable problem.

4.1 CP2ML- opois NP-complete even when nj; = n,

Since the labeling in this section applies typespo leaders (which is the same
as the previous section), hence the crossing number is in uged only by the
di erences between they-coordinate orderings of sites and either the labels in
the right side or the labels in the left side, respectively. Therefore, the problem
can be modeled as an analogy of three-layered network, of wthi de nition is
given as follows. A three-layered networkG = (Lo; L ;LR;E) consists of three
disjoint sets Lo, L, and Lr of nodes and a setE Lo L. [ Lo Lg of
edges. Assume that the nodes irLg, L, and Lg appear in the vertical lines
x =0, x= 1, andx =1, respectively. Similar to the de nition of two-layered
network, yo, YL, Yr can be de ned. Notice that the crossing number in a three-
layered network is in uenced by altering the orderingsy, and yr or swapping
the nodes inLgr with those in L. In what follows, we show the concerned
labeling problem to be NP-complete. The decision version ofhe problem can
be stated as follows:

The Decision Three-Layered Many-to-One Crossing Problem with

jLLj = jLr] (D3MCP)

Instance: A three-layered network G = (Lo;L ;Lg;E) with jL| j = jLrj where
the mapping from the nodes inL, to the nodes inLg [ L, is a many-to-one
function, an ordering yo of Lo, an integer M .

Question: Can we nd the orderings y, of L| and yg of Lr and swap some
nodes inLg with those in L , so that the crossing number is no more tharM ?

Theorem 3 D3MCP is NP-complete.

Proof: ltis clear that D3MCP is in NP; to prove its NP-hardness, the reduction
from the DMCP (mentioned in Theorem 1) is established as folbws. Starting
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with a DMCP instance G = (Lo;L1;E), Yo, M, we construct a D3MCP instance
GO = (L3;LY;LY;EY, y§, MO Denote jLoj by N and jLyj by n. Since the
mapping from L to L; is many-to-one,N n. Assumelg = fps;p2;:png
with yo(p1) > Yo(p2) > 2 > yo(pn) and Ly = fry;rp;rng. Let LY be
Lo and L% be Lq, sojL%j = n. Then create n nodes, saylq;ly; 1, with
yo(ly) > y,\f[’(lg) > >y (), in LY, ie., jLYj = n. For each nodel; in LY,
we add 2" +2 nodes connected tol; into L§, i.e., jLj = N+ n@2 % +2),

as follows. For each nodd; in fly;lo;::1h 19, we add N2 + 1 nodes between

yo(pi 1) and y3(pi) in L and %, +1 nodes betweenyd(pi) and yd(pi+1) in L§,

and then connect those nodes td;. For the node |,,, we add N2 + 1 nodes

between theyd(pn 1) and y3(pa) in L and "} +1 nodes belowyS(py ) in L3,

and then connect those nodes td,. The illustration is given in Figure 14. Let
M%= M.

S| &V -
§PEs
ry
N

¢ 11

I

I3

M4

n

Figure 14: GYLY; LY LE;E9 with jLYi=N+n@2 " +2)and L = L.

In the above construction, for1 i n, the node labeled byl; (resp., r;) is
called a typed (resp., type-r) node. A nodeu in L$ is said to beswappedwith a
nodev in LY if u and v are placed aty? (v) in L? andy2(u) in L%, respectively.
Similarly, a node in LY swapped to a node inL also can be de ned.
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In what follows, we prove that G(Lg;L1; E) has at most M crossings if and
only if GAL3;L?;LY;EY has at mostM crossings.

Suppose thatG has at mostM crossings. From the above construction of
GO (see also Figure 14), we observe that crossings @&° only occur on the right-
hand side (i.e., betweenL and L&), so the crossing number ofG° is equivalent
to that of G. That is, the crossing number of G®is also at mostM .

Conversely, suppose thatG® has at mostM crossings. IfM > g , then the
crossing number ofG with arbitrary ordering yo must be less thanM , because
it must be no more than 5 .

If M '; , it implies that in G° the edges incident to a typet node cannot
cross those incident to any other typel node as well as those incident to a type-
node; otherwise, it leads to at least Nz +1 g +1 crossings { impossible. Note
that in the converse direction each typel node in G° may be placed in either
L2 or L. No matter how the type-I nodes in G are placed, they-coordinate
ordering of the nodes infly;l,;:::;1,g cannot be modi ed; otherwise, w.l.o.g.,
assuming that the y-coordinate ofl; is less than that of; fori<j , there are at
least N2 +1 crossings between the edges incident t and either those incident
to I; (if I; andl; are placed on the same side) or those incident to; (if |; and I
are placed on di erent sides) { impossible. Therefore, w.lo.g., we assume that
the nodes consecutively appear from the topmost to the bottenmost in L% and

L?, respectively, are

BT P |i1; Fliy+1] 3 Mic+2] 5 555 FiaD |i2+1 ; |iz+2 von |i3; i

and

where ry); rgp; 5 ey is a permutation of fry;ro;:irng (in which ryj; is the i-
th node of the permutation) so that |; and rj;; have the samey-coordinate on
di erent sides in G°, for everyi 2 f1;::;ng. Dene Rj = fry ,aq, Fp, L427,
- I, 11, ;9. Note that the edges incident to every typer node in R;
only cross those incident to the other typer nodes inR;; otherwise, at least
’\2‘ + 1 crossings are generated { impossible. As a result, we canvap all the
type-l1 nodes inL% with their same y-coordinate type+ nodes inL?, without
producing new crossings. Now we obtain a new three-layeredetwork where
all the type-1 nodes are placed inL?, and it has the same crossing number as
the original three-layered network G That is, the crossing number of the new
three-layered network is at mostM . After deleting all the type-| nodes of the
new three-layered network and their adjacent edges, a twodyered network with

at most M edge crossings can be obtained.
2

Similar to Algorithm 1, we can draw the bends of leaders in thetwo track
routing areas on two sides so that two edges irG cross if and only if there is
one crossing between two leaders (corresponding to the twadges inG) in M .
As a result, we have the following corollary.

Corollary 2 CP2ML-opois NP-complete even whem; = nj.
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4.2 Approximation algorithm with equal number of labels
on two sides

In this subsection, we propose an approximation algorithm ér the CP2ML-0opo
in the case where the number of labels on the East side is equtd that on the
West side, i.e.,n; = n» = n=2, n is even.

The approximation algorithm is given in Algorithm 2. Initia Ily in Step 1,
all the n labels are placed in the median order on the East side dR, and the
leaders are drawn by Algorithm 1. Let L, represent such a layout. The idea is
to choosen=2 labels from the East side and then move them to the West sided
minimize the crossing number. When moving a label from the Eat side to the
West side, its y-coordinate is retained and all of its leaders are redrawn ira way
that they are re ectionally symmetrical to their original d rawings. Suppose we
let fl5;:::;1,0 be the set of then labels, and with respect to a given layoutL,
W,L] be the number of corssings among leaders connecting sites koand [; . It
is not hard to observe the following:

(1) Ifin layout L, I; and l; are on the opposite side oR, then w,'-] =0;

(2) If ogiginally I; and I; are on the same side in layout, and L°is obtained
from L by moving |; and |; simultaneously to the other side, thenwi';-j0 =
Next, we construct a complete weighted graphG = (V;E) (V = f1;:::;ng)

in Step 2, where nodel 2 V corresponds to labell;, and the weight w;; of edge
(i5j) equalswi";j". Suppose we partitionV into two disjoint sets S and V nS of
equal cardinality, and de ne

X X

W(S) = wij + Wij
iij 2S i;j 2V nS

Due to Observations (1) and (2) above, it is easy to see thaw(S) is exactly
equal to the total number of crossings in the layout obtainedfrom the initial
layout Lo by moving all the labels in V nS to the West. As a result, our
objective in boundary labeling can be equated with nding a aut so that w(S)
is minimized { an instance of the so-called Max-Bisection poblem.

Even though the Max-Bisection problem is known to have a 1.43-approxi-
mation solution [22], the algorithm cannot be applied to our problem directly
because the computation of the approximation ratio in the cae wherew(S) is
zero is incorrect. As a result, our algorithm needs to checkn advance whether
there exists a partition such that w(S) is zero. In Step 3, we rst create a new
graph G%that is a duplicate of G, delete the edges withwi; =0in G% and then
check if the newGP can be decomposed into some bipartite graphs (where the
number of the bipartite graphs is denoted bym, m  1). One can easily verify
that the check can be implemented in polynomial time. Note that any bipartite
subgraph of G° (where the weight of any pair of nodes on the same side is zero)
can easily be transformed into a boundary labeling without ay crossings { just
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Algorithm 2 Approx-CP2ML- opo

1

Consider a boundary labeling where all then labelsfly;1,;:::; 1, g are placed
in the median order on the East side ofR, and the leaders are drawn by
Algorithm 1.

Construct a complete weighted graphG = (V; E) where each node in V

corresponds to a labell;; the weight w;; of edge (;j ) equals the number
of crossings of the leaders connected th and I; in the boundary labeling

constructed in Siigp 1. p

Check if W(S) =~ ; ;s Wij + i 2yns Wiy IS zero as follows. LetG’= G.

Delete the edges withwij; = 0 in G% Check if G° can be partitioned into

some bipartite graphs (where the number of these bipartite gaphs is denoted
by m, m 1). If not (i.e., wW(S) 6 0), then do Step 4; otherwise, call
Procedure 3 to check if them bipartite graphs can be combined into a new
bipartite graph consisting of two disjoint sets with equal cardinality n=2. If

Procedure 3 returns false (i.e.,w(S) 6 0), then do Step 4; otherwise (i.e.,
W(S) = 0), denote the two disjoint node sets of the combined bipatite graph

by S and V nS, and then do Step 5.

Using G as the input, run the 1.431-approximation algorithm of the Max-

Bisection Problem to partition V into two sets S and V nS.

Output a labeling where the labels corresponding to nodes irs (resp., V nS)

are placed in the median orders of their adjacent sites on thdcast (resp.,
West) side; the leaders are drawn by Algorithm 1.

Procedure 3 Combine _Bipartite (G9

Input: an n-node graph G° consisting of m bipartite graphs.

Output:  return true if the m bipartite graphs can be combined into a new
bipartite graph consisting of two disjoint sets with equal cardinality n=2; else
return false.

1

We construct ann n m table T. Every entry in table T is initially
assigned to zero. Note that each entry only can be 0 or 1.

We give the m bipartite graphs in G° an arbitrary ordering. For j 2
f1, ;mg, let the j-th bipartite graph be denoted by A; B (i.e., Aj
and B; are the two disjoint sets of the | -th bipartite graph) and the number
of nodes inAj (resp., Bj) be denoted byn), (resp, n}). Initially, in table T,
both entries T(n%;n} ;1) and T(n};n%; 1) are assigned to 1.

Forj =2;3;u;m, entry T(p;g;j) =maxfT(p nh;q nL;j 1);T(p
nt;q nj;j 1gforanyp, q2f1;2::ng. Thatis, T(p;q;j)=1i the
rst to the j-th bipartite graphs can be combined into a new bipartite graph
of two disjoint sets with sizesp and g, respectively.

If entry T(n=2;n=2;m) is 1, then return true; otherwise, return false.
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placing two disjoint node sets of the bipartite graph on di erent sides ofR and
then applying the median heuristic and Algorithm 1 to drawin g them.

That is, if G°cannot be decomposed into bipartite graphs, then the crossg
number is nonzero, no matter how to place the labels on two sids. Hence, in
the case, we can apply the 1.431-approximation algorithm ofhe Max-Bisection
Problem. Otherwise (i.e., G° can be decomposed into some bipartite graphs),
we use Procedure 3 (dynamic programming) to combine those partite graphs
into a new bipartite graph consisting of two disjoint sets with equal cardinality
n=2. If the output of Procedure 3 is true, then G° can be merged into a bipartite
graph consisting of two disjoint sets with equal cardinality n=2, so the boundary
labeling without any leader crossings can be obtained; othsvise, there does not
exist any boundary labeling with zero leader crossing. Sulejuently, if the
crossing number is nonzero, then Step 4 uses graph as the input of the 1.431-
approximation algorithm of the Max-Bisection Problem to partition V into two
setsS and V nS. Finally, Step 5 outputs a boundary labeling where the labes
corresponding to S (resp., V nS) are placed in the median order on the East
(resp., West) side, and the leaders are drawn by Algorithm 1.

Unlike heuristic approaches, Algorithm 2 provides an appraimation solution
with a guaranteed approximation ratio for the intractable p roblem CP2ML-opa
The approximation ratio depends to the map structure as the bllowing result
indicates:

Theorem 4 For the CP2ML-opo in the case wheren; = n,, there exists a
3(1+ %3%)-approximation algorithm, where c is de ned as follows:
P P

i 2v Wij
v Wij min f Wi jWi;j >0g"

. 2

if i 2V iwy >01 nT, then c= :: -
2 i 2v Wi

e

where we sortf wi; ji;j 2 Vg from minimum to maximum and rename them as

fwig in which wy is the k-th minimum among all.

i n —
if i 2vwy >01> G thenc=

Proof: In Algorithm 2, since Step 3 outputs zero if and only if the optimal

crossing number is zero, it su ce to show that the output of Step 4 is as required.
Let MSopt denote the optimal solution of the Max-Bisection problem. As the
optimal crossing number is nonzero, we discuss the followmtwo cases:

1. If the number of edges with positive weights is less than oequal to the
number of edges of a complete biqgrtite graph consisting ofwo disjoint
sets with equal cardinality n=2, i.e.,  i; 5y, >0l (%)_2, then MSopt
is not able to partition all the edges with positive weights snce the optimal
crossing number is nonzero. Therefore,

X
MSopT Wi minfwi;j jWi;j > Og
iij 2V
P P
5 i 2v Wi b i 2v Wi -

MSopt I g2y Wi minfwi jwi; > 0g
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P
2. In the case where ;. >01> (3)?, MSopt only can cut at most
(%)? edges, so

MSopt W
k=1
P P
5) i 2v Wi _ijov Wi _
MS ©onz=4
OPT Kop Wi

Obviously, ¢ > 1. Denote the output of Step 4 of Algorithm 2 by capx , and
the minimal crossing number by copt . Then

P
MS
CaP X p i 2v Wi T451
CopT ij 2v Wij  MSopt
—1+ 0:?;31
i iij
'vjlsz(\)/PT 1
0:301
1+
c 1

Recall that we place all the labels in the median order on the Est side in
Step 1 of Algorithm 2. Since the median algorithm is a 3-appraimation algo-
rithm for one-side many-to-one labeling with opoleaders, we get a 3(1 +23%)-
approximation algorithm. 2

It should be noticed that nding improved approximation alg orithms for the
CP2ML-opo problem remains an interesting open question.

With respect to the Taiwan map with the same sites and labels a in Fig-
ure 12, we consider the CP2MLepoin the case wheren; = n, i.e., we require
that the numbers of labels on both sides are the same. The expienental result
of Algorithm 2 is given in Figure 15, which gives us a higher dgree of balance
in visibility in comparison with Figure 12.

5 The Crossing Problem for One-Side Many-to-
One Labeling with Type- po Leaders

In this section, we investigate the crossing problem for oneide many-to-one
labeling with type-po leaders (CP1ML-0).

5.1 CP1ML- pois NP-complete

Di erent from Section 3, the x-coordinate ordering of sites plays an important
role in the problem discussed in this section, and hence therpblem cannot be
represented as a two-layered network. The decision versioaof this problem is
stated as follows:
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Figure 15: The distribution of some animals in Taiwan, whichis represented by
two-side many-to-one labeling with type-opoleaders.

The Decision Crossing Problem for One-Side Many-to-One Labeli ng
with po-Leaders (DCP1ML- po)

Instance: A one-side typepomap M = (P;L;n; 0;0;0;f), an integer M .
Question: Is there a boundary labeling forM such that the crossing number is
no greater than M ?

Theorem 5 DCPI1ML-pois NP-complete.

Proof: Obviously this problem is in NP because we can guess an ordeg of
labels and then check if the crossing number is no more thaM . Next we show
that this problem is NP-hard. We can reduce the DMCP mentioned in Section 3
to a special case of DCP1MLpo where the y-coordinate of any site is smaller
than that of the lowest port of the lowest label, as illustrated in Figure 16. One
can easily see that in order not to induce the crossings of théeaders connected
to a common label, the y-coordinate increasing ordering of the ports at which
the leaders tough to the common label must respect the-coordinate decreasing
ordering of the sites connected to the label.

In this case, two leaders cross only when th&-coordinate increasing order of
any two sites is di erent from the y-coordinate decreasing order of their corre-
sponding labels (recall that in Section 2 once the position blabel is decided, its
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|1

l2

Figure 16: A special case of DCP1MLpo where the y-coordinate of any site is
smaller than that of the lowest port of the lowest label. Note that some of the
edges are not shown in the gure.

port positions also can be decided such that the crossing nubrer is the smallest).
Recall that in DMCP, two edges cross only when they-coordinate increasing or-
der of any two nodes inL g is di erent from the y-coordinate increasing order of
their corresponding nodes inL ;. Obviously, the special case of DCP1MLpoand
DMCP are equivalent as counting the crossing number. Therefre, DCP1ML-po
is NP-hard. 2

5.2 A heuristic

We give a polynomial time heuristic for the labeling problem CP1ML-po. Con-
sider a one-side typepomap M = (P;L;n; 0;0;0;f), where L = fly;l2; 5100
and f 1(I;) is the set of the sites connected to the common label;. Our
greedy-based heuristic is described in Algorithm 4. As we a concerned about
the reduction of crossings of typepo leaders and the placements of labels on the
East side ofR, it is more natural to start the algorithm from the x-coordinates
of sites rahter than from the y-coordinates of sites. Therefore, Steps 1 and 2
preprocess the coordinates of all the sites, and record theeftmost site of those
connected to each label.

Recall that we assume the labels along the same side to be of iform and
maximum size; the sizes and possible positions of the labels on the East side
are known. We can image that there aren possible label positions on the East
side of the map to which we allocate then labels, and they-coordinate ordering
of the n labels is su cient to determine the exact positions of the n labels.

The idea behind our algorithm is that ideally the type-po leader between
the leftmost site and the topmost or bottommost label leads b fewer crossings
with the leaders connected to other labels. Thus, each itertion of Step 3 places
the label with the leftmost unconnected sites at the topmostor bottommost
unallocated label position on the East side according to wtihever situation
leads to fewer crossings, while the leaders are drawn by Predure 5. Note that
the leaders connected to a common label do not cross if they ardrawn by
Procedure 5.

In order to better understand the algorithm, some immediate steps of Algo-
rithm 4 for an example are given in Figure 17. In the leftmost map of Figure 17,
Step 2 records the leftmost site inf 1(19 as pt° for i = 1 to 4; Step 3(a) con-
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Algorithm 4  Heuristic-CP1ML-  po(G)

1: For i =1 to n, compute and record thex-coordinate and the y-coordinate
increasing orders of the sites inf (l;), and let p! be the site inf 1(l;)
with the smallest x-coordinate.

2. fpl; pd; i pLg are sorted according to theirx-coordinates, and rewritten as
fpi%p3% o pt % with x(ptY < x (1Y) <1< x (pt9Y. Let 12 denote the label
to which pt’is connected.

3: Consider that there are n possible label positions on the East side of the
map, to which we allocate labelsl?;19;:::;10 as follows:

(@ 19 is placed at the bottommost label position.

(b) Assume that the label positions of19;19; :::; 17 have been determined for
somej < n . Note that in this case there are (8 j) unallocated label
positions remaining on the East side of the map. Fori = j +1 to
n, compute the crossing number when Iabelj°+1 is placed at the top-
most (resp., bottommost) unallocated label position and the leaders
connected to IabeII]-OJrl are drawn by Procedure 5. Subsequently, la-
bel Ijo+1 is placed at the topmost or the bottommaost unallocated label
position according to whichever case leads to fewer crosgjs.

Procedure 5 Drawing _Type- po_Leaders (label l;)

Input: We are given the positions of the ports of label; and the sites inf  (l;).
Output: The type-po leaders between the sites irf *(l;) and the ports of |;
are drawn.

1. See also Figure 18 for an example. Denote the ports of labdl as
fhy; by bng with y(by) > y (k) > 0 >y (), where m is the number
of the ports of label ;.

2: Assume that the leaders connected to portsy; by; :::; b have been drawn for
somej<m . Fork=j+1to m,

(a) if there exists at least one unconnected site withy-coordinate greater
than or equal to that of port b, we connect to port by the rightmost
unconnected site with y-coordinate greater than or equal to that of
port by;

(b) otherwise, we connect to port b the leftmost unconnected site with
y-coordinate less than that of port by.
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nects the sites inf 1(19) to the bottommost label position on the East side of
the map. Subsequently, if the sites inf 1(I9) are connected to the topmost la-
bel position (resp., the second label position to the botton) and their adjacent
leaders are drawn by Procedure 5, then they induce no (respone) crossing.
Therefore, as shown in the second map of Figure 17, labé} is placed at the
topmost label position, and their adjacent leaders are dram by Procedure 5.
Similarly, labels 13 and 1$ are placed, and their adjacent leaders are drawn, as
shown in the rightmost map of Figure 17.

' i : ' I 1'F» ¥
'pé i p3 _2

i A * ' * ' i L, a

i pl l
vA T » ol ¥ A ,T.
[ pL . (N P R

I l, l,

Step 2 & Step 3(a). Step 3(b)-I. Step 3(b)-ii. Step 3(b)-iii.

Figure 17: An example of executing Algorithm 4, where the sies connected to
a common label are represented by the same icon.

In order to understand how to use Procedure 5 to draw the typepo leaders
between the sites and the ports with xed positions, we give & example shown
in Figure 18. In the rst iteration of Step 2 of Procedure 5, y(a;) y(b;) and
y(az2) y(by), but we have x(a;) > x (az), so that we connecta; to by (Step 2(a)
of Procedure 5). By using the same discussion, the leaders bf { bs are drawn.
Subsequently, while bs is concerned, since there is no unconnected sitg for
anyi sothaty(a) Yy(bs), we connect to port by the leftmost unconnected site
as (Step 2(b) of Procedure 5). As forby, y(ay) y(by) and y(ag)  y(b;), but
we havex(ay) > x (ag), so that we connectay to b;. Similarly, the leaders of bg
and by can be drawn.

a a
b
P g L.L'b;
a
%@ , by
e T re——
h'bg

Qg

Figure 18: An example of illustrating the type-poleaders drawn by Procedure 5.
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One can easily verify the correctness of Procedure 5 by comgring the fol-
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lowing simple invariant; after port by is connected in Step 2 of Procedure 5, it al-
ways guarantees that the later leaders connected to ports ifib.+1 ; beso ;i bng
do not cross the existing leaders connected to ports ifiby; bp;:::; b g.

Recall that N is the number of sites andN  n. Because thex-coordinate
and the y-coordinate orders of the sites inf 1(l;) are obtained in Step 1 of
Algorithm 4, each iteration of Step 2 in Procedure 5 can be impemented in
constant time, and hence, Procedure 5 runs in timeO(N). If the coordinate
orders of sites are not preprocessed, Procedure 5 runs in terfO(N logN ). Note
that Procedure 5 (of which objective is to nd the one-to-one labeling with no
leader crossings) is di erent from the O(N ?)-time algorithm of [3, 4] used for
nding the one-to-one labeling with no leader crossings as @il as the minimal
total leader length. Therefore, Algorithm 4 runs in time O(N 2), because Steps
1 and 2 (resp., Steps 3 computing the crossing number) can benplemented in
time O(N logN) (resp., O(N ?)).

In what follows, we implement the algorithm and give some expgrimental
results. The implementation is in C language, and runs on a Petium M 1.5G
Hz PC with 768 MB memory. The experimental results of three problem sets
are given in Figure 19, where the top (resp., middle; bottom)bar chart shows
the minimal crossing numbers and the crossing numbers of ououtputs for
the problems with xed eight (resp., nine; ten) labels and random numbers of
sites. Note that the coordinates of the input sites for each poblem are di erent
because they are generated randomly. The running times assiated with the
experiments in Figure 19 are given in Table 3, where each prdem is solved in
less than one second. Comparing the minimal crossing numbgvith the outputs
of our algorithm in Figure 19, our algorithm yields layouts of reasonably good
quality. It is of interest to further investigate other expe rimental settings and
the performances on practical problems.

6 The Crossing Problem for Two-Side Many-to-
One Labeling with Type- po Leaders

Again, from the result in the previous section, CP2ML-po is NP-complete
(CP1ML-pois a special case of CP2MLpo with n, = 0). In this section, we
investigate CP2ML-po under the restriction that n; = n,. We rst show the
crossing problem to be NP-complete, then a heuristic is give.

6.1 CP2ML- pois NP-complete even when n;=n,

Similar to Section 5, the decision version of DCP2MLpo is stated as follows:

The Decision Crossing Problem for Two-Side Many-to-One Labeli ng
with po-Leaders (DCP2ML- po)

Instance: A two-side type-pomap M = (P;L;n1;ny;0;0;f), an integer M .
Question: Is there a boundary labeling forM such that the crossing number is
no greater than M ?
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Figure 19: The experimental results for DCP1ML-po.

347



348 C. Lin, H. Kao, and H. Yen Many-to-One Boundary Labeling

Table 3: Running time for Figure 19.

number of labels = 8 number of labels =9 number of labels = 10
number running time | number running time | number running time
of sites  (millisecond) | of sites (millisecond) | of sites (millisecond)

23 20.3 26 313 29 39.0
26 26.6 31 43.8 34 50.0
28 34.4 33 46.9 36 53.5
28 34.4 33 46.9 38 60.9
36 50.5 37 62.4 47 92.6
40 67.2 49 119.8 54 1375
44 87.5 55 146.9 56 142.1
45 89.1 56 155.6 59 162.5
53 120.7 58 158.5 66 2125
53 120.7 60 164.0 68 225.0
54 1245 61 165.6 69 234.3
55 126.6 63 170.7 73 238.6
57 148.4 64 182.8 73 238.6
60 1715 65 195.3 74 256.2
90 367.2 83 309.5 108 553.8

Theorem 6 DCP2ML-pois NP-complete even whem; = ny.

Proof: Obviously the problem is in NP because we can guess an ordegrof
labels and then check if the crossing number is smaller thaml . Next we show
that this problem is NP-hard. This proof is similar to the one of DCP1ML-po.
We can reduce the DMCP mentioned in Section 3 to a special case#f DCP2ML-
po where the y-coordinate of any site is smaller than that of the lowest pot
among all label ports, as illustrated in Figure 20. In order rot to induce any
crossing among the leaders connected to a common label, onbosild notice
that the x-coordinate increasing order of sites should respect thg-coordinate
decreasing (resp., increasing) order of ports while the la#l is placed on the
East (resp., West) side, e.g., see the leaders connected tabel I,,+1 (resp.,
In,) in Figure 20. Therefore, we reasonably assume that the leasts connected
to a common label never cross. Also recall that leaders nevesverlap because
overlapping can be easily removed by adjusting the positios of ports slightly
(e.g., see the leaders connected to labelg, and I,,+1 in Figure 20).

We de ne the circular ordering of labels, which sorts all labels according to
their y-coordinates from bottom to up on the West side of map and thenfrom
up to bottom on the East side of map. The details are given as ftbows. As
shown in Figure 20, we assign; to the lowest label on the West side, |, to
the second lowest label on the West side, and so on until we ag®s |, to the
topmost label on the West side. Next we assign,,+1 to the topmost label on
the East side, In,+2 to the second topmost label on the East side, and so on
until we assignl,,+n, to the lowest label on the East side.
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Figure 20: A special case of DCP2MLpo where the y-coordinate of any site is
smaller than that of the lowest port among the ports of all labels. Note that
some of the edges are not shown in the gure.

l4 Is l4 s l4 Is

A | [ts) | s ] |

A Hemn e ]

) R S o] |l l fffffff o] |l [ l fffffff s
@ (®) ©

Figure 21: A crossing is produced when thex-coordinate increasing order of
two sites does not respect the circular ordering of their caresponding labels, in
the case where the two sites are connected to (a) the West sid€b) di erent
sides, and (c) the East side.

In this case, we observe that two leaders cross only when the-coordinate
increasing order of any two sites is di erent from the circular ordering of their
corresponding labels, as shown in Figure 21. Recall that in PICP, two edges
cross only when they-coordinate increasing order of any two nodes inLg is
di erent from that of their corresponding nodes in L;. Obviously, the special
case of DCP2MLpoand DMCP are equivalent as counting the crossing number.
Therefore, DCP2ML-pois NP-hard even whenn; = nj. 2

6.2 A heuristic

In this subsection, we devise a polynomial time heuristic fothe labeling problem
CP2ML-po. Our heuristic needs the algorithm for solving the Min-Bisection
Problem for directed graphs, which is not approximable [10] To our knowledge,
so far there has not been any heuristic for solving the Min-Bsection Problem
for directed graphs. Our heuristic is based on the K-L heurisic [15], which
was designed for solving the Min-Bisection Problem for undiected graphs in
practice. Consider a two-side typepo map M = (P;L;n1;n,;0;0;f), where
L = flg;lp; s lhagand £ (1)) is the set of the sites connected to the common
labellj. Our heuristic is described in Algorithm 6. In order to better understand
how Algorithm 6 works, see also an example shown in Figure 22.
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Algorithm 6 is explained as follows. In Step 1, we construct aweighted
directed graph G = (V; E), where each node inV represents a label inL and
each arc (i;lj) has a weight which is de ned as follows:

X
Wi = 1
x(a)>x (b);a2f 1(lj);b2f 1(l;)

One should notice that w;; is dierent from wj; . The intuition is that w;; is
penalized by one unit if labell; (resp., ;) is placed on the West (resp., East) side
butsite a2 f (l;) (resp.,b2 f 1(l;)) is located close to the East (resp., West)
side. That is, w;; can roughly estimate the number of the crossings induced by
placing I; and I; on the West and the East sides, respectively.
Subsequently, Steps 2 applies the K-L heuristic in [15] to pditioning graph

& into two subsets A and B = V nA with equal cardinality so that w(A;B) =

(i1)2a B Wij isassmallas possible. The objective of Step 2 is to partitio all
the labels into two groups (A and B) with equal size so that the crossing number
(w(A;B)) is as small as possible when the two groupsA and B) of sites are
placed on the West and the East sides of the map, respectivelyFinally, Step 3
applies Algorithm 4 to determining the positions of the labds corresponding to
the nodes inA and B on the West and the East sides of the map, respectively,
and drawing all the type-po leaders.

Algorithm 6  Heuristic-CP2ML-  po(G)

1. Construct a weighted directed graph G = (V;E), where every node

if,\ V corresponds to a label and each arcl(;lj) has a weight w;; =
x(a)>x (a2t ()bt () 1- Note that wij 6 w; .

2: We apply the K-L heuristic of [15] to partitioning grap,\_h G into two subsets
A andB = V nA with equal sizes so thatw(A;B) = ;o4 g Wij iSas
small as possible.

3: Apply Algorithm 4 to determining the placements of the labels correspond-
ing to the nodes in A and B on the West and the East sides of the map,
respectively, as well as the drawings of the typgso leaders.

v L * l t,s
[ ] o ¢ A Lﬁ
A * k T
Step 1. Construct a weighted Step 2w(A,B) =5 Step 3. Labeling.

directed graph.

Figure 22: An example for illustrating how Algorithm 6 is executed.
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As for the time complexity of Algorithm 6, Step 1 can be implemented in
time O(N?2) in the following way. Initially, an N N table is used to record
all the w;; values. We iterate each sitep,, of which label is calledl;, so the
total number of iterations is N. In each iteration, we consider each of the
sites rather than p,, which is denoted by p, and its corresponding label is
called I;. If x(pa) > X (pp), then w(i;j) := w(i;j )+ 1. If x(pp) > x (pa), then
w(j;i) := w(j;i) + 1. Therefore, Step 1 can establish the weighted directed
graph in time O(N 2).

In addition, Step 2 runs in time O(N2logN) [15], and Step 3 (Algorithm 4)
runs in time O(N 2). As a result, Algorithm 6 runs in time O(N?2logN).

In what follows, we implement the algorithm and give some exgrimental
results to compare the minimal crossing number and the outptiof Algorithm 6.
The experimental setting is the same as that used in Subsean 5.2. The ex-
perimental results of two problem sets are given in Figure 23where the top
(resp., bottom) bar chart shows the minimal crossing numbes and the crossing
numbers of the outputs of our algorithm for the problems with xed ten (resp.,
eleven) labels and random numbers of sites. In view of the gte, our algorithm
outputs a layout of good quality.

7 Discussions and Conclusions

In this section, we discuss the problem with the objective ofminimizing the total
leader length in Subsection 7.1, as well as the problems folype-s leaders in
Subsection 7.2. Some conclusions with future work are giveim Subsection 7.3.

7.1 The leader length problem

In our earlier discussion, we have investigated the many-teone boundary label-
ing with the objective of minimizing the crossing number, regardless of the total
leader length. An alternative objective might be to minimize the total leader
length, regardless of the total crossing number. The concered problem can be
stated as follows:

The Leader Length Problem for Many-to-One Labeling (LLPML):
Given a k-side typet map M = (P;L;nq1;n2;n3;ng;f), wheret 2 f po; opa,
nd a boundary labeling for M such that the total leader length is as small as
possible, regardless of the total crossing number.

In what follows, we show LLPML to be solvable in polynomial time using
an approach originally used in [1]. The algorithm works regadless of the leader
type (opoor po) and the boundary type (one-side, two-side, or four-side).

As crossings among leaders are allowed, leaders can be roditarbitrarily.
Consider a representative label; for somei 2f1; ;ng. It is easy to see that
if the position of labels |; is determined, then routing the leaders connected
to labels I; never a ects the length of any other leader. It implies that in the
LLPML solution the sum of lengths of the leaders connected tdabel |; must be
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Figure 23: The experimental results for DCP2ML-po.

the minimal. Therefore, we rst consider how to route the leaders connected to
label l; such that the sum of those leaders is the minimal.

Note that the positions of ports of label I; are determined as the position
of label I; is determined. The shortest length of a typeepo or type-po leader
between a siteu and a port p of labell; can be measured byManhattan distance,
i.e., the shortest distance between siteu and port p which is measured along
axes at right angles. For example, in a plane with siteu at (x1;y1) and port p
at (x2;V2), the leader length isjx;  Xz2j + jy1  Y2j.

Let N; denote the number of sites inf (I;), for i 2 f1; ;ng. Hence,
N+ + N, = N. Itis easy to observe that the leader length minimization
problem of routing the type-opo(resp., type-po) leaders connected to label can
be viewed as the leader length minimization problem for oneside one-to-one
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boundary labeling (where each port of labell; is viewed a label in the one-to-
one boundary labeling), and hence can be solved in tim®(N; logN;) (resp.,
O(N?)) [4]. Note that the leaders connected to labell; never cross one another
when the sum of their lengths is the minimal [4].

Subsequently, we consider how to determine the position ofaeh label. Since
the number of labels placed on each side is given, the sizeslabels on each side
are known ( xed). Hence, there aren possible xed label positions around the
map, in which each position just accommodates one of the labels. In order
to allocate the n labels to the n possible label positions around the map, we
construct a weighted bipartite graph A B in which

each nodea;, i 2f1; ;ng, in A represents labell;;

each nodeb, i 2 f1;, ;ng, in B represents a possible label position
around the map;

for any i;j 2 f1, ;ng, the weight of edgea;ly is the sum of lengths
of the leaders connected td; in the case where label; is placed at the
position represented byl .

In the case of typeopo (resp., type-po) leaders, the weighted bipartite graph
can be constructed in time O(nN logN) (resp., O(nN?)). In what follows,
we explain the case of typespo leaders; the other case is similar. Recall that
the sum of lengths of the leaders connected to labeli can be computed in
time O(N;logN;). Since labell; has n possible label positions, the weights
of the n edges inA B connected to nodea; in A can be computed in time
O(nN; logN;). Hence, the weights of all the edges ilA B can be computed in
time O(n (NiplogNi+ +NplogN,)) O(n (NilogN+ +NplogN)) =
O(n (N1+ + Np)logN)= O(nN logN).

Finally, like the work in [1], the LLPML solution can be obtai ned by nd-
ing the minimum weighted matching in A B, which can be solved in time
O(n?log® n) [18]. As a consequence, LLPML can be solved in polynomial ie.

It is interesting to compare and contrast the results for LLPML under type-
po leaders with those listed in Table 2, which deals with one-teone boundary
labeling. LLPML for all cases are tractable; however, only he one-side and
two-side one-to-one boundary labeling problems (i.e., exading the four-side
one) are tractable. The disparity comes from the fact that unlike one-to-one
boundary labeling which requires crossing-free leaders,IPML allows crossings
among leaders.

7.2 The problems for type- s leaders

About the problems for type-s leaders, one may guess that our NP-hardness
proofs of the problems for typeopo leaders (which are reduced from two- or
three- layered networks) might be used to show the intractatke problems for
type-s leaders. However, it is impossible because in the case of tgg leaders
both the x- and y- coordinates of the sites matter, but in the case of typespo
leaders only they-coordinates of the sites matter.
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7.3 Conclusions with future work

We have shown the crossing problems for both one-side and twside many-to-
one labeling with type-opoleaders as well as typepo leaders to be NP-complete.
For such intractable problems, we have also given approximigon algorithms or

heuristics with satisfactory performances. A line of future work is to investigate
the crossing problems for four-side many-to-one labeling ith either type- opo
or type-po leaders. It is also interesting to investigate the case wher sites are
of more complicated shape (such as lines, rectangles) andzsi which tend to
cause a large number of crossings.
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