CHAPTER

Memory-Hierarchy Tradeoffs

Although serial programming languages assume that grageamitten for the RAM model,
this model is rarely implemented in practice. Insteadartdem-access memory is replaced
with a hierarchy of memory units of increasing size, dlegreast per bit, and increasing
access time. In this chapter we study the conditions ordlandispeed of these units when
a CPU and a memory hierarchy simulate the RAM model. Tha désigmory hierarchies
is a topic in operating systems.

A memory hierarchy typically contains the local regitiees@PU at the lowest level and
may contain at succeeding levels a small, very fastnldaal-eccess memory called a cache,
a slower but still fast random-access memory, and a |ssigsviadisk. The time to move data
between levels in a memory hierarchy is typically a few Cleatythe cache level, tens of
cycles at the level of a random-access memory, and huhifrealsamds of cycles at the disk
levell A CPU that accesses a random-access memory on ldvargi€Cay run at about
a tenth of its maximum speed, and the situation can be draligatiorse if the CPU must
access the disk frequently. Thus it is highly desirabldecstand for a given problem how
the number of data movements between levels in a hiergrehgislen the storage capacity
of each memory unit in that hierarchy.

In this chapter we study tradeoffs between the numberaafestocations (space) at each
memory-hierarchy level and the number of data movemeéntsr(#) between levels. Two
closely related models of memory hierarchies are useehtbe/rhierarchy pebble game and
the hierarchical memory model, which are extensionsefritrosluced in Chaptéi.

In most of this chapter it is assumed not only that the useotiasl over the 1/0 algo-
rithm used for a problem but that the operating system dbiegantere with the I/O oper-
ations requested by the user. However, we also examingdf@®gece when the operating
system, not the user, controls the sequence of memorgsa(®eson1.1(). Competi-
tive analysis is used in this case to evaluate two-levehd RUF® memory-management
algorithms.
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[1.I The Red-Blue Pebble Game

The red-blue pebble game models data movement betweent égljats of a two-level mem-
ory hierarchy. We begin with this model to bx ideas and ttredune the more general
memory-hierarchy game. Both games are played on a duogcliecyeaph, the graph of a
straight-line program. We describe the game and thersgivest

In the red-blue game, (hot) red pebbles identify valuesnheelthst primary memory
whereas (cold) blue pebbles identify values held in assgaordory. The values identibed
with the pebbles can be words or blocks of words, such agdgbheuped by an operating
system. Since the red-blue pebble game is used to studytikeafl/O operations necessary
for a problem, the number of red pebbles is assumed lindtéttarumber of blue pebbles is
assumed unlimited. Before the game starts, blue pelithesres| input vertices. The goal
is to place a blue pebble on each output vertex, that is, patectime values associated with
these vertices and place them in long-term storage. Huespt@asns capture the idea that
data resides initially in the most remote memory unit andsb#s must be deposited there.

RED-BLUE PEBBLE GAME
¥ (Initialization) A blue pebble can be placed on an inpexvatany time.

¥ (Computation Step) A red pebble can be placed on (or mowededgx if all its imme-
diate predecessors carry red pebbles.

¥ (Pebble Deletion) A pebble can be deleted from any vemgxiate

¥ (Goal) A blue pebble must reside on each output vertex atitbktbe game.

¥ (Input from Blue Level) A red pebble can be placed on anyceantgng a blue pebble.
¥ (Output to Blue Level) A blue pebble can be placed on anyceamgng a red pebble.

The brst ruleifiitialization) models the retrieval of input data from the secondary mem-
ory. The second rule éamputation step) is equivalent to requiring that all the arguments
on which a function depends reside in primary memory bleédi@iction can be computed.
This rule also allows a pebble to movelide) to a vertex from one of its predecessors, mod-
eling the use of a register as both the source and targepefation. The third rule allows
pebble deletion: if a red pebble is removed from a vertex that later neeqzeabés it must
be repebbled.

The fourth rule (thgoal) models the placement of output data in the secondary memory
at the end of a computation. The Pfth rule allows data hete isecondary memory to be
moved back to the primary memory {aput operation). The sixth rule allows a result to
be copied to a secondary memory of unlimited capaciyt@ut operation). Note that a
result may be in both memories at the same time.

The red-blue pebble game is a direct generalization obtile game of Sectidr.1
(which we call theed pebble game), as can be seen by restricting the sixth rule to allow
the placement of blue pebbles only on vertices that aré wertfices of the DAG. Under
this restriction the blue level cannot be used for inteategdsults and the goal of the game
becomes to minimize the number of times vertices are pefihledd pebbles, since the
optimal strategy pebbles each output vertex once.
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A pebbling strategy P is the execution of the rules of the pebble game on thesveftice
a graph. We assign a step to each placement of a pebbleg gfeps on which pebbles are
removed, and number the steps consecutivelypddeeused by a strategyis debned as
the maximum number of red pebbles it uses.IKheaime, T,, of P on the graplG is the
number of input and output (I/O) steps usedPbyl hecomputation time, Ty, iS the number
of computation steps Bfon G. Note that time in the red pebble game is the time to place red
pebbles on input and internal vertices; in this chaptesrineifare calledO operations.

Since accesses to secondary memory are assumed to refgui@ enime than accesses
to primary memory, finimal pebbling strategy, P,,;,, performs the minimal number of
I/0O operations on a gragh for a given number of red pebbles and uses the smallest number
of red pebbles for a given I/O time. Furthermore, suchegsti@so uses the smallest number
of computation steps among those meeting the other regpiise e denote tiyfz) (S,6)
ande(Z)(S, G) the number of computation and I/O steps in a minimal pebbfiGgin the
red-blue pebble game w&hed pebbles.

The minimum number of red pebbles needed to play the regddbde game is the
maximum number of predecessors of any vertex. This fakausé blue pebbles can be used
to hold all intermediate results. Thus, in the FFT graptgof Eilonly two red pebbles are
needed, since one of them can be slid to the vertex beiredpélivever, if the minimum
number of pebbles is used, many expensive I/O operatinasezmgary.

In Sectionl1.2we generalize the red-blue pebble game to multiple leMadssider two
variants of the model, one in which all levels includingghest can be used for intermediate
storage, and a second in which the highest level cannal b irgermediate storage. The
second model (tH#O-limited game) captures aspects of the red-blue pebble game as well as
the red pebble game of Chayiter

An important distinction between the pebble game restdisexbin this chapter and
those in ChaptetO is that here lower bounds are generally derived for @articaphs,
whereas in Chapt&f they are obtained for all graphs of a problem.

Figure 11.1 An eight-input FFT graph showing three two-input FFT spbgra
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11.1.1 Playing the Red-Blue Pebble Game

The rules for the red-blue pebble game are illustrated digltivénput FFT graph shown in
Fig.11.1 If S = 3 red pebbles are available to pebble this graph (& teakpebbles are
needed in the one-pebble game), a pebbling strategy pisahleseumber of I/O operations
small is based on the pebbling of sub-FFT graphs on twa. ifjpuée such sub-FFT sub-
graphs are shown by heavy lines inlEig, one at each level of the FFT graph. This pebbling
strategy uses three red pebbles to place blue pebblesugputiseobeach of the four lowest-
level sub-FFT graphs on two inputs, those whose outputs@nd-gevel vertices of the full
FFT graph. (Thus, eight blue pebbles are used.) Shown ondtlszel sub-FFT graph are
three red pebbles at the time when a pebble has just bedoplaesbrst of the two outputs
of this sub-FFT graph. This strategy performs two 1/O apesdior each vertex except for
input and output vertices. A small savings is possillerifethbling the last sub-FFT graph
at one level, we immediately pebble the last sub-FFT gthpmexkt level.

11.1.2 Balanced Computer Systems

A balanced computer system iS one in which no computational unit or data channel becomes
saturated before any other. The results in this chaptee eceedb to analyze balance. To
illustrate this point, we examine a serial computer symtsisting of a CPU with a random-
access memory and a disk storage unit. Such a systemas falanparticular problem if
the time used for 1/O is comparable to the time used for catigout

As shown in Sectidiil.5.2 multiplying twon " n matrices with a variant of the classical
matrix multiplication algorithm requires a gumber of cdatjmns proportional ta® and a
number of 1/O operations proportionalrd/ S, whereS is the number of red pebbles or
the capacity of the random-access memory, hetit; be the times for ong computation
and 1/0 operation, respectively. Then the system is mhlaheston® $ t;n% S. Let the
computational andl/O capacities, C ., andCy, o, be the rates at which the CPU and disk
can compute and exchange data, respectively; thatis= Lt o andCy, o = 1/t 1. Thus,
balance is achieved when the following condition holds:

Ccomp #
—3$ S
Cro

From this condition we see that if through technologicahaéthe rati€.omp/C 1 o in-
creases by a factqrthen for the system to be balanced the storage capacitgystdns,
must increase by a factét

Hennessy and Patters@8], p. 427] observe that CPU speed is increasing between 50%
and 100% per year while that of disks is increasing at a&¥eaey year. Thus, if the ratio
Ceomp/C 1/ o for our simple computer system grows by a factor @07 per year, then
S must grow by about a factor of 49 per year to maintain balemtiee extent that matrix
multiplication is typical of the type of computing to be dame that computers have two-
level memories, a crisis is looming in the computer indBsttynately, multi-level memory
hierarchies are being introduced to help avoid this crisis.

As bad as the situation is for matrix multiplication, it ismworse for the Fourier trans-
form and sorting. For each of these problems the numbermitedion and 1/O operations
is proportional ta log, n andn log, n/ log, S, respectively (see Secfiarb.3. Thus, bal-
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ance is achieved when

Coomp $ log, S

Cuo

Consequently, i€.omp/C 1y 0 increases by a factor S must increase t8' . Under the
conditions given above, namély$ 7, a balanced two-level memory-hierarchy system for
these problems must have a storage capacity that gro@sdraboutS’ every year.

[1.2 The Memory-Hierarchy Pebble Game

The standaréhemory-hierarchy game (MHG) debPned below generalizes the two-level red-
blue game to multiple levels. Thdevel MHG is played on directed acyclic graphspyith
pebbles at level1 % | % L & 1, and an unlimited number of pebbles at leveWhen

L = 2, the lower level is the red level and the higher is the\@l€eTllee number of pebbles
used at thé. & 1 lowest levels is recorded in iés@urce vector p = (P1,P2,---,PL 1),
wherep; ' 1for1%j %L & 1. The rules of the game are given below.

STANDARD MEMORY-HIERARCHY GAME
R1. (Initialization) A levdl-pebble can be placed on an input vertex at any time.

R2. (Computation Step) A prst-level pebble can be placedrmanwed to) a vertex if all its
immediate predecessors carry brst-level pebbles.

R3. (Pebble Deletion) A pebble of any level can be delateahfyosertex.
R4. (Goal) A levdl-pebble must reside on each output vertex at the end of the game

R5. (Input from Level) For 2% 1| % L, a leveld & 1) pebble can be placed on any vertex
carrying a levélpebble.

R6. (Output to Levdl) For 2%1 % L, a level-pebble can be placed on any vertex carrying a
levelfl & 1) pebble.

The brst four rules are exactly as in the red-blue pebblelgartéth and sixth rules general-
ize the bfth and sixth rules of the red-blue pebble gamatifyidg inputs from and outputs

to levelF memory. These last two rules allow a lewgmory to serve as temporary storage
for lower-level memories.

In the standard MHG, the highest-level memory can be usstbfimg intermediate
results. An important variant of the MHG is #©-limited memory-hierarchy game, in
which the highest level memory cannot be used for intetensidieage. The rules of this
game are the same as in the MHG except that rule R6 is repl#oedliowing two rules:

1/0-LIMITED MEMORY-HIERARCHY GAME

R6. (Output to Level) For 2% | % L & 1, a level-pebble can be placed on any vertex
carrying a levél-& 1) pebble.

R7. (/O Limitation) Level- pebbles can only be placedoamput vertices carrying level-
(L & 1) pebbles.
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The sixth and seventh rules of the new game allow the plecEmeiL. pebbles only on
output vertices. The two-level version of the I/O-limited®ithe one-pebble game studied
in Chapterl0. As mentioned earlier, we call the two-level I/O-limited Mkted pebble
game to distinguish it from the red-blue pebble game and the MHigarIg the multi-level
I/O-limited MHG is a generalization of both the standard M@ the one-pebble game.

The 1/0-limited MHG models the case in which accesses tatieshievel memory take
so long that it should be used only for archival storageteiwhédiate storage. Today disks
are so much slower than the other memories in a hierarctheth&-limited MHG is the
appropriate model when disks are used at the highest level.

The resource vector p = (p1, P2, - .., PL—1) associated with a pebbling strafegpeci-
Pes the number bievel pebbleg;, used by . We say thap, is thespace used at levélby
P. We assume that ' 1for 1% | % L, so that swapping between levels is possible. The
I/0 time at level with pebbling stratedy and resource vec]mrTl(" ) (p,G,P),2%I %L,
with both versions of the MHG is the number of inputs from arnpluts to level. Thecom-
putation time With pebbling stratedy and resource vectarTl(")(p, G,P), in the MHG
is the number of times brst-level pebbles are placed cesuaRi. Since there is little risk of
confusion, we use the same notafrqfh,)(p, G, P), in the standard and I/O-limited MHG
for the number of computation and I/O steps.

The debnition of a minimal MHG pebbling is similar to thatdaed-blue pebbling.
Given a resource vecirP,,;, iS aminimal pebbling for anL -level MHG if it minimizes
the 1/O time at level, after which it minimizes the 1/0O time at lele& 1, continuing in
this fashion down to level 2. Among these strategies itlewustinimize the computation
time. This depbnition of minimality is used because we af$mirtiee time needed to move
data between levels of a memory hierarchy grows rapidji eithLincreasing level that it is
less costly to repebble vertices at or below a given levelgaegorm an I/O operation at a
higher level.

Figure 11.2 Pebbling an eight-input FFT graph in the three-level MHG.
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11.2.1 Playing the MHG

Figurell.2shows the FFT graph on eight inputs being pebbled in aeleteddHG with
resource vectpr= (2, 4). Here black circles denote brst-level pebbles, shaésdieinote
second-level pebbles and striped circles denote teindelevies. Four striped, three shaded
and two black pebbles reside on vertices in the second hew&fTt One of these shaded
second-level pebbles shares a vertex with a black Ryebl#eeso that this black pebble can
be moved to the vertex covered by the open circle withdiriglalepebbles on the doubly
covered vertex.

To pebble the vertex under the open square with a black, pebldese the black pebble
on the open circle by swapping it with a fourth shaded pafibleywhich we place the black
pebble on the vertex that was doubly covered and then sidleeitvertex covered by the
open box. This graph can be completely pebbled with theceeseatop = (2, 4) using
only four third-level pebbles, as the reader is asked tqSeewroblernl.3) Thus, it can
also be pebbled in the four-level I/O-limited MHG using resotectop = (2, 4, 4).

[1.3 1/0-Time Relationships

The following simple relationships follow from two obenga First, each input and output
vertex must receive a pebble at each level, since evenyuisipbié read from levieland

every output must be written to lekelSecond, at least one computation step is needed for
each non-input vertex of the graph. Here we assume thatextexynv must be pebbled

to pebble the output vertices.

LEMMA 1 1.3.1 Let" be the maximum in-degree of any ve@exifV,E) and letn (G)
andOut(G) be the sets of input and output vertiGesesfpectively. Then any pet®lofgG
with the MHG, whether standard or I/O-limited, satisfodiewirg conditions %01 %L :

T (p,G,P)"| In(G)| +|0ut(G)]
T (p,G,P) | VI& In(G)|
The following theorem relates the number of moveslinlevel game to the number in
a two-level game and allows us to use prior results. Thédowdron the level{/O time

is stated in terms ef 1 because pebbles at levels.1, 2, & 1 are treated collectively as red
pebbles to derive a lower bound; pebbles at Ewgtlabove are treated as blue pebbles.

|
THEOREM 1 1.3.1 Lets =~ J'_:ll p,. Then the following inequalities hold for leslengl

standard MHG pebbling stra2dyr G, wherg is the resource vector uﬁabgﬁl(z) (S,G)

ande(z)(S, G) are the number of computation and I/O operations useéhiyl pehibling in
the red-blue pebble game playgdvith S red pebbles:

TGP TP (s_1,G) for2%I %L

Also, the following lower bound on computation timer ladlgsebbling strategiesn the
standard MHG:

T (p,G6,P)" T{(s1,G),
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In the 1/O-limited case the following lower bounds agy, ikthe maximum fan-in of any
vertex ofG:

T (.G,P)" T{(s_1,G) for2%l %L

TV ®G,P)" T (s _1,G)"
Proof The Prst set of inequalities is shown by considering tbeueedame played with
S = s1_; red pebbles and an unlimited number of blue pebblesS Té@d pebbles and
SL—1 & S blue pebbles can be classipedlingd 1 groups withp; pebbles in th¢th
group, so that we can simulate the steps bflawel MHG pebbling stratedy. Because
there are constraints on the use of pebbRstins strategy uses a number of lel/€)-
operations that cannot be larger than the minimum numbeclofi® operations when
pebbles at leve& 1 or less are treated as red pebbles and those at higherelénesed
as blue pebbles. Thl]'é,")(p, G,P)' TZ(Z)(5|_1,G). By similar reasoning it follows that
TP, G, P) T(s1,6).

In the above simulation, blue pebbles simulating larelsabove cannot be used arbi-
trarily when the I/O-limitation is imposed. To derive loveemals under this limitation, we
classifys = s_ _; pebbles inth & 1 groups withp; pebbles in thith group and simulate
in the red-blue pebble game the steps bflawel I/0-limited MHG pebbling strate§y.
The I/O time at level is no more than the I/O time in the two-level 1/O-limited réuakb
pebble game in which 8llred pebbles are used at legell or less.

Since the number of blue pebbles is unlimited, in a miniflalipg all I/O operations
consist of placing of red pebbles on blue-pebbled vétrfigksws that ifT 1/O operations
are performed on the input vertices, then at Teggacements of red pebbles on blue-
pebbled vertices occur. Since at least one internal vestdberpebbled with a red pebble
in a minimal pebbling for evetyinput vertices that are red-pebbled, the computation time

is at least /" . Specializing this b = Tz(z) (sL -1, G) for the I/O-limited MHG, we have
the last resulm

It is important to note that the lower bound‘lt{;z)(s, G, P) for the I/O-limited case is
not stated in terms ¢V |, becausp/ | may not be the same for each valu8s @bnsider the
multiplication of twon " n matrices. Every graph of the standard algorithm can bedebbl
with three red pebbles, but such graphs have abbwegices, a number that cannot be
reduced by more than a constant factor when a constant rafmdmbpebbles is used. (See
Sectionl1.5.2) On the other hand, using the graph of StrassenOs aluritiisproblem
requires at leagt(n-3852%) pebbles, since it h@gn?8%7) vertices.

We close this section by giving conditions under which bmueds for one graph can
be used for another. Leka@luction of DAG G; = (V1,E;) be a DAGGy = (Vo, Eo),

Vo ( Vi andEg ( E1, obtained by deleting edges fiémand coalescing the non-terminal
vertices on a OchainO of verticgsiitto the Prst vertex on the chainckhin is a sequence
V1,Va,...,V; Of vertices such that, foPRi %r & 1,v; is adjacent tg; _; andv; +; and no
other vertices.

LEMMA | 1.3.2 LetGg be a reduction &f. Then for any minimal pebblfg;, and1 %
| %L, the following inequalities hold:

Tl(L)(p’ Gl' Pmin) ' Tl(L ) (p! GOv Pmin)
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Proof Any minimal pebbling strategy &y can be used to peblidg by simulating moves
on a chain with pebble placements on the vertex to whickesent the chain are coalesced
and by honoring the edge restrictions pthat are removed to cre@g Since this strategy
for G; may not be minimal foB, the inequalities follow.

[1.4 The Hong-Kung Lower-Bound Method

In this section we derive lower limits on the 1/O time at eaa bf a memory hierarchy
needed to pebble a directed acyclic graph with the MHG. iEsedts are obtained by com-
bining the inequalities of Theoreim.3.1with a lower bound on the 1/0O and computation
time for the red-blue pebble game.

Theoreml0.4.1provides a framework that can be used to derive lower bauthdd/@©
time in the red-blue pebble game. This follows becauseéétnunds of Theorefi.4.1
are stated in terms ©f, the number of times inputs are pebbled Bited pebbles, which
is also the number of 1/0 operations on input vertices inetiblue pebble game. It is
important to note that the lower bounds derived using #meefivork apply to every straight-
line program for a problem.

In some cases, for example matrix multiplication, theeblouwnds are strong. However,
in other cases, notably the discrete Fourier transfoynaréheeak. For this reason we intro-
duce a way to derive lower bounds that applies to a pagreylaof a problem. If that graph
is used for the problem, stronger lower bounds can be aativdds method than with the
techniques of Chapt&f. We begin by introducing tt&-span of a DAG.

DEFINITION | 1.4.1 Given a DAGS = (V,E), theS-span of G, #(S, G), is the maximum
number of vertices@that can be pebbled v8thebbles in the red pebble game maximized over
all initial placements 8fred pebbles. (The initialization rule is disallowed.)

The following is a slightly weaker but simpler version dfiohg-Kung [L36§ lower
bound on I/O time for the two-level MHG. This proof dividempatation time into con-
secutive intervals, just as was done for the spacebtimmlowis in the proofs of Theo-
remsl0.4.1and10.11.1

THEOREM | 1.4.1 For every pebbliRgof the DAGG = (V, E) in the red-blue pebble game
with S red pebbles, the I/O time ug@jgs, G, P), satisbes the following lower bound:

)TS2(S,G)IS *#(2S,G) ' | V|&| In(G)]
Proof Divide P into consecutive sequential sub-pebb{iagsP,, ..., Pn}, where each
sub-pebbling h& I/O operations except possibly the last, which has no nobrepsera-
tions. Thush =) T ?(S,G,P)/S *.

We now develop an upper bou@do the number of vertices Gf pebbled with red
pebbles in any sub-pebblfg This number multiplied by the numbeof sub-pebblings
is an upper bound to the number of vertices other than ifigli&], In (G)], that must be
pebbled to pebbl@. It follows that

Qh'| V& In(G)|

The upper bound oQ is developed by addiggnew red pebbles and showing that
we may use these new pebbles to move all I/O operations peblligP; to either
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the beginning or the end of the sub-pebbling without chauttggmumber of computation
steps or I/O operations. Thus, without changing them, we allocsomputation steps to a
middle interval oP;, between the higher-level I/0O operations.

We now show how this may be done. Consider a vectexying a red pebble at some
time duringPy that is pebbled for the prst time with a blue pebble dBsirfgertex 7 at
step 11 in Figll1l.3. Instead of pebbling with a blue pebble, use a new red pebble to
keep a red pebble on(This is equivalent to swapping the new and old red pehhlgs o
This frees up the original red pebble to be used later irbtpelshling. Because we attach
a red pebble te for the entire pebblinB;, all later output operations fromin P; can
be deleted except for the last such operation, if any, w&hitle enoved to the end of the
interval. Note that if afteris given a blue pebbleRn it is later given a red pebble, this red
pebbling step and all subsequent blue pebbling stepsiexdast, if any, can be deleted.
These changes do not affect any computation geep in

Consider a vertexcarrying a blue pebble at the staf®pthat later inP; is given a
red pebble (see vertex 4 at step 12 inlEi§). Consider the brst pebbling of this kind.
The red pebble assignedrtmmay have been in use prior to its placement dha new
red pebble is used foy the brst pebbling of with a red pebble can be moved toward
the beginning oP; so that, without violating the precedence conditiof@s tfprecedes
all placements of red pebbles on vertices without pebitdeh this new red pebblevo
duringP;. Subsequent placements of red pebblesubien it carries a blue pebble during
Py, if any, are thereby eliminated.

Pt
Step 1 2 3 4 5 6 7 8 9 10 11 12 13
Pebble R1 R2 R2 B R2 R2 Rl B RR2 B R2 R2
Vertex +1 +2 5 |5 +2 6 +3 ,6 +4| 7 ,7 +4 8
Step 14 15 16 17 18 19 20 21 22 23
Pebble R1 R2 R2 R2 R2 R1 R2 R2 R2 R2
Vertex +5 +7 9 +7 11 +6 +8 10 +8 12

Figure 11.3 The vertices of an FFT graph are numbered and a pebblinglsdheiven in
which the two numbered red pebbles are used. Up (down) mleatify steps in which an
output (input) occurs; other steps are computation steps.19 through 13 of the schedBile
contain two 1/O operations. With two new red pebbles, the atstep 12 can be moved to the
beginning of the interval and the output at step 11 can belrafteestep 13.
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We now derive an upper boundQo At the start of the pebbling of the middle interval
of P; there are at mosB2red pebbles 0B, at mostS original red pebbles pl8sew red
pebbles. Clearly, the number of vertices that can be pelithlechiddle interval with brst-
level pebbles is largest when&li€tl pebbles o6 are allowed to move freely. It follows
that at mos#(2S, G) vertices can be pebbled with red pebbles in any interad. a8in
vertices must be pebbled with red pebbles, this compéepesdhm

Combining Theoremkl.3.1and11.4.1and a weak lower limit on the sizé’,&lf) (p,G),
we have the following explicit lower boundﬁ({’d (p,G).

COROLLARY | 1.4.1 In the standard MHG wha(") (p,G) ' ! (s_1 & 1) for! > 1, the
following inequality holdsZé6 1 %L :

Si—1 (
I +1#(2s/_41,G)

T (p,G)" VI &l In(G)])

In the 1/O-limited MHG wheﬁ,(L)(p,G) "1 (s-1& 1) for! > 1, the following inequality
holds fo2 %1 %L :

! SL—1

T (p,G)"
PO T EEs o)

(IVI& In(G)])

I1.5 Tradeoffs Between Space and 1/0 Time

We now apply the Hong-Kung method to a variety of importatigms including matrix-
vector multiplication, matrix-matrix multiplicationgetfast Fourier transform, convolution,
and merging and permutation networks.

11.5.1 Matrix-Vector Product

We examine here the matrix-vector product funf:ﬁ@nz R+ - R" over acommutative
ring R described in Sectiégh2.1 primarily to illustrate the development of efbcient multi-
level pebbling strategies. The lower bounds on I/O and tatiopuime for this problem
are trivial to obtain. For the matrix-vector product, werasthat the graphs used are those
associated with inner products. The inner produat of n-vectorar andv over a rindR

is debned by:

=}

uav = Ui éVi
i=1

The graph of a straight-line program to compute this inaduptis given in Fig.1.4, where
the additions of products are formed from left to right.

The matrix-vector product is debPned here as the pebblingli&cion of inner product
graphs. As suggested in Eig4 each inner product graph can be pebbled with three red
pebbles.

THEOREM | 1.5.1 LetG be the graph of a straight-line program for the produnttitihe
with the vectat. LetG be pebbled in thandard MHG with the resource veptofhere is a
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1 2 4 5 8 912 13 16 17
a1 X1 a2 X2 1.3 X3 Ain Xn
Figure 11.4 The graph of an inner product computation showing the ardenich vertices

are pebbled. Input vertices are labeled with the entries mattrixA and vectore that are
combined. Open vertices are product vertices; thoselarowré addition vertices.

pebbling strategyf G withp, * 1for2 %I %L &1andp; ' 3such thaTl(")(p, G,P)=
2n2 & n, the minimum value, and the following bounds hold sousljane

n?+2n % T ") (p,G,P)%2n% +n

Proof The lower bound‘,(")(p, G,P)' n?4+2n,1%]I %L, follows from Lemmal.3.1
because there aré + n inputs andn outputs to the matrix-vector product. The upper
bounds derived below represent the number of operatiforengerby a pebbling strategy
that uses three level-1 pebbles and one pebble at eachhaftlevels.

Each of then results of the matrix-vector product is computed as anprotrct in
which successive produgtsx; are formed and added to a running sum, as suggested by
Fig.11.4 Each of the? entries of the matri& (leaves of inner product trees) is used in
one inner product and is pebbled once at leyel& 1,. .., 1 when needed. Thmeentries
in  are used in every inner product and are pebbled once awehfir leach of the
inner products. First-level pebbles are placed on eagovedch inner product tree in the
order suggested in FigL.4 After the root vertex of each tree is pebbled with a Faist-lev
pebble, it is pebbled at levels.2, L.

It follows that one 1/O operation is performed at each levedoh vertex associated
with an entry inA and the outputs and thatl/O operations are performed at each level
on each vertex associated with an entey for a total of 82 + n 1/O operations at each
level. This pebbling strategy places a brst-level patsienoeach interior vertex of each
of then inner product trees. Such trees haw& 24 internal vertices. Thus, this strategy
takes B2 & n computation stepm.

As the above results demonstrate, the matrix-vector tpiodmncexample of ditO-
bounded problem, a problem for which the amount of 1/O required at each levéki
memory hierarchy is comparable to the number of compuséejpsn Returning to the dis-
cussion in Sectiahl.1.2 we see that as CPU speed increases with technologicasadvan
balanced computer system can be constructed for thisrpoolyédf the 1/0 speed increases
proportionally to CPU speed.

The I/O-limited version of the MHG for the matrix-vector prodis the same as the
standard version because only prst-level pebbles areugstides that are neither input or
output vertices.
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11.5.2 Matrix-Matrix Multiplication

In this section we derive upper and lower bounds on exchatwesn 1/0 time and space
for then™ n matrix multiplication problem in the standard and I/O-lediMHG. We show
that the lower bounds on computation and 1/0O time can be exdtop efbcient pebbling
strategies.

Lower bounds for the standard MHG are derived fofaifaély F,, of inner product
graphs for n" n matrix multiplication, namely, the set of graphs to multiply twion ma-
trices using just inner products to compute entries in dldeigrmatrix. (See Sectior.2)
We allow the additions in these inner products to be pedanmaay order.

The lower bounds on I/O time derived below for the I/O-limitétiG apply to all DAGs
for matrix multiplication. Since these DAGs include gratbles than the inner product trees
in F, one might expect the lower bounds for the I/O-limited cdse $maller than those
derived for graphs i, . However, this is not the case, apparently because gfbloisimg
strategies for matrix multiplication perform 1/O openatianly on input and output vertices,
not on internal vertices. The situation is very differenbéodiscrete Fourier transform, as
seen in the next section.

We derive results prst for the red-blue pebble game, thatveo-level MHG, and then
generalize them to the multi-level MHG. We begin by de@ingper bound on tHg-span
for the family of inner product matrix multiplication greph

LEMMA | 1.5.1 For every graih / F ,, theS-span#(S, G) satisbes the bowi8,G) %
2S¥2forS %n?2,

Proof #(S,G) is the maximum number of verticesof F , that can be pebbled with
S red pebbles from an initial placement of these pebblemineaxover all such initial
placements. L&, B, andC ben " n matrices with entrigs;; }, {b;}, and{c;},
respectively, where% i,j % n. LetC = A" B. The termc;; = ' K @i kb is
associated with the root vertex in of a unique inner pragect Yertices in this tree are
either addition vertices, product vertices associatednvis of the forma; \ b, or input
vertices associated with entries in the matkieeslB. Each product terma; by is
associated with a unique tegm and tree, as is each addition operator.

Consider an initial placement®®6 n? pebbles of whichare in addition trees (they
are on addition or product vertices). Let the remai@idgr pebbles reside on input
vertices. Lgb be the number of product vertices that can be pebbled freengbkbled
inputs. We show that at mgst- r & 1 additional pebble placements are possible from the
initial placement, giving a total of at m®st 2p +r & 1 pebble placements. (Figliie5

L Kb &R L&

aribiiaibg anibcai oy, @ibiiano: aibipazabyo
@ (b) (©) (d)

Figure 11.5 Graph of the inner products used to form the product of two22matrices.
(Common input vertices are repeated for clarity.)
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shows a grap@ for a 2" 2 matrix multiplication algorithm in which the product ioex$

are those just below the output vertices. The black vedicgpebbles. In this example

r =2andp = 1. Whilep+r & 1 =2, only one pebble placement is possible on addition
trees in this example.)

Given the dependencies of graphs,inthere is no loss in generality in assuming that
product vertices are pebbled before pebbles are advaaickibin trees. It follows that at
mostp+r addition-tree vertices carry pebbles before pebblesgaeeddn addition trees.
These pebbled vertices debne subtrees of vertices tbgtefalnldd from the+ r initial
pebble placements. Since a binary treerwlthves has & 1 non-leaf nodes, it follows
that if there arésuch trees, at mgs#-r & t pebble placements will be made, not counting
the original placement of pebbles. This number is maxiatizedl. (See Problefil.9)

We now complete the proof by deriving an upper bounpd betA be the @1n" n
matrix whoséi, j ) entry is 1 if the variable in tig j ) position of the matri® carries a
pebble initially and 0 otherwise. Bebe similarly debned fBr. It follows that thei, j )
entry,%; , of the matrix produd€ = A" B , where addition and multiplication are over
the integers, is equal to the number of products that camiefthat congribute to the
(i,j) entry of the result matr®. Thusp=;; %;. We now show that% S(S&r).

LetA andB havea andb 10s, respectlvely, wherdh = S& r. There are at moat"
rows ofA containing at least 10s. The maximum number of products that can be formed
from such rows &b/" because each 1Bncombine with a 1 in each of these rows. Now
consider the product of other rowsfofvith columns oB. At mostS such row-column
inner products are formed since at n®sutputs can be pebbled. Since each of them
involves a row with at mdst1Os, at ma products of pairs of variables can be formed.
Thus, a total of at mogt = ap/" +"S products can be formed. We are free to choose
" to minimize this sum'(=  ab/S does this) but must ch&)asandbto maximize it
(a = (S&r)/ 2 satisbes this requirement). The result iptat S(S&r). We complete
the proof by observing thet=2p+r & 1%2 SSforr' O.m

Theoreml 1.5.2states bounds that apply to the computation and 1/0O timesireth-blue
pebble game for matrix multiplication.

THEOREM | 1.5.2 For every graghin the family=, of inner product graphs for multiplying
twon " n matrices and for every pebbling sttateg in thered-blue pebble game that
useS ' 3red pebbles, the computation and I/O-time satisfwthg foller bounds:

T2(S,G,P) = 9%
3
79(5,6,P) = Q #”—§

%

Furthermore, there is a pebbling sthPafegé with S ' 3 red pebbles such that the following
upper bounds hold simultaneously:

T,2(S,G,P) 0(§
19(5,6,P) = 0O #%

The lower bound on I/O time stated above applies fgiraph of a straight-line program for
matrix multiplication in tHéO-limited red-blue pebble game. The upper bound on I/O time
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also applies for this game. The computation time inithiteld®ed-blue pebble game satisbes
the following bound:
$ %
T _q &
17(S,G,P)=Q #§

Proof For the standard MHG, the lower boundnﬁ)(s, G, P) follows from the fact that
every graph i, has9(n?) vertices and Lemma.3.1 The lower bound tﬁfz(z) (S,G)

follows from Corollary1.4.1and Lemmal.1.5.1and the lower bound t151(2>(s, G,P)
for the 1/0-limited MHG follows from Theorerl.3.1

We now describe a pebbling strategy that has the I/O tired ataive Qnd uses the
obvious algorithm suggested by Figa If S red pebbles are available;, let0  S/31be
an integer that divides (If r does not divida, embedA, B andC in larger matrices for
whichr does divida. This requires at most doubling Letthen™ n matrice®\, B and
C be partitioned inta/r " n/r matrices; thatigy = [a;;],B = [hb ], andC = [ci ],
whose entries aré r matrices. We form the' r submatrix;;; of C as the inner product
of arow ofr " r submatrices @& with a column of such submatrice8of

nr
Cj = ag" by
q=1

We begin by placing blue pebbles on each entry in matracet3 . Computec; ; by
computinga; g " byj forq = 1,2,...,r and adding successive products to the running
sum. Keep? red pebbles on the running sum. Computg' by; by placing and holding
r2 red pebbles on the entriesjry andr red pebbles on one columrigf at a time. Use
two additional red pebbles to computerthanner products associated with entries;of
in the fashion suggested by Eig.4if r ' 2 and one additional pebblerif= 1. The
maximum number of red pebbles in use ig34f 1 and at mosti® +r + 2 ifr ' 2.
Since 22 +r +2%3r2forr ' 2, in both cases at mostzged pebbles are needed. Thus,
there are enough red pebbles to play this game hreeaQseS/ 31implies that 82 % S,
the number of red pebbles. Sinc¢e 1, this requires th& ' 3.

- N —» - N —»

O
O
O
O
|
'oogom’
OOOm
OOOm
ooom,

'‘EEEE
OoOoO
OoOoO

ooo0,

-+—35 —»

Figure 11.6 A pebbling schema for matrix multiplication based on thesergation of a
matrix in terms of block submatrices. A submatriX sf computed as the inner product of a
row of blocks ot with a column of blocks @3.
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This algorithm performs one input operation on each enéy, @ndhy,; to compute
¢ j. It also performs one output operation per entry to congpuitself. Summing over
all values dfandj , we bnd thah? output operations are performed on entri€s iSince
there arén/r )2 submatrices; 4 andh,; and each is used to compute termsc, , the
numbegr of input operationg: on entriesimndB is 2n/r )2r?(n/r ) = 2n3/r . Because
r =0 S/31, we have ' S/3 & 1, from which the upper bound on the number of
I/O operations follows. Since each product and additimxwereach inner product graph
is pebbled onc®(n®) computation steps are performed.

The bound onTz(z)(S, G, P) for the 1/O-limited game follows from two observations.
First, the computational inequality of Theoredd.1provides a lower bound 19, the
number of times that input vertices are pebbled in the bidepgame when only red
pebbles are used on vertices. This is the 1/O-limited magwindg the lower bound of
Theoreml0.5.4onT (actually[T,) is of the form desires.

These results and the strategy given for the two-levelroaseear to the multi-level case,
although considerable care is needed to insure that thiegpsetrategy does not fragment
memory and lead to inefbcient upper bounds.

Even though the pebbling strategy given below is an l/@dirsitategy, it provides
bounds on time in terms of space that match the lower bounks sdandard MHG.

THEOREM | 1.5.3 For every graghin the familyF, of inner product graphs for multiplying
twon" n matrices and for every pebbling sfPateg® in thestandard MHG with resource
vectop that uses; ' 3 Prst-level pebbles, the computation and I/O time esdtibbyvthg
lower bounds, where= ,!:1 p; andk is the largest integer suchsghi#t3n?:

&
" (G P)=9 n’ ,

° aShyF s for2%1 ek
TYmer) = &l 7"
I PEPI= 0% for k + 1 %I %L

Furthermore, there is a pebbling stPafeg® withp; ' 3 such that the following upper bounds
hold simultaneously:

(PGP =0%) .
o nyFs  for20l %k

T (p,G,P) = &
(PGP 0 n2 for k+1%] %L

In the 1/0O-limited MHG the upper bounds given above apdhylioi¥ing lower bound on the
I/0 time applies &very graph G forn " n matrix multiplication and every pebbling stfategy
wheres = s _1:

*

) ) L #_
T (PG P)=Q n¥ S forl1%I| %L

Proof The lower bounds oT\(" ) (p,G,P),2%]I %L, follow from Theorems1.3.1and

11.5.2 The lower bound Oﬁ'l(L)(p, G, P) follows from the fact that every graplrin
haso(n3) vertices to be pebbled.
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#_ H_
rg3=r.0 s3& 1/( 3r2)1

- -
- L

S/

ri=0 s/31

- -
- L

#__ H_
rr=r0 s,& 1/( 3r1)1

Figure 11.7 A three-level decomposition of a matrix.

We now describe a multi-level recursive pebbling stratisfyirey the upper bounds
given above. Itis based on the two-level strategy giverpiodii of Theorerhl.5.2 We
computeC from A andB using inner products.

Our approach is to successively blocB, andC into ri " r; submatrices far =
k,k&1,...,1where the; are chosen, as suggested inLEig, so they divide on another
and avoid memory fragmentation. Also, they are also chlasie tcs; so that enough
pebbles are available to pebbler; submatrices, as explained below.

+ /g O
1 51/3 i=1

-, lg 4 O
! ri_1 (Si&i—i-l)/( 3I’i,1) i 2

Using the fact that/2 % alb/al %bfor integera %ndbsatisfying Pba % b(see
Problem11.1), we see that (s; &1 +1)/12 % r; % (s; &i+1)/3. Thus,s; '
3r2+i & 1. AlsorZ % n? becaussx % 3n.

By debnitions; pebbles are available at lewgld below. As stated earlier, there is at
least one pebble at each level above the brst. Frgnpéibles at leveland below we
create a reserve set containing one pebble at each Ipvéhe¥ast. This reserve set is
used to perform I/O operations as needed.

Without loss of generality, assume thatividesn. (If not, n must be at most doubled
for this to be true. Embedl, B, andC in such larger matricesd), B, andC are then
blockedinta'y " ry submatrices (call theayy , by j , andc; ; ), and these in turn are blocked
intor,_1" rx_1 submatrices, continuing untfl 1 submatrices are reached. The submatrix
G is debned as
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g

Gj= agq" by
g=1

As in Theorenl1.5.2 ¢;; is computed as a running sum, as suggested il Fg.
where each vertex is associated with anr, submatrix. It follows thatr$ pebbles at
levek or less (not including the reserve pebbles) sufbce tolftukbmn submatricas,,
by and the running sum. To compute a produgt” by, we represe q andby; as
block matrices with blocks that age; " r¢_; matrices. Again, we form this product as
suggested in Fiy1.4 using 32_, pebbles at levéds 1 or lower. This process is repeated
until we encounter a productiof* ri matrices, which is then pebbled according to the
procedure given in the proof of Theorehb.2

LetOs now determine the number of I/O and computation tsegmh devel. Since all
non-input vertices @ are pebbled once, the number of computation st€gais. 1/0
operations are done only on input and output vertices. @naetput vertex has been
pebbled at the prst level, reserve pebbles can be usexlddgiel: pebble on it. Thus
one output is done on each of tifeoutput vertices at each level.

We now count the I/O operations on input vertices startitigeviek. n" n matrices
A, B, andC containrg " ry matrices, wherg dividesn. Each of thén/r k)z submatrices
aj g andhy; is used in{n/r ) inner products and at mast I/O operations at levél are
performed on them. (If most of tlsg pebbles at levklor less are at lower levels, fewer
levelk 1/0 operations will be performed.) Thus, at mdsr2,)?(n/r )r¢ = 2n?/r
I/O operations are performed at lekelln turn, each of thex " r matrices contains
(re/r x—1)? re_1" re_1 matrices; each of these is involve@ifr 1) inner products
each of which requires at mo%;l I/O operations. Since there are at njost k,l)2
re—1" re_1 submatrices in eachAf B, andC, at most 23/r _4 1/O operations are
performed at levél & 1. Continuing in this faﬁhion, at mosi¥r | /O operations are
performed at levélfor 2 % | % k. Sincer, ' (si & i + 1)/ 12, we have the desired
conclusion.

Since the above pebbling strategy does not place pebbkd®aid above on any vertex
except input and output vertices, it applies in the I/O-gidnibse. The lower bound follows
from Lemmal1.3.1and Theoreni1.5.2 m

11.5.3 The Fast Fourier Transform

The fast Fourier transform (FFT) algorithm is describedatio86.7.3 (an FFT graph is
given in Fig11.1). A lower bound is obtained by the Hong-Kung method for tHebyF
deriving an upper bound on tBespan of the FFT graph. In this section all logarithms have
base 2.

LEMMA 11.5.2 TheS-span of the FFT graph® onn = 29 inputs satisP#S,G) %
2Slog S whenS %n.

Proof #(S,G) is the maximum number of verticesGothat can be pebbled withred
pebbles from an initial placement of these pebbles, neakionizr all such initial place-
ments. G contains many two-input FFT (butter3y) graphs, as showg.ihlR8 If v;
andv; are the output vertices in such a two-input FFT and if onesof th pebbled, we
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V1 [ 4 e\

ujq uz

P1 p2
Figure 11.8 A two-input buttery graph with pebbjesandp. resident on inputs.

obtain an upper bound on the number of pebbled vertices sbwmea that both of them
are pebbled. In this proof we{et |1 % i % S} denote theéS pebbles available to pebble
G. We assign an integer cost (p;) (initialized to zero) to thigh pebblep; in order to
derive an upper bound to the total number of pebble placemade o16.

Consider a matching pair of output verticeandv, of a two-input butter83y graph
and their common predecessgrandu,, as suggested in Fig..& Suppose that on the
next step we can place a pebble;oThen pebbles (call thegop andp,) must reside on
u; andu,. Advancey; andp, to bothv; andv,. (Although the rules stipulate that an
additional pebble is needed to advance the two pebb&s)yibis restriction by allowing
their movement te; andv, can only increase the number of possible moves, a usgful effe
since we are deriving an upper bound on the number of pedgidmphts.)

After advancing; andpy, if num(p;) = num(pz), augment both by 1; otherwise,
augment the smaller by 1. Since the predecessors of tves weréin FFT graph are in
disjoint trees, there is no loss in assuming th& jpdibbles remain on the graph in a
pebbling that maximizes the number of pebbled verticemusBewjo pebble placements
are possible each timem (p; ) increases by 1 for somé&(S,G) %2 ,_, g num(p;).

We now show that the number of vertices that contained péfibbdly and are con-
nected via paths to the vertex coverepl iy at least®™ (P:), That is, 2u™ (P:) 0% S
ornum(p;) % log, S, from which the upper bound @S, G) follows. Our proof is by
induction. For the base casawm (p;) = 1, two pebbles must reside on the two immedi-
ate predecessors of a vertex containing the pebhsume that the hypothesis holds for
num (p;) % e & 1. We show that it holds foum (p;) = e. Consider the Prst point in
time thatnum (p;) = e. At this timep; and a second peblpglereside on a matching pair
of verticesy; andv,. Before these pebbles are advanced to these two vemnticesafid
uy, the immediate predecessorg aindv,, the smaller afium (p;) andnum (p; ) has a
value ofe & 1. This must bg; because its value has increased. Thus, eachrafu,
has at leasf2! predecessors that contained pebbles initially. Becapssittessoragf
andus, are disjoint, each of andv, has at leas€2= 2™ (P:) predecessors that carried
pebbles initiallym

This upper bound on th8-span is combined with Theorerh.4.1to derive a lower
bound on the I/O time at levketo pebble the FFT graph. We derive upper bounds that match
to within a multiplicative constant when the FFT graph islpdbin the standard MHG. We
develop bounds for the red-blue pebble game and thenigetieeah to the MHG.
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THEOREM 11.5.4 Let the FFT graph on= 29 inputs,F (9, be pebbled in thel-blue
pebble game with S red pebbles. Wigh 3there is a pebblingfef?) such that the following

bounds hold simultaneously, Wh&i@;, F (@) andT.? (py, F (@) are the computation and
/O time in a minimal pebblingrof®):

T2(S,F@) = O(plogn) .
nlogn

2
(S, F9) =0 Tes

Proof The lower bound oif{? (S, F (@) is obvious; every vertexAf®) must be peb-

bled a brst time. The lower boundBf (S, F () follows from Corollarg1.4.1, Theo-
rem11.3.1 Lemmall.5.2 and the obvious lower bound|®H. We now exhibit a pebbling
strategy giving upper bounds that match the lower boundsupuiltiplicative factor.

As shown in Corollarg.7.1, F (9) can be decomposed ine* staged/e 1 stages
containing ¢ copies of (®) and one stage containiny ® copies of ®), k = d &
Od/ele. (See Figl1.9) The output vertices of one stage are the input vertidesrest.
For examples (12 can be decomposed into three stages With 2 256 copies df (4)
on each stage and one stage Withdbies oF (9, a single vertex. (See Hi.10Q) We use
this decomposition and the observationf&t can be pebbled level by level with-21
level-1 pebbles without repebbling any vertex to develpplinling strategy f&r(®).

GivenS red pebbles, our pebbling strategy is based on this detompoth e =
dp = Olog,(S & 1). SinceS ' 3,dy ' 1. Of theS red pebbles, we actually use only
So = 2% + 1. SinceSy % S, the number of I/O operations wisy red pebbles is no

%};}"iifoﬁﬁ ..........
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Figure 11.9 Decomposition of the FFT gragh®) into 3 = 2° bottom FFT graphg (?—®
andr = 297¢ top F(®. Edges between bottom and top sub-FFT graphs identify commo
vertices between the two.
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F®

N J

Y
256

Figure 11.10 The decomposition of an FFT grap? into three stages each containing 256
copies of"®. The gray areas identify rowsFét? in which inputs to one copy #* are
outputs of copies d¢t® at the preceding level.

less than witl$ red pebbles. Lel; = 0d/do1. Then,F (@ is decomposed inth stages
each containing®2% copies of (%) and one stage containirfty 2 copies of () where
t = d & dod;. Since % do, each vertex i () can be pebbled with, pebbles without
re-pebbling vertices. The same appliE$ 0.

The pebbling strategy for the red-blue pebble game is batkgsl @ecomposition.
Pebbles are advanced to outputs of each of the bottom FFapsdbg) using 2+1 % Sy
red pebbles, after which the red pebbles are replacediajiblitbles. The subgraph$)
in each of the succeeding stages are then pebbled in thasbéne that is, their blue-
pebbled inputs are replaced with red pebbles and red peblaldganced to their outputs
after which they are replaced with blue pebbles.

This strategy pebbles each vertex once with red pebbléreveitiception of vertices
common to two FFT subgraphs which are pebbled twice. WsﬁdllmtTl(")(S, F @) %
29+1(d + 1) = 2n(log,n + 1). This strategy also executes one I/O operation for each
of the 2' inputs and outputs t& (9 and two 1/0O operations for each of tHev@rtices
common to adjacent stages. Since thejel/arg* stages, there gm/d o* & 1 such pairs
of stages. Thus, the number of 1/O operations salisbes, F (@) % 29+1)d/d o* %
2n(log, n/ (log, S/4) + 1) = O(nlogn/ logS). m

The bounds for the multi-level case generalize thosered-thlee pebble game. As with
matrix multiplication, care must be taken to avoid memagynentation.

THEOREM 1 1.5.5 Letthe FFT graph on= 2% inputsF (), be pebbled in titendard MHG
with resource vegiot ets; = }:1 p; and lek be the largest integer sucltifatn. When
p.' 3, the following lower bounds hold for all pebblih@s ahd there exists a pebiftifior
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which the upper bounds are simultaneously satisbed:

, O(nlogn), 1=1
TI(L)(p,F(d)’p) - © 12gk§.n1 2%]I %k
Eoo(n) k+1%I %L

Proof Proofs of the prst two lower bounds follow from Lefirinfaland Theorem1.5.4
The third follows from the fact that pebbles at every lewthmplaced on each input and
output vertex but no intermediate vertex. We now exhiblildipe strategy giving upper
bounds that match (up to a multiplicative factor) these lmovands for all 261 % L.
(See Figl1.9)

We dePne a non-decreasing sequéneddo, d;, dy, ..., d. 1) of integers used be-
low to describe an efbcient multi-level pebbling strateBy%. Letdy = 1 andd; =
Olog(s1& 1)1"' 1, wheres; = p;' 3. DebPnan, andd, for2%r %L & 1 by

1 . 2
_ Ologmin(s; & 1,n)1

=
dr—1

dr - mrdr—l

It follows thats, ' 29 + 1 whens, % n + 1 sinceatb/al % b. Becaus6logal '
(loga)/ 2 whena' 1 and als@Ob/al ' b/2 for integers. andbwhen 1% a % b (see
Probleml11.7), it follows thatd, ' log(min(s; & 1,n))/ 4. The valued, are chosen to
avoid memory fragmentation.

Before describing our pebbling strategy, note that basaassume at least one pebble
is available at each level in the hierarchy, it is posgilelédon an I/O operation at each
level. Also, pebbles at levels lesd tteambe used as though they were atllevel

Our pebbling strategy is based on the decomposifidfanto FFT subgraphs (9x),
each of which is decomposed into FFT subgfafhs), and so on, until reaching FFT
subgraphg () that are two-input, two-output butterRy graphs. To pebBifie we apply
the strategy described in the proof of Theotérd.4as follows. We decompds&
into do/d 1 stages, each containirfg 2 copies of (', which we pebble with, = p;
prst-level pebbles using this strategy. By the anallgsipindf of Theorer1.5.4 292+1
level-2 I/O operations are performed on inputs and outpEt§? as well as anothek2?
level-2 1/O operations on the vertices between two stagesth®re ard,/d ; stages, a
total of (d2/d 1)29*1 level-2 I/O operations are performed. We then decorp8iseto
ds/d , stages each containiffg 22 copies oF (2. We pebblé& ) with s, pebbles at level
1 or 2 by pebbling copies®f? in stages, usir(gs/d »)2%** level-3 I/O operations and
using(da/d »)29:~% times as many level-2 I/O operations as usEéiZbyLetnés) be the

number of level-2 1/O operations used to peblte Thennf) = (dafd )29,

Continuing in this fashion, we pebBI&€), 1%r %k, with s, _; pebbles at levélsr
below by pebbling copiesfof —Y in stages, usir(d, /d, _1)29-+1 levelr 1/O operations
and usingd, /d, _1)29-—9~ + as many levgli/O operations for 26j %r & 1. Letnj(r)
be the number of levelHO operations used to peblfié’). By induction it follows that
n{") = (d/d;)2%+1,

Forr ' Kk, the number of pebbles available at tegeless is at least 2 1, which is
enough to pebble (9 by levels without performing I/O operations abovekeyel; this
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means that 1/O operations at these levels are performexh anputs, giving the bound
Tl(L)(p,F(d),P) =0O(n),n =24 fork + 1%r %L. Whenr %k, we pebbl& (@ by
decomposing it intpd/d* stages such that each stage, except possibly the bigg conta
20-dx copies of the FFT subgrapkf*). The brst stage ha#s2 copies oF (@ ) of depth
d* = d& ()d/d*& 1)dx, which we treat as subgraphs of the subgréphand pebble to
completion with a number of operations at each level thah@stathe number to pebble
F (d%), Each instance & (9+) is pebbled witls,_; pebbles at levkl& 1 or lower and
a pebble at levklor higher is left on its output. Sinsg;; ' n + 1, there are enough
pebbles to do this.

ThusT," (p,F @, P) satisPes the following bound f11 %L :
T (p, F @D, P) % )d/d *29 -9 T (p,F (@), P)

Combining this with the earlier result, we have the folipupper bound on the number
of 1/0 operations for 20| % k:

T (0, F @, P) % )did*(chld )2+

Since, as noted earl@r,” log(min(s; & 1,n))/ 4, we obtain the desired upper bound on
T|(L)(p, F (@, P) by combining this result with the boundrcqﬁ) given abovem

The above results are derived for standard MHG and the ¢yl graphs. We now
strengthen these results in two ways when the I/O-limited IidH&ed. First, the 1/O limita-
tion requires more time for a given amount of storage aodg sée lower bound we derive
applies to every graph for the discrete Fourier transfarjustithose for the FFT.

It is important to note that the efpcient pebbling strategd in the standard MHG
makes extensive use of leveébbles on intermediate vertices of the FFT graph. When this
not allowed, the lower bound on the 1/O time is much largece3$he lower bounds for the
standard and 1/0O-limited MHG on matrix multiplication ar@atthe same, this illustrates
that the DFT and matrix multiplication make dramaticafifedint use secondary memory.
(In the following theoremlinear straight-line program is a straight-line program in which
the operations are additions and multiplications by ctai3ta

THEOREM 11.5.6 LetFFT (n) beany DAG associated with the DFThanputs when real-
ized by a linear straight-line progranf fE&t(n) be pebbled with strategy thel/O-limited

MHG with resource vegiaand lets; = }:1 pi. If S =s._1%n, then for each pebbling
strategly, the computation and 1/O time at lewelst satisfy the following bounds:
$ %

T (p,FFT (n),P) =Q ng forl1 %1 %L

Also, when = 29, there is a pebbliRgof the FFT gragh(@) such that the following relations
hold simultaneously wBen 2log n:
+ ), *
- n< o
1O E@ py— O)S—i—nlogS* =1
| (P, ’ ) 2 log S
- 0 n§ +n—2% 2% %L

logsy 1
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Proof The lower bound follows from Theorém 3.1and Theoreni0.5.5 We show that
the upper bounds can be achieved6H under the 1/O limitation simultaneously for
1%l %L.

The pebbling strategy meeting the lower bounds is baseat ased in the proof of
Theorem10.5.5to pebbleF () usingS % 2 + 1 pebbles in the red pebble game. The
number of level-1 pebble placements used in that pebbgjivgnsin the statement of
Theorem10.5.5 A level-2 1/O operation occurs once on each of‘tleithuts and £-©
times on each of thé nputs of the bottom FFT subgraphs, for a total'¢2® ¢ + 1)
times.

The pebbling for thé -level MHG is patterned after the aforementioned pebbiling f
the red pebble game, which is based on the decompositiomudit.&.4 (See Figl1.9)

Let e be the largest integer such tBat 2° + d & e. Pebble the binary subtrees on

29-¢ inputs in the 2 bottom subgraphlé,ﬁfn_e) as follows: On an input vertex lelel-
pebbles are replaced by pebbles at all levels down towdiddrible brst level. Then level-
1 pebbles are advanced on the subtrees in the order thakzesriim number of level-1
pebbles in the red pebble game. It may be necessary to lesegpelibevels to make these
advances; however, each vertex in a subtree (of whichetif&ré'd & 1) experiences at
most two transitions at each level in the hierarchy. In@addiach vertex in a bottom
tree is pebbled once with a level-1 pebble in a computator kerefore, the number of
levell transitions on vertices in the subtrees is at fio%2 —*+1 & 1) for2% 1| % L,

since this pebbling of Bubtrees is repeatéd2times.

Once the inputs to a given subgr&'pﬁ) have been pebbled, the subgraph itself is
pebbled in the manner indicated in TheorElb.5 usingO(e2°/ logs|_1) pebbles at
each levdlfor 2 % | % L. Since this is done for each of tHeeZSUbgraphEt(’g), it
follows that on the top FFT subgraphs a tot@ @2"/ logs|_1) levelt transitions occur,

2 %1 % L. In addition, each vertex in a graﬁfﬁ) is pebbled once with a level-1 pebble

in a computation step.

It follows that at most
$ %

2d
T F@P) =0 2@ e+

levelt 1/0O operations occur for@| %L, as well as
T (p,F@,P) =02 (21 & 1) + e2)
computation steps. Itis left to the reader to verify that 2 +d&e % S < 261 4+-d& e&
1%42° whene+ 1" logd (this is implied by ' 2d), from which the result follovss.
11.5.4 Convolution

The convolution functiof (™) : RM+m - RN+M-1 gyer a commutative rirg (see
Section6.7.49 maps am-tuple a and anm-tupleb onto an(n + m & 1)-tuplec and is
denotede = a 2 b. An efbcient straight-line program for the convolutioressribed in
Section6.7.4 that uses the convolution theorem (TheoBem? and the FFT algorithm.
The convolution theorem in terms of thre@oint DFT and its inverse is

a2 b=F;'Faxn(a)" Fu(b))
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Obviously, when = 29 the h-point DFT can be realized by the-goint FFT. The DAG
associated with this algorithm, shown in Figl1for d = 4, contains three copies of the
FFT graphF (9,

We derive bounds on the computation and I/O time in the stdratad I/O-limited
memory-hierarchy game needed for the convolution funsiimnthis straight-line program.
For the standard MHG, we invoke the lower bounds and anref@gierithm for the FFT.
For the 1/0O-limited MHG, we derive new lower bounds basedasetfor two back-to-back
FFT graphs as well as upper bounds based on the I/O-limitdahgetigorithm given in
Theoreml1.5.4for FFT graphs.

THEOREM 11.5.7 LetG™

convolve

be the graph of a straight-line program for the convolution o
twon-tuples using the convolution theqremzd. Lethfc‘)I)lvolvc be pebbled in the standard
MHG with the resource vegtotets, = ,!:1 pi and letk be the largest integer such that

sk % n. Whenp; ' 3 there is a pebbling @ﬁggvolve for which the following bounds hold
simultaneously:

+

, ©O(nlogn), =1
TP F®) = o flen 2061 %k +1

Eoo(n) k+29%]I %L

Proof The lower bound follows from Lemra. 3.2and Theorenil.5.5 From the for-
mer, it is sufpcient to derive lower bounds for a subgraghepita Since (9 is contained

inGg") the lower bound follows.

convolve’

Figure 11.11 A DAG for the graph of the convolution theoremmon 8 inputs.
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The upper bound follows from Theordrh.5.5 We advance levielpebbles to the
outputs of each of the two bottom FFT grapk&) in Fig.11.11and then pebble the top
FFT graph. The number of /O and computation steps useg@les thiat used to pebble
one such FFT graph. In addition, we perf@mn) I/O and computation steps to combine
inputs to the top FFT grapm

The bounds for the 1/0-limited version of the MHG for the cdumion problem are
considerably larger than those for the standard MHG. Thieyalrauch stronger dependence
on S andn than do those for the FFT graph.

THEOREM 11.5.8 LetH ") be the graph of any DAG for the convolution mtipwies

convolve

using the convolution theorem; 2d|. LetH ™ be pebbled in the I/O-limited MHG

convolve

with the resource vegi@and lets; = ,!=1 pi. IfS = s ._1 % n, then the time to pebble
H C(ngolvc at thelth Ieveljr,(L ) (p,H C(Zr)wolvc), satisbes the following lower bounds simultaneously
forl %I %L:
$ %
T|(L)(Pa Hc(grzvolvc) =0 %

whenrS %n/ logn.

Proof A lower bound is derived for this problem by consideringesiadjeation of the
graph shown in Fig.1.11in which the three copies of the FFT grapff) are replaced by
an arbitrary DAG for the DFT. This could in principle yield smaller lower bound on the
time to pebble the graph. We then invoke Lerina.2to show that a lower bound can
be derived from a reduction of this new graph, namely, tigistiog of two back-to-back
DFT graphs obtained by deleting one of the bottom FFT gr&gshen derive a lower
bound on the time to pebble this graph with the red pebbleayaingse it together with
Theoreml1.3.1to derive the lower bounds mentioned above.

Consider pebbling two back-to-back DAGs for the DFil mputs,n even, in the red
pebble game. From Lemm@a.5.4 then-point DFT function is(2,n, n, n/ 2)-indepen-
dent. From the debnition of the independence property éegitidn10.4.2, we know
that during a time interval in whicl{® + 1) of then outputs of the second DFT DAG
on n-inputs are pebbled, at leas2 & 2(S + 1) of its inputs are pebbled. In a back-to-
back DFT graph these inputs are also outputs of the brst Bpfi. gt follows that for
each group of(& + 1) of thesen/ 2 & 2(S + 1) outputs of the Prst DFT DAG, at least
n/2& 2(S + 1) of its inputs are pebbled. Thus, to pebble a groupS#-21) outputs
of the second FFT DAG (of which there are at l@@st2(S + 1))1 groups), at least
0(n/2& 2(S+1))/2(S+1)L(n/ 2& 2(S + 1)) inputs of the bPrst DFT must b& pebbled.

Thus, 7" (p, Qéggvolve) ' n% (64(S + 1)?), since it holds both wheh%n/ 4 2 and
whenS >n/ 4 2.

LetOs now consider a pebbling strategy that achievethislmd up to a multiplica-
tive constant. The pebbling strategy of Thedréra.5can be used for this problem. It
represents the FFT graplf) as a set of FFT graph§®) on top and a set of FFT graphs
F (d=¢) on the bottom. Outputs of one copyf®) are pebbled from left to right. This
requires pebbling inputsef?) from left to right once. To pebble all output&ét), 24—¢
copies oF (® are pebbled and thé Bputs toF () are pebbled2€ times.
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Figure 11.12 An I/O-limited pebbling of a DAG for the convolution theorgimwing the
placement of eight pebbles.

Consider the grap"” 2 consisting of three copiegdf’, two on the bottom and

one on top, as shown in FigL.12 Using the above strategy, we pebble the outputs of the
two bottom copies dF () from left to right in parallel a total of 2 times. The outputs

of these two graphs are pebbled in synchrony with the getittive top copy df (. It
follows that the number of 1/0 and computation steps useldeobattom copies & (4)

inG"? s 2(29-¢) times the number on one copy, with twice as many pebbles at eac

convolve
level plus the number of such steps on the top cdplbfit follows thatGi';’nf())lve can

be pebbled with three times the number of pebbles at ehels leau& (), with O(2¢-¢)
times as many steps at each level. The conclusion of thetf@lmws from manipulation
of termsm

The bounds given above also apply to some permutation ayidgnmetworks. Since,
as shown in Sectidhg, the graph of BatcherOs bitonic merging network is an FRT gra
the bounds on I/0O and computation time given earlier for fifediso apply to it. Also, as
shown in Sectiori.8.2 since a permutation network can be constructed of two Bphisgr
connected back-to-back, the lower bounds for convolppbnta this graph. (See the proofs
of Theoremd.1.5.7and11.5.8) The same order-of-magnitude upper bounds follow from
constructions that differ only in details from those givérese theorems.

[1.6 Block I/0 in the MHG

Many memory units move data in large blocks, not in indiwidrds, as generally assumed
in the above sections. (Note, however, that one pebblergaa bbock of data.) Data is
moved in blocks because the time to fetch one word and afMack®is typically about the




556 Chapter || Memory-Hierarchy Tradeoffs Models of Computation

Sector of a
Disk Rotation Cylinder
— T

In Out

Disk -~

Controller Head Movement

Figure 11.13 A disk unit with three platters and two heads per disk. Eabhsrdivided into
four sectors and heads move in and out on a common arm. Theynoéthe disk controller
holds the contents of one track on one disk.

same. Figurél.13suggests why this is so. A disk spinning at 3,600 rpm thdl bestdrs
per track and 512 bits per sector (its block size) requitgd @tmsec to bPnd data in the track
under the head. However, the time to read one sector of §45%2ebits) is just .42 msec.

To model this phenomenon, we assume that the time to katiskssectors with con-
secutive addresses is k! , wheré' is a large constant ahds a small one. (This topic is
also discussed in SectioB) Given the ratio of to!, it makes sense to move data to and
from a disk in blocks of size about equal to the number ofdoytetrack. Some operating
systems move data in track-sized blocks, whereas otleetisamoin smaller units, relying
upon the fact that a disk controller typically keeps themsnof its current track in a fast
random-access memory so that successive sector acdesdeseaguickly.

The gross characteristics of disks described by the abmias hold for other storage
devices as well, although the relative values of the todistan For example, in the case of a
tape unit, advancing the tape head to the brst word in awttressequence of words usually
takes a long time, but successive words can be readyrglatisl.

The situation withinterleaved random-access memory is similar, although the physi-
cal arrangement of memory is radically different. AsetepicFig.11.14 an interleaved
random-access memory is a collection afignory modules, ' 1, each containing<2
b-bit words. Such a memory can simulate a sifiigfev@ord b-bit random-access memory.
Words with addresses 0,22 ,32,...,2<-12" are stored in the Prst module, words with
addresses 1,2 1,22 +1,32 +1,...,2¢ 12" +1inthe second module, and words with
addresse§ & 1,22 & 1,32 & 1,42 & 1,...,2t% & 1in the last module.

To access a word in this memory, the high dedets are provided to each module. If
a set of words is to be read, the words with these commorrdeglits are copied to the
registers. If a set of words is to be written, new valuepiackfoam the registers to them.

When an interleaved memory is used to simulate a muchdagtmraccess memory,
a CPU writes to or reads from tHerBgisters serially, whereas data is transferred irl paralle
between the registers and the modules. The use of two sgistefsdpuble buffering)
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Memory Modules
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0000
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Double-Buffered Registers

Figure 11.14 Eightinterleaved memory modules with double bufferimyessks are supplied
in parallel while data is pipelined into and out of the memory

allows the register sets to be alternated so that data cawneldecontinuously between the
CPU and the modules. This allows the interleaved memonabmbe? times slower than
the CPU and yet, with a small set of fast registers, appeadddst as the CPU. This works
only if the program accessing memory does not branch to etméwerds. If it does, the
startup time to access a new word is abotibizs the CPU speed. Thus, an interleaved
random-access memory also requires time of thé fpith to accedswords. For example,
for a moderately fast random-access chip techfiolngght be 80 nanoseconds wheteas
might be 10 nanoseconds, a ratio of 8 to 1.

This discussion justibes assuming that the time tdammrels with consecutive addresses
to and from thdth unit in the memory hierarchy'is + k! | for positive constants and
Iy, wher€' | is typically much larger thapn. If k = b = )" /! |*, then"| +k!| $ 2",
and the time to retrieve one item dndems is about the same. Thus, efbciency dictates that
items should be fetched in blocks, especially if all or fitlstitems in a block can be used if
one of them is used. This justiPes the block-1/O modellussbelow. Here we lgtbe the
time to move a block at leveMWe add the requirement that data stored together beaétriev
together to ref3ect physical constraints existing incgracti

DEFINITION | 1.6.1 (Block-1/O Model) At thelth level in a memory hierarchy, /0 operations
are performed on blocks. The block size and the time o secesd a block dthHevel are

b andt,, respectively. For dabtib, _; is an integer. In addition, any data written as part of a
block at levemust be read into lev&l 1 by reading the entire block in which it was stored.

The lower bounds on the number of I/O steps given in Sédtiboan be generalized to
the block-I/O case by dividing the number of I/O operatigrthd sizdy of blocks moving
between levels: 1 andl. This lower bound can be achieved for matrix-vector anck-matr
matrix multiplication because data is always written t@addrom the higher-level memory
in the same way for these problems. (See Prddlerfiand11.14)
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For the FFT graph in the standard MHG, instead of pebbling fBgraphs on’2
inputs, we pebbl FFT subgraphs orf'2b, inputs (assuming thé&f is a power of 2).
Doing so allows all the data moving back and forth in blotkedre memories to be used
and accommodates the transposition mentioned at theibggifirSectiorl1.5.3 This
provides an upper bound ©f n logn/ (h ,1log(s|,1/b|,1))j} on the 1/0 time at levdll.
Clearly, wher _; is much smaller thasi_,, sayh_1 = O(" S_1), the upper and lower
bounds match to within a multiplicative factor. (This fedlbecause we divideyh ; and
logh_1 = O(logs|_1).) These observations apply to the FFT-based problemnis as wel

[1.7 Simulating a Fast Memory in the MHG

In this section we revisit the discussion of Settidn2 taking into account that a memory
hierarchy may have many levels and that data is moved & block

We ask the question, OHow do we assess the effectivenessafyahiararchy on a
particular problem?0 For several problems we have ujppeeabdunds on their number of
computation and I/O steps in memory hierarchies parazeeétbyi block sizes and numbers of
storage locations. If we add to this mix the time to movelalddtveeen levels, we can derive
bounds on the time for all computation and 1/O steps. We tslenrader what conditions
this time is the best possible. Since data must typicaitydzband retrieved from archival
memory, we cannot expect the performance to exceed thabdtael hierarchy (modeled
by the red-blue pebble game) in which all the availablgestocations, except for those in
the archival memory, are in brst-level storage. For #ua kga use the two-level memory
as our reference model. We now dePne these terms and stdittoa éor optimality of a
pebbling strategy.

For1%]l %L & 1 we let, be the time to move one blockpivords between leves 1
andl of a memory hierarchy, measured as a multiple of the tinréaiorpene computation
step. Thus, the time for one computation stép4s 1.

Let P be a pebbling strategy for a gr&in the L-level MHG that uses the resource
vectorp = (p1, P2, .-, PL—1) (o pebbles are used at titelevel) and moves data in blocks
of size specibedby= (I, bs,...,b ) (b words are moved between leflésl) andl). Let

T,(L)(p, b, G) denote the number of leudlO operations withP on G. We debne théime
for the pebbling strategy P , T (P, G) on the graplt as

nL
T(P,G)=  t 4T\")(p,b,G)
=1

Thus, T (P, G) measures the absolute time expended to pebble a graghtrethie time
to perform one computation step under the assumption @aipkérations cannot be over-
lapped.

From the above discussion, a pebbling is efbdiéRt,i5) is at most some small multiple
of Tl(z) (sL—1,G), the normalized time to pebliein the red-blue pebble game when all the
pebbles at level & 1 or less in the MHG (there asg_; such pebbles) are used as if they
were red pebbles.

A two-level computation exhibligality of reference if it is likely in the near future
to refer to words currently in its primary memory. Such cttipos perform fewer 1/0
operations than those that donOt meet this condition.d€higxtends to multiple levels: a
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multi-level memory hierarchy exhibits locality of referérnt uses its higher-level memory
units much less often that its lower-level units. Formallgay that a pebbling stratBgig
c-local if T(P, G) satisbes the following inequality:

nL
t) 4T ") (p,b,G,P) %c TP (s, 1,G)
=1

The debnition of e-local pebbling strategy is illustrated by the resultafaxkmultipli-
cation in the standard MHG when block 1/O is not usedkllet the largest integer such that
Sk % 3n2. From Theorem 1.5.3for matrix-matrix multiplication, we see that there exists
optimal pebbling if

—H— + t—l %c* (11.1)

for somes* > 0 sinceT{? (S, G) = O(nd).

We noted in Sectiofl1.1.2that the imbalance between the computation and I/O times
for matrix multiplication is becoming ever more seriobisthgtadvance of technology. We
re-examine this issue in light of the above condition. deoribe case in whiéh+ 1 = L ;
that is, the highest-level memory is used to store the atgame results of a computation.
In this case the second term on the left-hand sidé dJ (s a relative measure of the time
to bring data into lower-level memories from the highestrreemory. It is negligible when
nb, is large. For examplet,if = 2,000,000 andy = 10,000, say, them must be at least
200, a modest-sized matrix. The brst term on the left-ldmde8iects the number, of times
data moves between the levels of the hierarchy holdingahét da small whehy ™ 51
is large by comparison withfor 2 % | % k, a condition that is not hard to meet. For
example, i5_; = 32" 1P (about 4 Mbytes) and = 1,000, thert; must be less than
about 45, a condition that certainly applies to low levelomesnsuch as todayOs random-
access memories. Problémd5and11.16provide opportunities to explore this issue with
the FFT and convolution.

[1.8 RAM-Based 1/0 Models

The MHG assumes that computations are done by pebblingtibesvef a directed acyclic
graph. That is, it assumes that computations are stragghthile the best known algo-
rithms for the problems studied earlier in this chaptetraighs-line, some problems are not
efbciently done in a straight-line fashion. For exammdey lsiearch in a tree that holds a set
of keys in sorted order (see Sectibf.]) is much better suited to data-dependent compu-
tation of the kind allowed by an unrestricted RAM. Simildsdymerging of two sorted lists
can be done more efpciently on a RAM than with a straiglprtigeam. For this reason
we consider RAM-based 1/0 models, specibcally the ldosfetrmodel and the hierarchical
memory model.

11.8.1 The Block-Transfer Model

The block-transfer model is a two-level I/O model that gleresy the red-blue pebble game
to RAM-based computations by allowing programs that aseraght-line.
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DEFINITION | 1.8.1 Theblock-transfer model (BTM) is a serial computer in which a CPU is
attached to avl -word primary memory and to a secondary memory of unérthisgdssores
words in blocks of d&zeWords are moved in blocks between the memories antlleares tha
primary memory in one block must return in that bld¢& dperation is the movement of a
block to or from secondary memor/ time with the BTM is the number of /O operations.

The secondary memory in the BTM can be a main memory if tharpnmemory is a
cache, or can be a disk if the primary memory is a randosraeoexy. In fact, it can model
I/O operations between any two devices. Since a block cawde as the contents of one
track of a disk, the time to retrieve any word on the tracknjgazable to the time to retrieve
the entire track. (See Sectidn@) Since data is moved in blocks in the BTM, it makes sense
to debPne simple I/O operations.

DEFINITION | 1.8.2 An I/O operation in the BTMsisple if, after a block or word is copied
from one memory to the other, the copy in the brst meetedy is del

Simple 1/0 operations for the pebble game are debned ieridblQ In this problem
the reader is asked to show that replacing all /0 openattbr&mple 1/O operations has
the effect of at most doubling the number of 1/O operatiohg proof of this fact applies
equally well to the BTM.

We illustrate the use of the block-transfer model by ergntin@ sorting problem. We
derive a lower bound on the 1/0O time for all sorting algosthnd exhibit a sorting algorithm
that meets the lower bound, up to a constant multiplicatiterf To derive the lower bound,
we limit the range of sorting algorithms to those based aortiarison of keys, as stated
below. (Sorting algorithms that are not comparison-tsasgdas the various formsaafix
sort, assume that keys consist of individual digits and thatafigiused to classify keys.)

AssumpTION | 1.8.1 All words to be sorted are located initially in the senentamy The
compare-exchange operation is the only operation available to implement sortitigred gori
the BTM. In addition, an arbitrary permutation of the tsooftéime primary memory of the BTM
can be done during the time required for one 1/0O operation.

The assumption that the CPU can perform an arbitrary pdromuten the contents of the
primary memory during one 1/0O operation acknowledged@apkrations take a very long
time relative to CPU instructions.

Algorithms consistent with these assumptions are ditbgrthe multiway decision trees
discussed below. They are a generalizationkih#ite decision tree, a binary tree in which
each vertex has associated with it a comparison betweamates: For example, if keys
andx, are compared at the root vertex, the comparison has twmesitoamely; < x , or
X1 ' Xg, which are associated with the subtrees to the left andfrilgatroot, respectively.
Similar comparisons and outcomes are possible at exabf teetse two subtrees. A sequence
of comparisons terminates on a leaf node.

Since a binary decision tree captures each of the datdetpemparisons between keys
in comparison-based sorting algorithm, each leaf isatsbt@dth the permutation of the
original sequence of variables that puts the sequencetadmeder. Thus, a binary decision
tree for sorting must have at ledstistinct leaves, one for every permutationi@ms. The
length of a path through a binary decision tree is the nufrd@nparisons performed on the
particular input, and the length of the longest path is auneeafsthe worst-case number of
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comparisons. A binary tree withleaves has a longest path of length aldgadt because

if it were smaller, it would have fewer thiafed < N leaves. Since the length of the longest
path is an integer, it must be at l§&st, N *. We summarize this result as a lemma that uses
the lower bound on! given in Problerd.23

LEMMA | 1.8.1 The length of the longest path in a binary decision etsriHapsts is at
leas)log, n!* = ©(nlogn).

Themultiway decision tree in Fig.11.15extends the above concept by permitting multi-
ple comparisons at each vert&outcomes are possiblk fomparisons of variable pairs are
associated with each vertex.

THEOREM | 1.8.1 LetB divideM andM dividen. Under Assumptidni.8.1on the BTM,
in the worst case the number of block I/O steps to sartecsed®lisiiy words of primary
memory and block #zeTprsort(N), Satispes the following bounds %6rM/ 2 andM
large:
0,
T B 6$ 3n (n/B ) log(n/B )4/0
BTMsort(N) = max B’ W
Proof LetOs now apply the multiway decision tree to the BTM. &thqeagh in such a tree
corresponds to a sequence of comparisons by the CPU, tigstrbave at least leaves.
To complete the lower-bound derivation we need to detettmimeimber of descendants
of vertices in the multiway tree.

Initially then unsorted words are storedhiB blocks in the secondary memory. The
prst time one of these blocks is moved to the primary mermpdyBd permutations
can be performed on the words in it. No more permutationsoasibfe between these
words no matter how many times they are simultaneouslynaryrinemory, even if they
return to the memory as members of different blocks. WhenkadfB words arrives in
the M -word memory, the number of possible permutations bethaan(given that the
order among th#! & B words originally in the memory has previously been taken int

Figure 11.15 A multiway decision tree in which multiple comparisongysfdte made at each
vertex.
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account, as has the order amondthveords in a block) is at mast= 81\; , the binomial
coefbcient. (To see this, observe that places Bmée (and indistinguishable) words in
the primary memory can be a@yof theM indistinguishable places.) It follows that the
multi-comparison decision tree for every BTM comparseedbsorting algorithm on the
BTM has at most/B vertices with at mogB ! possible outcomes (vertices corresponding
to the prst arrival of one of the blocks in primary memorythahdach of the other vertices
has at most outcomes.

It follows that if a sorting algorithm execdtgsnmsort (N) block I/O steps, the function
TerMmsort (N) Must satisfy the following inequality:

B $ M O/OI—BTMson,(n)
B!)" " n!
BY™

&lwsing the approximation td given in LemmaZ.8.], the upper bound dM/B )B e on

g derivedin Lemm&0.12.1and the factthat ' n/B , we have the desired conclusion.

An upper bound is obtained by extending the standard makganghm to blocks of

keys. The merging algorithm is divided into phases, alization phase and merging
phases, each of which tak&¥B ) I/O operations. In the initialization phase, a set of
n/M sorted sublists & keys oM/B blocks is formed by bringing groupMokeys into
primary memory, sorting, and then writing them out to sescgrmdemory. In a merging
phaseM/B sorted sublists &f blocks L = M/B in the brst merging phase) are merged
into one sorted sublist BfL/B  blocks, as suggested in Eigl6 The brst block of keys
(those with the smallest values) in each sublist is brotgghtamory and thB smallest
keys in this set is written out to the new sorted subliststheging constructed. If any
block from an input sublist is depleted, the next block fralist is brought in. There
is always sufbcient space in primary memory to do this. aftaug, phases the sorted
sublists contaiM/B )¥ blocks. Wher{M/B )X ' n/B , the merging is done. Thus,
(2n/B ))log,(n/B )/ log,(M/B )* I/O operations are performed by this algoritam.

B~ Secondary Memory
| | B B | »
R
Primary L L
Memory
1| 4
M/B Secondary Memory
[ B I |

Figure 11.16 The state of the block merging algorithm after merging focksh The algo-
rithm merges/// B sublists, each containihdlocks ofB keys.
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Similar results can be obtained for the permutation netdekned in SectignB.2(see
Probleml1.19, the FFT debned in Sectiéry.3(see Probleml.19, and matrix transposi-
tion debned in Sectidh5.4(see9)).

[1.9 The Hierarchical Memory Model

In this section we dePne the hierarchical memory modelrarediaeinds on the time to do
matrix multiplication, the FFT and binary search in thisehdthese results provide another
opportunity to evaluate the performance of memory himsyrthis time with a single cost
function applied to memory accesses at all levels of ehlyiefée make use of lower bounds
derived earlier in this chapter.

DEFINITION | 1.9.1 Thehierarchical memory model (HMM) is a serial computer in which a
CPU without registers is attached to a random-access odimitgd size for which the time
to access locatidior reading or writing is the value of a monotone nondeesefigiction
&@) : N -. N from the integeld = {0,1,2,3,..} to N. Thecost of computing

f (M) A" - A ™ with the HMM using the cost funciéga), K4 (f ), is debned as

T ()
Kg(f) = max &a) (11.2)
j=1

whereyy, 1 % % T (x), is the address accessed by the CPJttondhgputational step and
T (x) is the number of steps when the input is

The HMM with cost functior&(a) = 1 is the standard random-access machine described
in SectiorB.4. While in principle the HMM can model many of the details efNHHG, it
is more difpcult to make explicit the dependené&éadfon the amount of memory at each
level in the hierarchy as well as the time for a memory aceessnds at that level. Even
though the HMM can model programs with branching and lopfotigwing [/] we assume
straight-line programs when studying the FFT and mattikmaltiplication problems with
this model.

Letn(f ,x,a) be the number of times that addr@ss accessed in the HMM fbron
input z. It follows that the co¥t« (f ) can be expressed as follows:

Ku(f) = max n(f,xz,a)&a) (11.3)

1<a

Many cost functions have been studied in the HMM, inclufliaj= )log, a*, &(a) =
a®, and&(a) = Uy, (a), wherdJp, (@) is the following threshold function with threshold
(

1 a' m
Um (a) =

0 otherwise

It follows that
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For the matrix-matrix multiplication and FFT problemscte&K, (f ) of computing is
directly related to the number of 1/0O operations with thebhed pebble game played with
S = m red pebbles discussed in Sectidrs2and11.5.3 For this reason we call this cost
I/0 complexity. The principal difference is that in the HMM no cost is axbéss data
stored in the Prsh memory locations.

Let the differential cost functiax&(a) be debned as

A&la) = &@) & &a& 1)
As a consequence, we can &t as follows if we s&t&1) = 0:

&a) = A&(b) (11.4)

0<h<a

Since&(a) is a monotone nondecreasing functid&(m) is nonnegative.
Rewriting (1.3 using (1.4, we have

Kg(f) = max n(f,x,a) " A&(b)

= A&(c) max n(f,x,d) (11.5)

A&(C)Ky, (f)
c=0

11.9.1 Lower Bounds for the HMM

Before deriving bounds on the cost to do a variety of tasies MM, we introduce the
binary search problem.

A binary tree is a tree in which each vertex has either one or two dessenxdapt leaf
vertices, which have none. (SeelRid.7) Also, every vertex except the root vertex has one

2
AR

@'DS%@ @

Figure 11.17 Abinary search tree.
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parent vertex. Thelength of a path in a tree is the number of edges on that path. The
left (right) subtree Of a vertex is the subtree that is detached by removingt ttnigléY
descending edge.binary search tree is a binary tree that has one key at each vertex. (This
debnition assumes that all the keys in the tree are didtivetzalue of this one key is larger
than that of all keys in the left subtree, if any, and sntaiertl keys in the right subtree, if
any. Abalanced binary search tree is a binary search tree in which all paths have legth

k + 1 for some integéx.

LEMMA 1 1.9.1 The length of the longest path in a binary treevestites is at legst;,(n+

1)/ 2.
Proof A longest path in a binary tree withvertices is smallest when all levels in the tree
are full except possibly for the bottom level. If such adses lbngest path of lengtlit
has betweer 2and 2+ & 1 vertices. It follows that the longest path in a binarhgeaec
containingn keys is at leagibg,(n + 1)/ 2*. m

Thebinary search procedure searches a binary search tree for a keywvédlwempares
v against the root value, stopping if they are equal. If tnepiequal and is less than the
key at the root, the search resumes at the root vertex éfshbtiee. Otherwise, it resumes
at the root of the right subtree. The procedure also stopavdsaf vertex is reached.

We can now state bounds on the cost on the HMM for the log&ittmst function
&(a) = )log, a*. This function applies when the memory hierarchy is cegaasza binary
tree in which the low-indexed memory locations are lotasedtdo the roots and the time
to retrieve an item is proportional to the number of edgesdmeit and the root. We use it
to illustrate the techniques developed in the previoimsect

Theorem11.9.1states lower performance bounds for straight-line fabgeriT hus, the
computation time is independent of the particular arguofehe functionf provided as
input. Matching upper bounds are derived in the followictgpee (The logarithmic cost
function is polynomially bounded.)

THEOREM | 1.9.1 The cost functid&a) = )log,a* on the HMM for th@ " n matrix
multiplication functidh&”X)B realized by the classical algorithmsgbmt FFT associated with
the grapk (9, n = 29, comparison-based sortingkays "), and binary searchmikeys,
f](gns), satisbes the following lower bounds:

Matrix multiplication: Ke(f"g) = Q(n3)
Fast Fourier transform: Ky(F(@) = Q(nlognloglogn)
Comparison-based sorting: Ky (f S(Qr)t) = Q(nlognloglogn)

Binary search: Ks(f58) = Q(log?n)

Proof The lower bounds for the logarithmic cost func&¢m = )log,a* use the fact
that A&@) = 1 whena = 2 for some integdsr but is otherwise 0. It follows from(5
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that

Ke(f)=  Kuu(f) (11.6)
k=1

for the task characterizedfhywheret satisbes 26 N andN is the space used by task.
N = 2n?forn" n matrix multiplicationN = n for the FFT graplF (¥, andN = n for
binary search.

In Theoreml1.5.3it was shown that the number gf I/O operations to perfofmn
matrix multiplication with the classical algorith@(is®/ ~ m). The model of this theorem
assumes that none of the inputs are in the primary memoeyjuivalent of the bret
memory locations in the HMM.

Since no charge is assessed Wytli@) cost function for data in the Pratmemory
locations, a lower bound on cost with this measure can bedbitam the lower bound
obtained with the red-blue pebble game by subtramtiogtake into account the brst
I/0O operations that need not be performed. ,

#__
Thus for matrix multiplicatiory, (f,ﬁ”X)B) =Q (n¥ m)&m . Since

& #_' #_ #__
n m&m' ( 8&1)n* 8m

!
W?e?tw)m % n2/ 2, it follows from (1.6 thatK (f ") ) = Q(n3) because | _,n?/ 2k =
Q(n*).

For the same reasdfyy, (F (@) = Q((nlogn)/ logm & m) (see Theorerm1.5.5
and(nlogn/ logm)& m ' nlogn/ (2logm) form % n/ 2. It follows that 4 (F (@)
satisbes

7, 8
nlogn
KeF D) =9 o0
*2" o n8
=0 kg = Q(nlognloglogn)
k=1

|
ghe last equation follows from the observation tl“ﬁagl Lk is closely approximated by
2 L dx, which isln p. (See Problerl.2)

The lower bound for comparison-based sorting usegthez n/ log m) sorting lower
bound for the BTM with a block siBe= 1. Since the BTM assumes that no data are res-
ident in the primary memory before a computation begingwiee bound for the HMM
cost under th¥, cost function i€ ((nlogn/ logm) & m). Thus, the FFT lower bound
applies in this case as well.

Finally, we show that the lower bound for binary seakch, j$f é”s)) = Qlogn &
logm). Each path in the balanced binary search tree hasdergjiog(n + 1)/ 2* or
d& 1. Choose a query path that visits the minimum number dblesrlacated in the brst
m memory locations. To make this minimum number as larges#isigpgslace the items
in the Prsm memory locations as close to the root as possible. Theymwl balanced
binary subtree of path lendtk= )log,(m + 1)/ 2* or| & 1. Thus no full path will have
more than edges anl& 1 variables from the Prst memory locations. It follows that
there is a path containing at leb&t1& (1& 1) =d& | =)log(n +1)*&) log(m + 1)*
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variables that are not in the Brstnemory locations. At least one I/O operation is needed
per variable to operate on them. It thus follows that

logn
Ke(fi)=  Q(logn & log(2%))
d=0
logn
= Qlogn & d)
d=0
= Q(log?n)

The last inequality is a consequence of the fadbgha& d is greater thaflogn)/ 2 for
d% (logn)/2.m

Lower bounds on the I/O complexity for these problems casriedifor a large variety
of cost functions. The reader is asked in ProblefDto derive such bounds for the cost
function&(a) = a®.

11.9.2 Upper Bounds for the HMM

A natural question in this context is whether these lowadb@an be achieved. We al-
ready know from Theoremd.5.3and 11.5.5that for each allocation of memory to each
memory-hierarchy level, it is possible to match uppenaaddounds on the number of I/O
operations and computation time. As a consequence, fof tage problems near-optimal
solutions exist for any cost function on memory accesbeséoproblems.

[1.10  Competitive Memory Management

The results stated above for the hierarchical memory readl®leathat the user has explicit
control over the location of data, an assumption that dbagpip if storage is allocated by an
operating system. In this section we examéfgory management by an operating system
for the HMM model, that is, algorithms that respond to menmeguests from programs to
move stored items (instructions and data) up and down therynkimrarchy. We examine
of8ine and online memory management algorithmsofffifie algorithm is one that has
complete knowledge of the futuBmline algorithms cannot predict the future and must act
only on the data received up to the present time.

We usecompetitive analysis, a type of analysis not appearing elsewhere in this book, to
show that the two widely used online page-replacemeithaigpleast recently used (LRU)
and prst-in, brst-out (FIFO), use about twice as many l/@taper as does MIN, the opti-
mal of8ine page-replacement algorithm, when these twthalgare allowed to use about
twice as much memory as MIN. Competitive analysis boungsrtbemance of an online
algorithm in terms of that of the optimum off3ine algorithntHe problem without knowing
the performance of the optimum algorithm.

Virtual memory-management systems allow the programmer to program for one large
virtual random-access memory, such as that assumed byNhealtiMdugh in reality the
memory contains multiple physical memory units one of wghickast random-access unit
accessed by the CPU. In such systems the hardware andgogpestein cooperate to move
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data from secondary storage units to the primary storagepagis (a collection of items).
Each reference to a virtual memory location is checkeeénmidet whether or not the refer-
enced item is in primary memory. If so, the virtual addressvsrted to a physical one and
the item fetched by the CPU. If not (ipage fault occurs), the page containing the virtual
address is moved into primary memory and the tables usaaistaté virtual addresses are
updated. The item at the virtual address is then fetchedakimnsom for the newly fetched
page, one page in the fast memory is moved up the memohkierar

A page-replacement algorithm is an algorithm that decides which page to remove from a
full primary memory to make space for a new page. We desdi@dinalyze page-replacement
algorithms for two-level memory hierarchies both bebayse¢ important in their own right
and because they are used as building blocks for mujtalgerekplacement algorithms. A
two-level hierarchy has primary and secondary memaribe. furgmary memory contaim
pages and let the secondary memory be of unlimited size.

TheFIFO (Prst-in, brst-out) page-replacement algorithm is wisksdybecause it is sim-
ple to implement. Under this replacement policy, the pplgeed is the pbrst page to have
arrived in primary memory. THRU (least recently used) replacement algorithm requires
keeping for each page the time it was last accessed anddbkigdbr replacement the page
with the earliest time, an operation that is more expeasiaplement than the FIFO shift
register.

Under theoptimal two-level page-replacement algorithm, calledMIN, primary memory
is initialized with the Pratpages to be accesddiiN replaces the pagen primary memory
whose timé; of next access is largest. If some otherpagesre replaced insteadafp;
would have to return to the primary memory begfplie next accessed, and one more page
replacement would occur than is required by MIN.

Implementing MIN requires knowledge of the future, a cdetplenreasonable assump-
tion on the part of the operating system designer. Norssthdlé\ is very useful as a standard
against which to compare the performance of other paggenegeht algorithms such as FIFO
and LRU.

11.10.1 Two-Level Memory-Management Algorithms

To compare the performance of FIFO, LRU, and MIN, we chawcteemory use by a
memory-address sequence s = {S1,Sy,...} of HMM addresses accessed by a computation.
We assume that no memory entries are created or destrole&.\We (n, s), FrLru(n, s),
andFyn (N, s) be the number of page faults with each page-replacemetitralgn the
memory address sequenoden the primary memory holdpages.

We now bound the performance of the FIFO and LRU page-raplatcalgorithms in
terms of that of MIN. We show that if the number of pages bleatta FIFO and LRU
is double the number available to MIN, the number of pags feith FIFO and LRU is
at most about double the number with MIN. It follows that Fl&@ LRU are very good
page-replacement algorithms, a result seen in practice.

THEOREM | 1.10.1 Letnyiro, NLru, andnygn be the number of primary memory pages used
by the FIFO, LRU, and MIN algorithms. gt ' nyny andnpry © D Then, for
any memory-address sequtre®llowing inequalities hold:

NrIFO
Nerro & Nvin + 1

Ferro(Nriro, ) % Fyvin (NN, 8) 4+ NN
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NLrU
NLru & Ny + 1

Proof We establish the result for FIFO, leaving it to the readepwwisifior LRU. (See
Probleml1.23) Consider a contiguous subsequeénta that immediately follows a page
fault under FIFO and during which FIFO maké$"© = f % npipo page faults. In the
next paragraph we show that at [eatifferent pages are accessed by FIFO durinet
MIN make' MY faults during. Because MIN has,y pages, M™N"' f & nyyn+1"

0. Thus, the ratio of page faults by FIFO and MIN'isM™ 9% f/ (f & nygn + 1).

Letp; be the page on which the fault occurs just before the stafoo$how that at
least different pages are accessed by FIFO duigngsider the following cases: a) FIFO
faults onp; in t; b) FIFO faults on some other page at least twigeaimd c) neither case
applies. In the brst case, FIFO accesses at-lgastlifferent pages because if it accessed
fewer, therp; would still be in its primary memory the second time it iss@de In the
second case, the same statement applies to the pageraotigdseiimes. In the third
case, FIFO can have oflfaults if it accesses at |éagifferent pages durirtg

Now subdivide the memory access sequémiesubsequencists, . . ., tx such that
ti,i ' 1, starts immediately after a page fault under FIFO andnsomtg-¢ faults and
to contains at mostero page faults. This set of subsequences can be found bygscannin
backwards. Since MIN malké\éIN ' Npro & Ny + 1 faults on th¢th intervalj ' 1,
and' 3N+ FIFO g ny iy faults on the zeroth interval (that i§/FC %' 3™ + nyw),
the number of faults by FIF®@giro (Nriro, s) = ' §1F0 +' FIFO 1 444" [FO satisbes
the condition of the theorem becaugépo % Nprro' J-MIN/ (Nprro & NN + 1) for
j' 1lm

Fyvin (NN, 8) 4+ NN

FLru(NLru, s) %

The upper bounds are almost best possible because, &s Btatddm11.24 for any
online algorithm A there is a memory-access sequenceasubb ttumber of page faults
Fa (s) satisbes the following lower bound:

Na

— F NMIN, S
A & Man + 1 MIN (NMIN, 8)

Fa(na,s)'

The difference between this lower bound and the upper bgwedsfor FIFO and LRU
is NN, Which takes into account for the possibility that thealrgtitries in the primary
memory of MIN and FIFO can be completely different.

It follows that the FIFO and LRU page-replacement stratagievery effective strategies
for two-level memory hierarchies.

Problems
MATHEMATICAL PRELIMINARIES

11.1 Letaandbbe integers satisfyingda % b. Show thab/2 % aOb/al %bh.
Hint: Consider values bin the rangé&a % b % (k + 1)a fork an integer.
|

11.2 Derive a good lower bound or}_, (1/k ) of the formQ(logm) using an approach
similar to that of Problera.2.
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PEBBLING MODELS

11.3 Show that the graph of Fid..2 can be completely pebbled in the three-level MHG
with resource vectpr= (2, 4) using only four third-level pebbles.

11.4 Consider pebbling a graph with the red-blue game. stuibyad each 1/0 operation
uses twice as much time as a computation step. Show by ekatleed-blue
pebbling minimizing the total time to pebble a graph doealways minimize the
number of 1/0O operations.

1/0 TIME RELATIONSHIPS

11.5 LetS,,;, be the minimum number of pebbles needed to pebble the@ragV , E)
in the red pebble game. Show that if in the MHG a pebblinggjfatuses, pebbles
at levek or less andy ' S, + k & 1, then no 1/O operations at leek- 1 or
higher are necessary except on input and output verties of

11.6 The rules of the red-blue pebble game suggest thatshputd be prefetched from
high-level memory units early enough that they arrive wkeed. Devise a schedule
for delivering inputs so that the number of I/O operatiansé&irix multiplication is
minimized in the red-blue pebble game.

THE HONG-KUNG LOWER-BOUND METHOD

11.7 Derive an expression for $spar#(S, G) of the binary tre& shown in Figl1.4
11.8 Consider the pyramid gra@lon n inputs shown in Figl.1.18 Determine it$S-span
#(S, G) as a function ds.

11.9 In Problen2.3itis shown that every binary tree \kileaves h&& 1 internal vertices.
Show that it binary trees have a totalpgbebbles, at mopt& 1 pebbling steps are
possible on these trees from an arbitrary initial placesitieott re-pebbling inputs.

Hint: The vertices that can be pebbled from an initial placemeeibloies form a set
of binary trees.

11.10 An I/O operation isimple if after a pebble is placed on a vertex the pebble currently
residing on that vertex is removed. Show that at most twiempa$/O operations are
used at each level by the MHG when every I/O operation igsimpl

/
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Figure 11.18 The pyramid graph.
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Hint: Compare pebble placement with and without the requirehsrplacements
be simple, arguing that if a pebble removed by a simple If&iopés needed later it
can be obtained by one simple 1/0 operation for each of ¢fieadtiO operations.

TRADEOFFS IN THE MEMORY HIERARCHIES

11.11 Using the results of Problém8 derive good upper and lower bounds on the I/O
time to pebble the pyramid graph of Eif).18in terms of.

11.12 Under the conditions of Problém4, show that any pebbling of a DAG for convolu-
tion of n-sequences with the minimal pebbling strategy hef,,,;,, andn is large
has much larger total cost than a strategy that treats tiblespees red pebbles.

BLOCK 1/0 IN THE MHG

11.13 Determine how efbciently matrix-vector multidicatan be done in the block-1/0
model described in Sectibh.6

11.14 Show that matrix-matrix multiplication can be ddpe@ftly in the block-1/0 model
described in Sectidri..a

SIMULATING FAST MEMORIES

11.15 Determine conditions on a memory hierarchy undeh wWied-FT can be executed
efbciently in the standard MHG. Discuss the extent to wiesle tonditions are likely
to be met in practice.

11.16 Repeat the previous problem for convolution rebljzi@ algorithm stated in the
convolution theorem.

11.17 The dePnition of a minimal pebbling stated in Setfidhassumes that it is much
more expensive to perform a high-level I/0O operation tloavtlavel one. Determine
the extent to which the lower bound of Theofeimi.1depends on this assumption.
Apply your insight to the problem of matrix multiplicatidmd n matrices in the
three-level MHG in whick; < 3n?ands,' 3n?. (See Theoreril.5.3) Determine
whether increasing the number of level-3 1/0O operati@wsafiie number of level-2
I/0 operations.

THE BLOCK-TRANSFER MODEL

11.18 Derive a lower bound on the time to realize a permmuitetiovork om inputs in the
block-transfer model.
Hint: Count the number of orderings possible betweem ithiguts. Base your argu-
ment on the number of orderings within blocks and betwewargkein the primary
memory, and the number of ways of choosing which block fessed¢bndary memory
to move into the primary memory.

11.19 Derive a lower bound on the time to realize the FFT graplinputs in the block-
transfer model.

Hint: Use the result of Secti@rB.2to argue that an-point FFT graph cannot have
many fewer vertices than there are switches in a permuogaonk.
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THE HIERARCHICAL MEMORY MODEL

11.20 Derive the following lower bounds on the cost of camgptiie following functions
when the cost function&a) = a®:

Tom®d2) ifrs 12
Matrix multiplication: Ky (f )an)B) = Q’logn) if" =12
toQn®) if"< 1/2

Fast Fourier transform: Kén)(F @) = Q(n®+1)

Binary search: Ky (f ](an)) =Q(n%)

Hint: Use the following identity to recast expressions for thmitation time:

"n n-1

Ag(k)h(k) =&  Ah(k)g(k +1) +g(n + 1)h(n) & g(1)h(1)

11.21 A cost functioB(a) is polynomially bounded if for someK > 1 and alla ' 1.
&(2a) % K&(a). Let the cost functio&(a) be polynomially bounded. Show that
there are positive constanesdd such tha&(a) % ca’.

11.22 Derive a good upper bound on the cost to sort in the HMMtlg logarithmic cost
function)log a*.

COMPETITIVE MEMORY MANAGEMENT

11.23 By analogy with the proof for FIFO in the proof of Thadt#.10.1 consider any
memory-address sequeaand a contiguous subsequehoé s that immediately
follows a page fault under LRU and during which LRU mdk&s = f % npry
page faults. Show that at Idadifferent pages are accessed by LRU during

11.24 Let A be any online page-replacement algorithmelsag ysages of primary memory.
Show that there are arbitrarily long memory-address cesgugurch that the number
of page faults with &a (s), satisbes the following lower bound, whefig is the
number of pages used by the optimal algorithm MIN:

Na

F .
A(8) Na & Ny + 1

Fuin(s)

Hint: Design a memory-address sequemédengthn, with the property that the
Prstna & nyin + 1 accesses by A are to pages that are neither in AOs ormBNOs pri
memory. LeS be then, + 1 pages that are either in MINOs primary memory initially
or those accessed by A during therarét ny iy + 1 accesses. Let the neyin & 1

page accesses by A be to pages 8ot in



Ic John E Savage Chapter Notes 573

Chapter Notes

Hong and Kung13€ introduced the brst formal model for the I/O complexityrolblems,

the red-blue pebble game, an extension of the pebble gatheced by Paterson and Hewitt
[239. The analysis of Secti@n.1.2is due to Kungl77.. Hong and Kung derived lower
bounds on the number of I/O operations needed for spegihes §pamatrix multiplication
(Theoreml1.5.9, the FFT (Theorem1.5.9, odd-even transposition sort and a number of
other problems. Savagé4] generalized the red-blue pebble game to the memorghierar
game, simplibed the proof of Theoreim!. 1, and obtained Theorerm$.5.3and11.5.5and

the results of Sectidri.3 Lemmall.5.2is implicit in the work of Hong and Kung 34];

the simplibed proof given here is due to Agrawal and ¥]tt&ihf results of Sectidri..5.4

are due to Savag®f].

The two-level contiguous block-transfer model of SédtiBriwas introduced by Savage
and Vitter P95 in the context of parallel spacebtime tradeoffs. Theiaralporting of
Sectionl1.8.1is due to Agrawal and Vittéd][ In this paper they also derive similar bounds
on the 1/O time to realize the FFT, permutation networks aattixitiransposition.

The hierarchical memory model of Secfiar® was introduced by Aggarwal, Alpern,
Chandra, and Snii7]. They studied a number of problems including matrix nfickigon,
the FFT, sorting and circuit simulation, and examineditlogée, linear, and polynomial
cost functions. The two-level bounds of SedtiohOare due to Sleator and Tarj&i().
Aggarwal, Alpern, Chandra, and Snir [7] extended this noodteilltiple levels. The MIN
page-replacement algorithm described in Sédtibais due to Beladysp].

Two other I/O models of interest are the BT model and theramiftemory hierarchy.
Aggarwal, Chandra, and Siiriptroduced thT model, an extension of the HMM model
supporting block transfers in which a block oftsé&raling at locatior is allowed to move
in timef (x) + b. They establish tight bounds on computation time for prebiecluding
matrix transpose, FFT, and sorting using the cost fungligne’, x, andx® for 1%" % 1.

Alpern, Carter, and Fei@q] introduced thainiform memory hierarchy in which the
uth memory has capacity 2, block size#, and time#“/! (u) to move a block between
levelsi (u) is a bandwidth function. They allow I/O overlap betweetsland determine
conditions under which matrix transposition, matrix iplidétion, and Fourier transforms
can and cannot be done efpciently.

Vitter and Shriverd53 have examined three parallel memory systems in whichthe me
ories are disks with block transfer, of the HMM type, or oBihéype. They present a
randomized version of distribution sort that meets the tmueds for these models of com-
putation. Nodine and Vitter231] give an optimal deterministic sorting algorithm for these
memory models.



