
C H A P T E R

Memory-Hierarchy Tradeoffs

Although serial programming languages assume that programs are written for the RAM model,
this model is rarely implemented in practice. Instead, the random-access memory is replaced
with a hierarchy of memory units of increasing size, decreasing cost per bit, and increasing
access time. In this chapter we study the conditions on the size and speed of these units when
a CPU and a memory hierarchy simulate the RAM model. The design of memory hierarchies
is a topic in operating systems.

A memory hierarchy typically contains the local registers of the CPU at the lowest level and
may contain at succeeding levels a small, very fast, local random-access memory called a cache,
a slower but still fast random-access memory, and a large butslow disk. The time to move data
between levels in a memory hierarchy is typically a few CPU cycles at the cache level, tens of
cycles at the level of a random-access memory, and hundreds of thousands of cycles at the disk
level! A CPU that accesses a random-access memory on every CPU cycle may run at about
a tenth of its maximum speed, and the situation can be dramatically worse if the CPU must
access the disk frequently. Thus it is highly desirable to understand for a given problem how
the number of data movements between levels in a hierarchy depends on the storage capacity
of each memory unit in that hierarchy.

In this chapter we study tradeoffs between the number of storage locations (space) at each
memory-hierarchy level and the number of data movements (I/O time) between levels. Two
closely related models of memory hierarchies are used, the memory-hierarchy pebble game and
the hierarchical memory model, which are extensions of those introduced in Chapter10.

In most of this chapter it is assumed not only that the user hascontrol over the I/O algo-
rithm used for a problem but that the operating system does not interfere with the I/O oper-
ations requested by the user. However, we also examine I/O performance when the operating
system, not the user, controls the sequence of memory accesses (Section11.10). Competi-
tive analysis is used in this case to evaluate two-level LRU and FIFO memory-management
algorithms.
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530 Chapter 11 Memory-Hierarchy Tradeoffs Models of Computation

11.1 The Red-Blue Pebble Game
The red-blue pebble game models data movement between adjacent levels of a two-level mem-
ory hierarchy. We begin with this model to Þx ideas and then introduce the more general
memory-hierarchy game. Both games are played on a directed acyclic graph, the graph of a
straight-line program. We describe the game and then give its rules.

In the red-blue game, (hot) red pebbles identify values heldin a fast primary memory
whereas (cold) blue pebbles identify values held in a secondary memory. The values identiÞed
with the pebbles can be words or blocks of words, such as the pages used by an operating
system. Since the red-blue pebble game is used to study the number of I/O operations necessary
for a problem, the number of red pebbles is assumed limited and the number of blue pebbles is
assumed unlimited. Before the game starts, blue pebbles reside on all input vertices. The goal
is to place a blue pebble on each output vertex, that is, to compute the values associated with
these vertices and place them in long-term storage. These assumptions capture the idea that
data resides initially in the most remote memory unit and theresults must be deposited there.

RED-BLUE PEBBLE GAME

¥ (Initialization) A blue pebble can be placed on an input vertex at any time.

¥ (Computation Step) A red pebble can be placed on (or moved to)a vertex if all its imme-
diate predecessors carry red pebbles.

¥ (Pebble Deletion) A pebble can be deleted from any vertex at any time.

¥ (Goal) A blue pebble must reside on each output vertex at the end of the game.

¥ (Input from Blue Level) A red pebble can be placed on any vertex carrying a blue pebble.

¥ (Output to Blue Level) A blue pebble can be placed on any vertex carrying a red pebble.

The Þrst rule (initialization) models the retrieval of input data from the secondary mem-
ory. The second rule (acomputation step) is equivalent to requiring that all the arguments
on which a function depends reside in primary memory before the function can be computed.
This rule also allows a pebble to move (orslide) to a vertex from one of its predecessors, mod-
eling the use of a register as both the source and target of an operation. The third rule allows
pebble deletion: if a red pebble is removed from a vertex that later needs a redpebble, it must
be repebbled.

The fourth rule (thegoal) models the placement of output data in the secondary memory
at the end of a computation. The Þfth rule allows data held in the secondary memory to be
moved back to the primary memory (aninput operation). The sixth rule allows a result to
be copied to a secondary memory of unlimited capacity (anoutput operation). Note that a
result may be in both memories at the same time.

The red-blue pebble game is a direct generalization of the pebble game of Section10.1
(which we call thered pebble game), as can be seen by restricting the sixth rule to allow
the placement of blue pebbles only on vertices that are output vertices of the DAG. Under
this restriction the blue level cannot be used for intermediate results and the goal of the game
becomes to minimize the number of times vertices are pebbledwith red pebbles, since the
optimal strategy pebbles each output vertex once.
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A pebbling strategy P is the execution of the rules of the pebble game on the vertices of
a graph. We assign a step to each placement of a pebble, ignoring steps on which pebbles are
removed, and number the steps consecutively. Thespace used by a strategyP is deÞned as
the maximum number of red pebbles it uses. TheI/O time, T2, of P on the graphG is the
number of input and output (I/O) steps used byP. Thecomputation time, T1, is the number
of computation steps ofP onG. Note that time in the red pebble game is the time to place red
pebbles on input and internal vertices; in this chapter the former are calledI/O operations.

Since accesses to secondary memory are assumed to require much more time than accesses
to primary memory, aminimal pebbling strategy, Pmin, performs the minimal number of
I/O operations on a graphG for a given number of red pebbles and uses the smallest number
of red pebbles for a given I/O time. Furthermore, such a strategy also uses the smallest number
of computation steps among those meeting the other requirements. We denote byT (2)

1 (S, G)

andT (2)
2 (S, G) the number of computation and I/O steps in a minimal pebblingof G in the

red-blue pebble game withS red pebbles.
The minimum number of red pebbles needed to play the red-bluepebble game is the

maximum number of predecessors of any vertex. This follows because blue pebbles can be used
to hold all intermediate results. Thus, in the FFT graph of Fig.11.1only two red pebbles are
needed, since one of them can be slid to the vertex being pebbled. However, if the minimum
number of pebbles is used, many expensive I/O operations arenecessary.

In Section11.2we generalize the red-blue pebble game to multiple levels and consider two
variants of the model, one in which all levels including the highest can be used for intermediate
storage, and a second in which the highest level cannot be used for intermediate storage. The
second model (theI/O-limited game) captures aspects of the red-blue pebble game as well as
the red pebble game of Chapter10.

An important distinction between the pebble game results obtained in this chapter and
those in Chapter10 is that here lower bounds are generally derived for particular graphs,
whereas in Chapter10 they are obtained for all graphs of a problem.

Figure 11.1 An eight-input FFT graph showing three two-input FFT subgraphs.
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11.1.1 Playing the Red-Blue Pebble Game
The rules for the red-blue pebble game are illustrated by theeight-input FFT graph shown in
Fig.11.1. If S = 3 red pebbles are available to pebble this graph (at leastS = 4 pebbles are
needed in the one-pebble game), a pebbling strategy that keeps the number of I/O operations
small is based on the pebbling of sub-FFT graphs on two inputs. Three such sub-FFT sub-
graphs are shown by heavy lines in Fig.11.1, one at each level of the FFT graph. This pebbling
strategy uses three red pebbles to place blue pebbles on the outputs of each of the four lowest-
level sub-FFT graphs on two inputs, those whose outputs are second-level vertices of the full
FFT graph. (Thus, eight blue pebbles are used.) Shown on a second-level sub-FFT graph are
three red pebbles at the time when a pebble has just been placed on the Þrst of the two outputs
of this sub-FFT graph. This strategy performs two I/O operations for each vertex except for
input and output vertices. A small savings is possible if, after pebbling the last sub-FFT graph
at one level, we immediately pebble the last sub-FFT graph atthe next level.

11.1.2 Balanced Computer Systems
A balanced computer system is one in which no computational unit or data channel becomes
saturated before any other. The results in this chapter can be used to analyze balance. To
illustrate this point, we examine a serial computer system consisting of a CPU with a random-
access memory and a disk storage unit. Such a system is balanced for a particular problem if
the time used for I/O is comparable to the time used for computation.

As shown in Section11.5.2, multiplying twon " n matrices with a variant of the classical
matrix multiplication algorithm requires a number of computations proportional ton3 and a
number of I/O operations proportional ton3/

#
S, whereS is the number of red pebbles or

the capacity of the random-access memory. Lett0 andt1 be the times for one computation
and I/O operation, respectively. Then the system is balanced whent0n3 $ t1n3/

#
S. Let the

computational andI/O capacities, Ccomp andCI/ O, be the rates at which the CPU and disk
can compute and exchange data, respectively; that is,Ccomp = 1/t 0 andCI/ O = 1/t 1. Thus,
balance is achieved when the following condition holds:

Ccomp

CI/ O
$

#
S

From this condition we see that if through technological advance the ratioCcomp/C I/ O in-
creases by a factor! , then for the system to be balanced the storage capacity of the system,S,
must increase by a factor! 2.

Hennessy and Patterson [131, p. 427] observe that CPU speed is increasing between 50%
and 100% per year while that of disks is increasing at a steady7% per year. Thus, if the ratio
Ccomp/C I/ O for our simple computer system grows by a factor of 50/ 7 $ 7 per year, then
S must grow by about a factor of 49 per year to maintain balance.To the extent that matrix
multiplication is typical of the type of computing to be doneand that computers have two-
level memories, a crisis is looming in the computer industry! Fortunately, multi-level memory
hierarchies are being introduced to help avoid this crisis.

As bad as the situation is for matrix multiplication, it is much worse for the Fourier trans-
form and sorting. For each of these problems the number of computation and I/O operations
is proportional ton log2 n andn log2 n/ log2 S, respectively (see Section11.5.3). Thus, bal-
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ance is achieved when

Ccomp

CI/ O
$ log2 S

Consequently, ifCcomp/C I/ O increases by a factor! , S must increase toS! . Under the
conditions given above, namely,! $ 7, a balanced two-level memory-hierarchy system for
these problems must have a storage capacity that grows fromS to aboutS7 every year.

11.2 The Memory-Hierarchy Pebble Game
The standardmemory-hierarchy game (MHG) deÞned below generalizes the two-level red-
blue game to multiple levels. TheL-level MHG is played on directed acyclic graphs withpl

pebbles at levell , 1 % l % L & 1, and an unlimited number of pebbles at levelL . When
L = 2, the lower level is the red level and the higher is the blue level. The number of pebbles
used at theL & 1 lowest levels is recorded in theresource vector p = (p1, p2, . . . , pL −1),
wherepj ' 1 for 1% j % L & 1. The rules of the game are given below.

STANDARD MEMORY-HIERARCHY GAME

R1. (Initialization) A level-L pebble can be placed on an input vertex at any time.

R2. (Computation Step) A Þrst-level pebble can be placed on (or moved to) a vertex if all its
immediate predecessors carry Þrst-level pebbles.

R3. (Pebble Deletion) A pebble of any level can be deleted from any vertex.

R4. (Goal) A level-L pebble must reside on each output vertex at the end of the game.

R5. (Input from Levell ) For 2 % l % L, a level-(l & 1) pebble can be placed on any vertex
carrying a level-l pebble.

R6. (Output to Levell ) For 2% l % L, a level-l pebble can be placed on any vertex carrying a
level-(l & 1) pebble.

The Þrst four rules are exactly as in the red-blue pebble game. The Þfth and sixth rules general-
ize the Þfth and sixth rules of the red-blue pebble game by identifying inputs from and outputs
to level-l memory. These last two rules allow a level-l memory to serve as temporary storage
for lower-level memories.

In the standard MHG, the highest-level memory can be used forstoring intermediate
results. An important variant of the MHG is theI/O-limited memory-hierarchy game, in
which the highest level memory cannot be used for intermediate storage. The rules of this
game are the same as in the MHG except that rule R6 is replaced by the following two rules:

I/O-LIMITED MEMORY-HIERARCHY GAME

R6. (Output to Levell ) For 2 % l % L & 1, a level-l pebble can be placed on any vertex
carrying a level-(l & 1) pebble.

R7. (I/O Limitation) Level-L pebbles can only be placed onoutput vertices carrying level-
(L & 1) pebbles.
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The sixth and seventh rules of the new game allow the placement of level-L pebbles only on
output vertices. The two-level version of the I/O-limited MHG is the one-pebble game studied
in Chapter10. As mentioned earlier, we call the two-level I/O-limited MHGthered pebble
game to distinguish it from the red-blue pebble game and the MHG. Clearly the multi-level
I/O-limited MHG is a generalization of both the standard MHG and the one-pebble game.

The I/O-limited MHG models the case in which accesses to the highest level memory take
so long that it should be used only for archival storage, not intermediate storage. Today disks
are so much slower than the other memories in a hierarchy thatthe I/O-limited MHG is the
appropriate model when disks are used at the highest level.

The resource vector p = (p1, p2, . . . , pL −1) associated with a pebbling strategyP speci-
Þes the number ofl -level pebbles,pl , used byP. We say thatpl is thespace used at levell by
P. We assume thatpl ' 1 for 1 % l % L, so that swapping between levels is possible. The
I/O time at levell with pebbling strategyP and resource vectorp, T (L )

l (p, G, P), 2 % l % L,
with both versions of the MHG is the number of inputs from and outputs to levell . Thecom-

putation time with pebbling strategyP and resource vectorp, T (L )
1 (p, G, P), in the MHG

is the number of times Þrst-level pebbles are placed on vertices byP. Since there is little risk of
confusion, we use the same notation,T (L )

l (p, G, P), in the standard and I/O-limited MHG
for the number of computation and I/O steps.

The deÞnition of a minimal MHG pebbling is similar to that fora red-blue pebbling.
Given a resource vectorp, Pmin is aminimal pebbling for anL-level MHG if it minimizes
the I/O time at levelL , after which it minimizes the I/O time at levelL & 1, continuing in
this fashion down to level 2. Among these strategies it must also minimize the computation
time. This deÞnition of minimality is used because we assumethat the time needed to move
data between levels of a memory hierarchy grows rapidly enough with increasing level that it is
less costly to repebble vertices at or below a given level than to perform an I/O operation at a
higher level.

Figure 11.2 Pebbling an eight-input FFT graph in the three-level MHG.
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11.2.1 Playing the MHG
Figure11.2shows the FFT graph on eight inputs being pebbled in a three-level MHG with
resource vectorp = (2, 4). Here black circles denote Þrst-level pebbles, shaded circles denote
second-level pebbles and striped circles denote third-level pebbles. Four striped, three shaded
and two black pebbles reside on vertices in the second row of the FFT. One of these shaded
second-level pebbles shares a vertex with a black Þrst-level pebble, so that this black pebble can
be moved to the vertex covered by the open circle without deleting all pebbles on the doubly
covered vertex.

To pebble the vertex under the open square with a black pebble, we reuse the black pebble
on the open circle by swapping it with a fourth shaded pebble,after which we place the black
pebble on the vertex that was doubly covered and then slide itto the vertex covered by the
open box. This graph can be completely pebbled with the resource vectorp = (2, 4) using
only four third-level pebbles, as the reader is asked to show. (See Problem11.3.) Thus, it can
also be pebbled in the four-level I/O-limited MHG using resource vectorp = (2, 4, 4).

11.3 I/O-Time Relationships
The following simple relationships follow from two observations. First, each input and output
vertex must receive a pebble at each level, since every inputmust be read from levelL and
every output must be written to levelL . Second, at least one computation step is needed for
each non-input vertex of the graph. Here we assume that everyvertex inV must be pebbled
to pebble the output vertices.

LEMMA 11.3.1 Let" be the maximum in-degree of any vertex inG = (V, E ) and letIn (G)
andOut(G) be the sets of input and output vertices ofG, respectively. Then any pebblingP of G
with the MHG, whether standard or I/O-limited, satisÞes thefollowing conditions for2 % l % L:

T (L )
l (p, G, P) ' | In (G)| + |Out(G)|

T (L )
1 (p, G, P) ' | V | &| In (G)|

The following theorem relates the number of moves in anL-level game to the number in
a two-level game and allows us to use prior results. The lowerbound on the level-l I/O time
is stated in terms ofsl−1 because pebbles at levels 1, 2,. . . , l & 1 are treated collectively as red
pebbles to derive a lower bound; pebbles at levell and above are treated as blue pebbles.

THEOREM 11.3.1 Let sl =
! l−1

j =1 pj . Then the following inequalities hold for everyL-level

standard MHG pebbling strategyP forG, wherep is the resource vector used byP andT (2)
1 (S, G)

andT (2)
2 (S, G) are the number of computation and I/O operations used by a minimal pebbling in

the red-blue pebble game played onG with S red pebbles:

T (L )
l (p, G, P) ' T (2)

2 (sl−1, G) for2 % l % L

Also, the following lower bound on computation time holds for all pebbling strategiesP in the
standard MHG:

T (L )
1 (p, G, P) ' T (2)

1 (s1, G),
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In the I/O-limited case the following lower bounds apply, where" is the maximum fan-in of any
vertex ofG:

T (L )
l (p, G, P) ' T (2)

2 (sl−1, G) for2 % l % L

T (L )
1 (p, G, P) ' T (2)

2 (sL −1, G)/"

Proof The Þrst set of inequalities is shown by considering the red-blue game played with
S = sl−1 red pebbles and an unlimited number of blue pebbles. TheS red pebbles and
sL −1 & S blue pebbles can be classiÞed intoL & 1 groups withpj pebbles in thej th
group, so that we can simulate the steps of anL-level MHG pebbling strategyP. Because
there are constraints on the use of pebbles inP, this strategy uses a number of level-l I/O
operations that cannot be larger than the minimum number of such I/O operations when
pebbles at levell & 1 or less are treated as red pebbles and those at higher levelsare treated
as blue pebbles. Thus,T (L )

l (p, G, P) ' T (2)
2 (sl−1, G). By similar reasoning it follows that

T (L )
1 (p, G, P) ' T (2)

1 (s1, G).
In the above simulation, blue pebbles simulating levelsl and above cannot be used arbi-

trarily when the I/O-limitation is imposed. To derive lower bounds under this limitation, we
classifyS = sL −1 pebbles intoL & 1 groups withpj pebbles in thej th group and simulate
in the red-blue pebble game the steps of anL-level I/O-limited MHG pebbling strategyP.
The I/O time at levell is no more than the I/O time in the two-level I/O-limited red-blue
pebble game in which allS red pebbles are used at levell & 1 or less.

Since the number of blue pebbles is unlimited, in a minimal pebbling all I/O operations
consist of placing of red pebbles on blue-pebbled vertices.It follows that ifT I/O operations
are performed on the input vertices, then at leastT placements of red pebbles on blue-
pebbled vertices occur. Since at least one internal vertex must be pebbled with a red pebble
in a minimal pebbling for every" input vertices that are red-pebbled, the computation time
is at leastT/" . Specializing this toT = T (2)

2 (sL −1, G) for the I/O-limited MHG, we have
the last result.

It is important to note that the lower bound toT (2)
1 (S, G, P) for the I/O-limited case is

not stated in terms of|V |, because|V | may not be the same for each values ofS. Consider the
multiplication of twon " n matrices. Every graph of the standard algorithm can be pebbled
with three red pebbles, but such graphs have about 2n3 vertices, a number that cannot be
reduced by more than a constant factor when a constant numberof red pebbles is used. (See
Section11.5.2.) On the other hand, using the graph of StrassenÕs algorithmfor this problem
requires at leastΩ(n.38529) pebbles, since it hasO(n2.807) vertices.

We close this section by giving conditions under which lowerbounds for one graph can
be used for another. Let areduction of DAG G1 = (V1, E1) be a DAGG0 = (V0, E0),
V0 ( V1 andE0 ( E1, obtained by deleting edges fromE1 and coalescing the non-terminal
vertices on a ÒchainÓ of vertices inV1 into the Þrst vertex on the chain. Achain is a sequence
v1, v2, . . . , vr of vertices such that, for 2% i % r & 1, vi is adjacent tovi−1 andvi +1 and no
other vertices.

LEMMA 11.3.2 LetG0 be a reduction ofG1. Then for any minimal pebblingPmin and1 %
l % L, the following inequalities hold:

T (L )
l (p, G1, Pmin) ' T (L )

l (p, G0, Pmin)
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Proof Any minimal pebbling strategy forG1 can be used to pebbleG0 by simulating moves
on a chain with pebble placements on the vertex to which vertices on the chain are coalesced
and by honoring the edge restrictions ofG1 that are removed to createG0. Since this strategy
for G1 may not be minimal forG0, the inequalities follow.

11.4 The Hong-Kung Lower-Bound Method
In this section we derive lower limits on the I/O time at each level of a memory hierarchy
needed to pebble a directed acyclic graph with the MHG. Theseresults are obtained by com-
bining the inequalities of Theorem11.3.1with a lower bound on the I/O and computation
time for the red-blue pebble game.

Theorem10.4.1provides a framework that can be used to derive lower bounds on the I/O
time in the red-blue pebble game. This follows because the lower bounds of Theorem10.4.1
are stated in terms ofTI , the number of times inputs are pebbled withS red pebbles, which
is also the number of I/O operations on input vertices in the red-blue pebble game. It is
important to note that the lower bounds derived using this framework apply to every straight-
line program for a problem.

In some cases, for example matrix multiplication, these lower bounds are strong. However,
in other cases, notably the discrete Fourier transform, they are weak. For this reason we intro-
duce a way to derive lower bounds that applies to a particulargraph of a problem. If that graph
is used for the problem, stronger lower bounds can be derivedwith this method than with the
techniques of Chapter10. We begin by introducing theS-span of a DAG.

DEFINITION 11.4.1 Given a DAGG = (V, E ), theS-span of G, #(S, G), is the maximum
number of vertices ofG that can be pebbled withS pebbles in the red pebble game maximized over
all initial placements ofS red pebbles. (The initialization rule is disallowed.)

The following is a slightly weaker but simpler version of theHong-Kung [136] lower
bound on I/O time for the two-level MHG. This proof divides computation time into con-
secutive intervals, just as was done for the spaceÐtime lower bounds in the proofs of Theo-
rems10.4.1and10.11.1.

THEOREM 11.4.1 For every pebblingP of the DAGG = (V, E ) in the red-blue pebble game
with S red pebbles, the I/O time used,T (2)

2 (S, G, P), satisÞes the following lower bound:

)T (2)
2 (S, G)/S *#(2S, G) ' | V | &| In (G)|

Proof Divide P into consecutive sequential sub-pebblings{P 1, P2, . . . , Ph } , where each
sub-pebbling hasS I/O operations except possibly the last, which has no more such opera-
tions. Thus,h = )T (2)

2 (S, G, P)/S *.
We now develop an upper boundQ to the number of vertices ofG pebbled with red

pebbles in any sub-pebblingPj . This number multiplied by the numberh of sub-pebblings
is an upper bound to the number of vertices other than inputs,|V | &| In (G)|, that must be
pebbled to pebbleG. It follows that

Qh ' | V | &| In (G)|

The upper bound onQ is developed by addingS new red pebbles and showing that
we may use these new pebbles to move all I/O operations in a sub-pebblingPt to either
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the beginning or the end of the sub-pebbling without changing the number of computation
steps or I/O operations. Thus, without changing them, we move all computation steps to a
middle interval ofPt , between the higher-level I/O operations.

We now show how this may be done. Consider a vertexv carrying a red pebble at some
time duringPt that is pebbled for the Þrst time with a blue pebble duringPt (vertex 7 at
step 11 in Fig.11.3). Instead of pebblingv with a blue pebble, use a new red pebble to
keep a red pebble onv. (This is equivalent to swapping the new and old red pebbles on v.)
This frees up the original red pebble to be used later in the sub-pebbling. Because we attach
a red pebble tov for the entire pebblingPt , all later output operations fromv in Pt can
be deleted except for the last such operation, if any, which can be moved to the end of the
interval. Note that if afterv is given a blue pebble inP, it is later given a red pebble, this red
pebbling step and all subsequent blue pebbling steps exceptthe last, if any, can be deleted.
These changes do not affect any computation step inPt .

Consider a vertexv carrying a blue pebble at the start ofPt that later inPt is given a
red pebble (see vertex 4 at step 12 in Fig.11.3). Consider the Þrst pebbling of this kind.
The red pebble assigned tov may have been in use prior to its placement onv. If a new
red pebble is used forv, the Þrst pebbling ofv with a red pebble can be moved toward
the beginning ofPt so that, without violating the precedence conditions ofG, it precedes
all placements of red pebbles on vertices without pebbles. Attach this new red pebble tov
duringPt . Subsequent placements of red pebbles onv when it carries a blue pebble during
Pt , if any, are thereby eliminated.

121110

4321

8

9

5 6 7

Pt

Step 1 2 3 4 5 6 7 8 9 10 11 12 13
Pebble R1 R2 R2 B R2 R2 R1 B R2R2 B R2 R2
Vertex + 1 + 2 5 , 5 + 2 6 + 3 , 6 + 4 7 , 7 + 4 8
Step 14 15 16 17 18 19 20 21 22 23
Pebble R1 R2 R2 R2 R2 R1 R2 R2 R2 R2
Vertex + 5 + 7 9 + 7 11 + 6 + 8 10 + 8 12

Figure 11.3 The vertices of an FFT graph are numbered and a pebbling schedule is given in
which the two numbered red pebbles are used. Up (down) arrowsidentify steps in which an
output (input) occurs; other steps are computation steps. Steps 10 through 13 of the schedulePt

contain two I/O operations. With two new red pebbles, the input at step 12 can be moved to the
beginning of the interval and the output at step 11 can be moved after step 13.
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We now derive an upper bound toQ. At the start of the pebbling of the middle interval
of Pt there are at most 2S red pebbles onG, at mostS original red pebbles plusS new red
pebbles. Clearly, the number of vertices that can be pebbledin the middle interval with Þrst-
level pebbles is largest when all 2S red pebbles onG are allowed to move freely. It follows
that at most#(2S, G) vertices can be pebbled with red pebbles in any interval. Since all
vertices must be pebbled with red pebbles, this completes the proof.

Combining Theorems11.3.1and11.4.1and a weak lower limit on the size ofT (L )
l (p, G),

we have the following explicit lower bounds toT (L )
l (p, G).

COROLLARY 11.4.1 In the standard MHG whenT (L )
l (p, G) ' ! (sl−1 & 1) for ! > 1, the

following inequality holds for2 % l % L:

T (L )
l (p, G) '

!
! + 1

sl−1

#(2sl−1, G)
(|V | &| In (G)|)

In the I/O-limited MHG whenT (L )
l (p, G) ' ! (sl−1 & 1) for ! > 1, the following inequality

holds for2 % l % L:

T (L )
l (p, G) '

!
! + 1

sL −1

#(2sL −1, G)
(|V | &| In (G)|)

11.5 Tradeoffs Between Space and I/O Time
We now apply the Hong-Kung method to a variety of important problems including matrix-
vector multiplication, matrix-matrix multiplication, the fast Fourier transform, convolution,
and merging and permutation networks.

11.5.1 Matrix-Vector Product
We examine here the matrix-vector product functionf (n )

A x : Rn 2+n -. Rn over a commutative
ring R described in Section6.2.1primarily to illustrate the development of efÞcient multi-
level pebbling strategies. The lower bounds on I/O and computation time for this problem
are trivial to obtain. For the matrix-vector product, we assume that the graphs used are those
associated with inner products. The inner productu áv of n-vectorsu andv over a ringR
is deÞned by:

u áv =
n"

i =1

ui ávi

The graph of a straight-line program to compute this inner product is given in Fig.11.4, where
the additions of products are formed from left to right.

The matrix-vector product is deÞned here as the pebbling of acollection of inner product
graphs. As suggested in Fig.11.4, each inner product graph can be pebbled with three red
pebbles.

THEOREM 11.5.1 LetG be the graph of a straight-line program for the product of thematrixA
with the vectorx. LetG be pebbled in thestandard MHG with the resource vectorp. There is a
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xnx2a1,2 a1,nx3a1,1 a1,3x1

12 13

19
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1814

16 17

3 6 10

Figure 11.4 The graph of an inner product computation showing the order in which vertices
are pebbled. Input vertices are labeled with the entries in the matrixA and vectorx that are
combined. Open vertices are product vertices; those above them are addition vertices.

pebbling strategyP of G withpl ' 1 for2 % l % L & 1 andp1 ' 3 such thatT (L )
1 (p, G, P) =

2n2 & n, the minimum value, and the following bounds hold simultaneously:

n2 + 2n % T (L )
l (p, G, P) % 2n2 + n

Proof The lower boundT (L )
l (p, G, P) ' n2+2n, 1 % l % L, follows from Lemma11.3.1

because there aren2 + n inputs andn outputs to the matrix-vector product. The upper
bounds derived below represent the number of operations performed by a pebbling strategy
that uses three level-1 pebbles and one pebble at each of the other levels.

Each of then results of the matrix-vector product is computed as an innerproduct in
which successive productsai ,j xj are formed and added to a running sum, as suggested by
Fig.11.4. Each of then2 entries of the matrixA (leaves of inner product trees) is used in
one inner product and is pebbled once at levelsL , L & 1,. . . , 1 when needed. Then entries
in x are used in every inner product and are pebbled once at each level for each of then
inner products. First-level pebbles are placed on each vertex of each inner product tree in the
order suggested in Fig.11.4. After the root vertex of each tree is pebbled with a Þrst-level
pebble, it is pebbled at levels 2,. . . , L .

It follows that one I/O operation is performed at each level on each vertex associated
with an entry inA and the outputs and thatn I/O operations are performed at each level
on each vertex associated with an entry inx, for a total of 2n2 + n I/O operations at each
level. This pebbling strategy places a Þrst-level pebble once on each interior vertex of each
of then inner product trees. Such trees have 2n & 1 internal vertices. Thus, this strategy
takes 2n2 & n computation steps.

As the above results demonstrate, the matrix-vector product is an example of anI/O-
bounded problem, a problem for which the amount of I/O required at each level in the
memory hierarchy is comparable to the number of computationsteps. Returning to the dis-
cussion in Section11.1.2, we see that as CPU speed increases with technological advances, a
balanced computer system can be constructed for this problem only if the I/O speed increases
proportionally to CPU speed.

The I/O-limited version of the MHG for the matrix-vector product is the same as the
standard version because only Þrst-level pebbles are used on vertices that are neither input or
output vertices.
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11.5.2 Matrix-Matrix Multiplication
In this section we derive upper and lower bounds on exchangesbetween I/O time and space
for then " n matrix multiplication problem in the standard and I/O-limited MHG. We show
that the lower bounds on computation and I/O time can be matched by efÞcient pebbling
strategies.

Lower bounds for the standard MHG are derived for thefamily Fn of inner product
graphs for n " n matrix multiplication, namely, the set of graphs to multiply twon " n ma-
trices using just inner products to compute entries in the product matrix. (See Section6.2.2.)
We allow the additions in these inner products to be performed in any order.

The lower bounds on I/O time derived below for the I/O-limitedMHG apply to all DAGs
for matrix multiplication. Since these DAGs include graphsother than the inner product trees
in Fn , one might expect the lower bounds for the I/O-limited case tobe smaller than those
derived for graphs inFn . However, this is not the case, apparently because efÞcientpebbling
strategies for matrix multiplication perform I/O operations only on input and output vertices,
not on internal vertices. The situation is very different for the discrete Fourier transform, as
seen in the next section.

We derive results Þrst for the red-blue pebble game, that is,the two-level MHG, and then
generalize them to the multi-level MHG. We begin by derivingan upper bound on theS-span
for the family of inner product matrix multiplication graphs.

LEMMA 11.5.1 For every graphG / F n theS-span#(S, G) satisÞes the bound#(S, G) %
2S3/ 2 forS % n2.

Proof #(S, G) is the maximum number of vertices ofG / F n that can be pebbled with
S red pebbles from an initial placement of these pebbles, maximized over all such initial
placements. LetA, B , andC ben " n matrices with entries{ ai ,j } , { bi ,j } , and{ ci ,j } ,
respectively, where 1% i , j % n. Let C = A " B . The termci ,j =

!
k ai ,k bk ,j is

associated with the root vertex in of a unique inner product tree. Vertices in this tree are
either addition vertices, product vertices associated with terms of the formai ,k bk ,j , or input
vertices associated with entries in the matricesA and B . Each product termai ,k bk ,j is
associated with a unique termci ,j and tree, as is each addition operator.

Consider an initial placement ofS % n2 pebbles of whichr are in addition trees (they
are on addition or product vertices). Let the remainingS & r pebbles reside on input
vertices. Letp be the number of product vertices that can be pebbled from these pebbled
inputs. We show that at mostp + r & 1 additional pebble placements are possible from the
initial placement, giving a total of at most$ = 2p+ r & 1 pebble placements. (Figure11.5

a1,1b1,2a1,2b2,2

(b)(a)

a2,1b1,1a2,2b2,1 a2,1b1,2a2,2b2,2

(c) (d)

a1,1 b1,1a1,2b2,1

Figure 11.5 Graph of the inner products used to form the product of two 2× 2 matrices.
(Common input vertices are repeated for clarity.)
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shows a graphG for a 2" 2 matrix multiplication algorithm in which the product vertices
are those just below the output vertices. The black verticescarry pebbles. In this example
r = 2 andp = 1. Whilep + r & 1 = 2, only one pebble placement is possible on addition
trees in this example.)

Given the dependencies of graphs inFn , there is no loss in generality in assuming that
product vertices are pebbled before pebbles are advanced inaddition trees. It follows that at
mostp+ r addition-tree vertices carry pebbles before pebbles are advanced in addition trees.
These pebbled vertices deÞne subtrees of vertices that can be pebbled from thep + r initial
pebble placements. Since a binary tree withn leaves hasn & 1 non-leaf nodes, it follows
that if there aret such trees, at mostp+ r & t pebble placements will be made, not counting
the original placement of pebbles. This number is maximizedat t = 1. (See Problem11.9.)

We now complete the proof by deriving an upper bound onp. LetA be the 0&1 n " n
matrix whose(i , j ) entry is 1 if the variable in the(i , j ) position of the matrixA carries a
pebble initially and 0 otherwise. LetB be similarly deÞned forB . It follows that the(i , j )
entry,%i ,j , of the matrix productC = A " B , where addition and multiplication are over
the integers, is equal to the number of products that can be formed that contribute to the
(i , j ) entry of the result matrixC. Thusp =

!
i ,j %i ,j . We now show thatp %

#
S(S& r ).

LetA andB havea andb1Õs, respectively, wherea+b= S & r . There are at mosta/"
rows ofA containing at least" 1Õs. The maximum number of products that can be formed
from such rows isab/" because each 1 inB combine with a 1 in each of these rows. Now
consider the product of other rows ofA with columns ofB. At mostS such row-column
inner products are formed since at mostS outputs can be pebbled. Since each of them
involves a row with at most" 1Õs, at most"S products of pairs of variables can be formed.
Thus, a total of at mostp = ab/" + "S products can be formed. We are free to choose
" to minimize this sum (" =

#
ab/S does this) but must choosea andb to maximize it

(a = (S& r )/ 2 satisÞes this requirement). The result is thatp %
#

S(S& r ). We complete
the proof by observing that$ = 2p + r & 1 % 2

#
SS for r ' 0.

Theorem11.5.2states bounds that apply to the computation and I/O time in the red-blue
pebble game for matrix multiplication.

THEOREM 11.5.2 For every graphG in the familyFn of inner product graphs for multiplying
twon " n matrices and for every pebbling strategyP for G in thered-blue pebble game that
usesS ' 3 red pebbles, the computation and I/O-time satisfy the following lower bounds:

T (2)
1 (S, G, P) = Ω(n3)

T (2)
2 (S, G, P) = Ω

$
n3

#
S

%

Furthermore, there is a pebbling strategyP forG with S ' 3 red pebbles such that the following
upper bounds hold simultaneously:

T (2)
1 (S, G, P) = O(n3)

T (2)
2 (S, G, P) = O

$
n3

#
S

%

The lower bound on I/O time stated above applies forevery graph of a straight-line program for
matrix multiplication in theI/O-limited red-blue pebble game. The upper bound on I/O time
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also applies for this game. The computation time in the I/O-limited red-blue pebble game satisÞes
the following bound:

T (2)
1 (S, G, P) = Ω

$
n3
#

S

%

Proof For the standard MHG, the lower bound toT (2)
1 (S, G, P) follows from the fact that

every graph inFn hasΘ(n3) vertices and Lemma11.3.1. The lower bound toT (2)
2 (S, G)

follows from Corollary11.4.1and Lemma11.5.1and the lower bound toT (2)
1 (S, G, P)

for the I/O-limited MHG follows from Theorem11.3.1.
We now describe a pebbling strategy that has the I/O time stated above and uses the

obvious algorithm suggested by Fig.11.6. If S red pebbles are available, letr = 0
#

S/ 31be
an integer that dividesn. (If r does not dividen, embedA, B andC in larger matrices for
whichr does dividen. This requires at most doublingn.) Let then " n matricesA, B and
C be partitioned inton/r " n/r matrices; that is,A = [ai ,j ], B = [bi ,j ], andC = [ci ,j ],
whose entries arer " r matrices. We form ther " r submatrixci ,j of C as the inner product
of a row ofr " r submatrices ofA with a column of such submatrices ofB :

ci ,j =
r"

q=1

ai ,q " bq,j

We begin by placing blue pebbles on each entry in matricesA andB . Computeci ,j by
computingai ,q " bq,j for q = 1, 2,. . . , r and adding successive products to the running
sum. Keepr 2 red pebbles on the running sum. Computeai ,q " bq,j by placing and holding
r 2 red pebbles on the entries inai ,q andr red pebbles on one column ofbq,j at a time. Use
two additional red pebbles to compute ther 2 inner products associated with entries ofci ,j

in the fashion suggested by Fig.11.4 if r ' 2 and one additional pebble ifr = 1. The
maximum number of red pebbles in use is 3 ifr = 1 and at most 2r 2 + r + 2 if r ' 2.
Since 2r 2 + r + 2 % 3r 2 for r ' 2, in both cases at most 3r 2 red pebbles are needed. Thus,
there are enough red pebbles to play this game becauser = 0

#
S/ 31 implies that 3r 2 % S,

the number of red pebbles. Sincer ' 1, this requires thatS ' 3.

×

= BC A

n

nn

Figure 11.6 A pebbling schema for matrix multiplication based on the representation of a
matrix in terms of block submatrices. A submatrix ofC is computed as the inner product of a
row of blocks ofA with a column of blocks ofB.
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This algorithm performs one input operation on each entry ofai ,q andbq,j to compute
ci ,j . It also performs one output operation per entry to computeci ,j itself. Summing over
all values ofi andj , we Þnd thatn2 output operations are performed on entries inC. Since
there are(n/r )2 submatricesai ,q andbq,j and each is used to computen/r termscu,v , the
number of input operations on entries inA andB is 2(n/r )2r 2(n/r ) = 2n3/r . Because
r = 0

#
S/ 31, we haver '

#
S/ 3 & 1, from which the upper bound on the number of

I/O operations follows. Since each product and addition vertex in each inner product graph
is pebbled once,O(n3) computation steps are performed.

The bound onT (2)
2 (S, G, P) for the I/O-limited game follows from two observations.

First, the computational inequality of Theorem10.4.1provides a lower bound toTI , the
number of times that input vertices are pebbled in the red-pebble game when only red
pebbles are used on vertices. This is the I/O-limited model. Second, the lower bound of
Theorem10.5.4on T (actually,TI ) is of the form desired.

These results and the strategy given for the two-level case carry over to the multi-level case,
although considerable care is needed to insure that the pebbling strategy does not fragment
memory and lead to inefÞcient upper bounds.

Even though the pebbling strategy given below is an I/O-limited strategy, it provides
bounds on time in terms of space that match the lower bounds for the standard MHG.

THEOREM 11.5.3 For every graphG in the familyFn of inner product graphs for multiplying
twon " n matrices and for every pebbling strategyP forG in thestandard MHG with resource
vectorp that usesp1 ' 3 Þrst-level pebbles, the computation and I/O time satisfy the following
lower bounds, wheresl =

! l
j =1 pj andk is the largest integer such thatsk % 3n2:

T (L )
1 (p, G, P) = Ω

&
n3'

T (L )
l (p, G, P) =

(
Ω

&
n3/

#
sl−1

'
for 2 % l % k

Ω
&
n2

'
for k + 1 % l % L

Furthermore, there is a pebbling strategyP forG withp1 ' 3 such that the following upper bounds
hold simultaneously:

T (L )
1 (p, G, P) = O(n3)

T (L )
l (p, G, P) =

(
O

&
n3/

#
sl−1

'
for 2 % l % k

O
&
n2

'
for k + 1 % l % L

In the I/O-limited MHG the upper bounds given above apply. The following lower bound on the
I/O time applies toevery graph G forn " n matrix multiplication and every pebbling strategyP,
whereS = sL −1:

T (L )
l (p, G, P) = Ω

)
n3/

#
S

*
for 1 % l % L

Proof The lower bounds onT (L )
l (p, G, P), 2 % l % L, follow from Theorems11.3.1and

11.5.2. The lower bound onT (L )
1 (p, G, P) follows from the fact that every graph inFn

hasΘ(n3) vertices to be pebbled.
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r 1 = 0
#

s1/ 31

r 2 = r 10
#

s2 & 1/ (
#

3r 1)1

r 3 = r 20
#

s3 & 1/ (
#

3r 2)1

Figure 11.7 A three-level decomposition of a matrix.

We now describe a multi-level recursive pebbling strategy satisfying the upper bounds
given above. It is based on the two-level strategy given in the proof of Theorem11.5.2. We
computeC from A andB using inner products.

Our approach is to successively blockA, B , andC into r i " r i submatrices fori =
k, k & 1,. . . , 1 where ther i are chosen, as suggested in Fig.11.7, so they divide on another
and avoid memory fragmentation. Also, they are also chosen relative tosi so that enough
pebbles are available to pebbler i " r i submatrices, as explained below.

r i =

+
,,-

,,.

/ #
s1/ 3

0
i = 1

r i−1

/ #
(si & i + 1)/ (

#
3r i−1)

0
i ' 2

Using the fact thatb/2 % a0b/a1 % b for integersa andb satisfying 1% a % b (see
Problem11.1), we see that

#
(si & i + 1)/ 12 % r i %

#
(si & i + 1)/ 3. Thus,si '

3r 2
i + i & 1. Also,r 2

k % n2 becausesk % 3n2.
By deÞnition,sl pebbles are available at levell and below. As stated earlier, there is at

least one pebble at each level above the Þrst. From thesl pebbles at levell and below we
create a reserve set containing one pebble at each level except the Þrst. This reserve set is
used to perform I/O operations as needed.

Without loss of generality, assume thatr k dividesn. (If not, n must be at most doubled
for this to be true. EmbedA, B , andC in such larger matrices.)A, B , andC are then
blocked intor k " r k submatrices (call themai ,j , bi ,j , andci ,j ), and these in turn are blocked
into r k−1" r k−1 submatrices, continuing until 1" 1 submatrices are reached. The submatrix
ci ,j is deÞned as
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ci ,j =
r k"

q=1

ai ,q " bq,j

As in Theorem11.5.2, ci ,j is computed as a running sum, as suggested in Fig.11.4,
where each vertex is associated with anr k " r k submatrix. It follows that 3r 2

k pebbles at
levelk or less (not including the reserve pebbles) sufÞce to hold pebbles on submatricesai ,q,
bq,j and the running sum. To compute a productai ,q " bq,j , we representai ,q andbq,j as
block matrices with blocks that arer k−1 " r k−1 matrices. Again, we form this product as
suggested in Fig.11.4, using 3r 2

k−1 pebbles at levelsk & 1 or lower. This process is repeated
until we encounter a product ofr 1 " r 1 matrices, which is then pebbled according to the
procedure given in the proof of Theorem11.5.2.

LetÕs now determine the number of I/O and computation steps at each level. Since all
non-input vertices ofG are pebbled once, the number of computation steps isO(n3). I/O
operations are done only on input and output vertices. Once an output vertex has been
pebbled at the Þrst level, reserve pebbles can be used to place a level-L pebble on it. Thus
one output is done on each of then2 output vertices at each level.

We now count the I/O operations on input vertices starting with levelk. n " n matrices
A, B , andC containr k " r k matrices, wherer k dividesn. Each of the(n/r k )2 submatrices
ai ,q andbq,j is used in(n/r k ) inner products and at mostr 2

k I/O operations at levelk are
performed on them. (If most of thesk pebbles at levelk or less are at lower levels, fewer
level-k I/O operations will be performed.) Thus, at most 2(n/r k )2(n/r k )r 2

k = 2n2/r k

I/O operations are performed at levelk. In turn, each of ther k " r k matrices contains
(r k /r k−1)2 r k−1 " r k−1 matrices; each of these is involved in(r k /r k−1) inner products
each of which requires at mostr 2

k−1 I/O operations. Since there are at most(n/r k−1)2

r k−1 " r k−1 submatrices in each ofA, B , andC, at most 2n3/r k−1 I/O operations are
performed at levelk & 1. Continuing in this fashion, at most 2n3/r l I/O operations are
performed at levell for 2 % l % k. Sincer l '

#
(si & i + 1)/ 12, we have the desired

conclusion.
Since the above pebbling strategy does not place pebbles at level 2 or above on any vertex

except input and output vertices, it applies in the I/O-limited case. The lower bound follows
from Lemma11.3.1and Theorem11.5.2.

11.5.3 The Fast Fourier Transform
The fast Fourier transform (FFT) algorithm is described in Section6.7.3(an FFT graph is
given in Fig.11.1). A lower bound is obtained by the Hong-Kung method for the FFT by
deriving an upper bound on theS-span of the FFT graph. In this section all logarithms have
base 2.

LEMMA 11.5.2 TheS-span of the FFT graphF (d) on n = 2d inputs satisÞes#(S, G) %
2S log S whenS % n.

Proof #(S, G) is the maximum number of vertices ofG that can be pebbled withS red
pebbles from an initial placement of these pebbles, maximized over all such initial place-
ments. G contains many two-input FFT (butterßy) graphs, as shown in Fig. 11.8. If v1

andv2 are the output vertices in such a two-input FFT and if one of them is pebbled, we
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v1

u2

v2

p1

u1

p2

Figure 11.8 A two-input butterßy graph with pebblesp1 andp2 resident on inputs.

obtain an upper bound on the number of pebbled vertices if we assume that both of them
are pebbled. In this proof we let{ pi | 1 % i % S} denote theS pebbles available to pebble
G. We assign an integer costnum(pi ) (initialized to zero) to thei th pebblepi in order to
derive an upper bound to the total number of pebble placements made onG.

Consider a matching pair of output verticesv1 andv2 of a two-input butterßy graph
and their common predecessorsu1 andu2, as suggested in Fig.11.8. Suppose that on the
next step we can place a pebble onv1. Then pebbles (call themp1 andp2) must reside on
u1 andu2. Advancep1 andp2 to both v1 andv2. (Although the rules stipulate that an
additional pebble is needed to advance the two pebbles, violating this restriction by allowing
their movement tov1 andv2 can only increase the number of possible moves, a useful effect
since we are deriving an upper bound on the number of pebble placements.)

After advancingp1 andp2, if num(p1) = num(p2), augment both by 1; otherwise,
augment the smaller by 1. Since the predecessors of two vertices in an FFT graph are in
disjoint trees, there is no loss in assuming that allS pebbles remain on the graph in a
pebbling that maximizes the number of pebbled vertices. Because two pebble placements
are possible each timenum(pi ) increases by 1 for somei , #(S, G) % 2

!
1≤i≤S num(pi ).

We now show that the number of vertices that contained pebbles initially and are con-
nected via paths to the vertex covered bypi is at least 2num (pi). That is, 2num (pi) % S
or num(pi ) % log2 S, from which the upper bound on#(S, G) follows. Our proof is by
induction. For the base case ofnum(pi ) = 1, two pebbles must reside on the two immedi-
ate predecessors of a vertex containing the pebblepi . Assume that the hypothesis holds for
num(pi ) % e & 1. We show that it holds fornum(pi ) = e. Consider the Þrst point in
time thatnum(pi ) = e. At this timepi and a second pebblepj reside on a matching pair
of vertices,v1 andv2. Before these pebbles are advanced to these two vertices from u1 and
u2, the immediate predecessors ofv1 andv2, the smaller ofnum(pi ) andnum(pj ) has a
value ofe & 1. This must bepi because its value has increased. Thus, each ofu1 andu2

has at least 2e−1 predecessors that contained pebbles initially. Because the predecessors ofu1

andu2 are disjoint, each ofv1 andv2 has at least 2e = 2num (pi) predecessors that carried
pebbles initially.

This upper bound on theS-span is combined with Theorem11.4.1to derive a lower
bound on the I/O time at levell to pebble the FFT graph. We derive upper bounds that match
to within a multiplicative constant when the FFT graph is pebbled in the standard MHG. We
develop bounds for the red-blue pebble game and then generalize them to the MHG.
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THEOREM 11.5.4 Let the FFT graph onn = 2d inputs,F (d), be pebbled in thered-blue
pebble game with S red pebbles. WhenS ' 3 there is a pebbling ofF (d) such that the following
bounds hold simultaneously, whereT (2)

1 (p1, F (d)) andT (2)
2 (p1, F (d)) are the computation and

I/O time in a minimal pebbling ofF (d):

T (2)
1 (S, F (d)) = Θ(n log n)

T (2)
2 (S, F (d)) = Θ

$
n log n
log S

%

Proof The lower bound onT (2)
1 (S, F (d)) is obvious; every vertex inF (d) must be peb-

bled a Þrst time. The lower bound onT (2)
2 (S, F (d)) follows from Corollary11.4.1, Theo-

rem11.3.1, Lemma11.5.2, and the obvious lower bound on|V |. We now exhibit a pebbling
strategy giving upper bounds that match the lower bounds up to a multiplicative factor.

As shown in Corollary6.7.1, F (d) can be decomposed into)d/e* stages,0d/e1 stages
containing 2d−e copies ofF (e) and one stage containing 2d−k copies ofF (k ), k = d &
0d/e1e. (See Fig.11.9.) The output vertices of one stage are the input vertices to the next.
For example,F (12) can be decomposed into three stages with 212−4 = 256 copies ofF (4)

on each stage and one stage with 212 copies ofF (0), a single vertex. (See Fig.11.10.) We use
this decomposition and the observation thatF (e) can be pebbled level by level with 2e + 1
level-1 pebbles without repebbling any vertex to develop our pebbling strategy forF (d).

GivenS red pebbles, our pebbling strategy is based on this decomposition with e =
d0 = 0log2(S & 1). SinceS ' 3, d0 ' 1. Of theS red pebbles, we actually use only
S0 = 2d0 + 1. SinceS0 % S, the number of I/O operations withS0 red pebbles is no

F (d−e)
b,1 F (d−e)

b,2 ... F (d−e)
b,!

F (e)
t ,1 F (e)

t ,2 F (e)
t ,3 F (e)

t ,4 F (e)
t ,5 F (e)

t ,6 F (e)
t ,"...

Figure 11.9 Decomposition of the FFT graphF (d) into β = 2e bottom FFT graphsF (d−e)

and τ = 2d−e top F (e). Edges between bottom and top sub-FFT graphs identify common
vertices between the two.
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...

...

...

F (4)

256

Figure 11.10 The decomposition of an FFT graphF (12) into three stages each containing 256
copies ofF (4). The gray areas identify rows ofF (12) in which inputs to one copy ofF (4) are
outputs of copies ofF (4) at the preceding level.

less than withS red pebbles. Letd1 = 0d/d 01. Then,F (d) is decomposed intod1 stages
each containing 2d−d0 copies ofF (d0) and one stage containing 2d−t copies ofF (t ) where
t = d & d0d1. Sincet % d0, each vertex inF (t ) can be pebbled withS0 pebbles without
re-pebbling vertices. The same applies toF (d0).

The pebbling strategy for the red-blue pebble game is based on this decomposition.
Pebbles are advanced to outputs of each of the bottom FFT subgraphsF (t ) using 2t +1 % S0

red pebbles, after which the red pebbles are replaced with blue pebbles. The subgraphsF (d0)

in each of the succeeding stages are then pebbled in the same fashion; that is, their blue-
pebbled inputs are replaced with red pebbles and red pebblesare advanced to their outputs
after which they are replaced with blue pebbles.

This strategy pebbles each vertex once with red pebbles withthe exception of vertices
common to two FFT subgraphs which are pebbled twice. It follows thatT (L )

1 (S, F (d)) %
2d+1(d + 1) = 2n(log2 n + 1). This strategy also executes one I/O operation for each
of the 2d inputs and outputs toF (d) and two I/O operations for each of the 2d vertices
common to adjacent stages. Since there are)d/d 0* stages, there are)d/d 0* & 1 such pairs
of stages. Thus, the number of I/O operations satisÞesT (L )

2 (S, F (d)) % 2d+1)d/d 0* %
2n(log2 n/ (log2 S/ 4) + 1) = O(n log n/ log S).

The bounds for the multi-level case generalize those for thered-blue pebble game. As with
matrix multiplication, care must be taken to avoid memory fragmentation.

THEOREM 11.5.5 Let the FFT graph onn = 2d inputs,F (d), be pebbled in thestandard MHG

with resource vectorp. Letsl =
! l

j =1 pj and letk be the largest integer such thatsk % n. When
p1 ' 3, the following lower bounds hold for all pebblings ofF (d) and there exists a pebblingP for
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which the upper bounds are simultaneously satisÞed:

T (L )
l (p, F (d), P) =

+
,,-

,,.

Θ(n log n) l = 1

Θ
)

n log n
log sl! 1

*
2 % l % k

Θ(n) k + 1 % l % L

Proof Proofs of the Þrst two lower bounds follow from Lemma11.3.1and Theorem11.5.4.
The third follows from the fact that pebbles at every level must be placed on each input and
output vertex but no intermediate vertex. We now exhibit a pebbling strategy giving upper
bounds that match (up to a multiplicative factor) these lower bounds for all 1% l % L.
(See Fig.11.9.)

We deÞne a non-decreasing sequenced = (d0, d1, d2, . . . , dL −1) of integers used be-
low to describe an efÞcient multi-level pebbling strategy for F (d). Let d0 = 1 andd1 =
0log(s1 & 1)1 ' 1, wheres1 = p1 ' 3. DeÞnemr anddr for 2 % r % L & 1 by

mr =

1
0log min(sr & 1,n)1

dr −1

2

dr = mr dr −1

It follows thatsr ' 2dr + 1 whensr % n + 1 sincea0b/a1 % b. Because0log a1 '
(log a)/ 2 whena ' 1 and alsoa0b/a1 ' b/2 for integersa andb when 1% a % b (see
Problem11.1), it follows thatdr ' log(min(sr & 1,n))/ 4. The valuesdl are chosen to
avoid memory fragmentation.

Before describing our pebbling strategy, note that becausewe assume at least one pebble
is available at each level in the hierarchy, it is possible toperform an I/O operation at each
level. Also, pebbles at levels less thanl can be used as though they were at levell .

Our pebbling strategy is based on the decomposition ofF (d) into FFT subgraphsF (dk),
each of which is decomposed into FFT subgraphsF (dk! 1), and so on, until reaching FFT
subgraphsF (1) that are two-input, two-output butterßy graphs. To pebbleF (d) we apply
the strategy described in the proof of Theorem11.5.4as follows. We decomposeF (2)

into d2/d 1 stages, each containing 2d2−d1 copies ofF (1), which we pebble withs1 = p1

Þrst-level pebbles using this strategy. By the analysis in the proof of Theorem11.5.4, 2d2+1

level-2 I/O operations are performed on inputs and outputs toF (d2) as well as another 2d2+1

level-2 I/O operations on the vertices between two stages. Since there ared2/d 1 stages, a
total of(d2/d 1)2d2+1 level-2 I/O operations are performed. We then decomposeF (3) into
d3/d 2 stages each containing 2d3−d2 copies ofF (2). We pebbleF (3) with s2 pebbles at level
1 or 2 by pebbling copies ofF (2) in stages, using(d3/d 2)2d3+1 level-3 I/O operations and
using(d3/d 2)2d3−d2 times as many level-2 I/O operations as used byF (2). Letn(3)

2 be the
number of level-2 I/O operations used to pebbleF (3). Thenn(3)

2 = (d3/d 1)2d3+1.
Continuing in this fashion, we pebbleF (r ), 1 % r % k, with sr −1 pebbles at levelsl or

below by pebbling copies ofF (r −1) in stages, using(dr /d r −1)2dr+1 level-r I/O operations
and using(dr /d r −1)2dr−dr! 1 as many level-j I/O operations for 1% j % r & 1. Letn(r )

j

be the number of level-j I/O operations used to pebbleF (r ). By induction it follows that
n(r )

j = (dr /d j )2dr+1.
For r ' k, the number of pebbles available at levelr or less is at least 2d + 1, which is

enough to pebbleF (d) by levels without performing I/O operations above levelk + 1; this
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means that I/O operations at these levels are performed onlyon inputs, giving the bound
T (L )

l (p, F (d), P) = O(n), n = 2d, for k + 1 % r % L. Whenr % k, we pebbleF (d) by
decomposing it into)d/d k * stages such that each stage, except possibly the Þrst, contains
2d−dk copies of the FFT subgraphF (dk). The Þrst stage has 2d−d"

copies ofF (d" ) of depth
d∗ = d& ()d/d k *& 1)dk , which we treat as subgraphs of the subgraphF (dk) and pebble to
completion with a number of operations at each level that is at most the number to pebble
F (dk). Each instance ofF (dk) is pebbled withsk−1 pebbles at levelk & 1 or lower and
a pebble at levelk or higher is left on its output. Sincesk+1 ' n + 1, there are enough
pebbles to do this.

ThusT (L )
l (p, F (d), P) satisÞes the following bound for 1% l % L:

T (L )
l (p, F (d), P) % )d/d k *2d−dkT (L )

l (p, F (dk), P)

Combining this with the earlier result, we have the following upper bound on the number
of I/O operations for 1% l % k:

T (L )
l (p, F (d), P) % )d/d k *(dk /d l )2d+1

Since, as noted earlier,dr ' log(min(sr & 1,n))/ 4, we obtain the desired upper bound on
T (L )

l (p, F (d), P) by combining this result with the bound onn(k )
l given above.

The above results are derived for standard MHG and the familyof FFT graphs. We now
strengthen these results in two ways when the I/O-limited MHGis used. First, the I/O limita-
tion requires more time for a given amount of storage and, second, the lower bound we derive
applies to every graph for the discrete Fourier transform, not just those for the FFT.

It is important to note that the efÞcient pebbling strategy used in the standard MHG
makes extensive use of level-L pebbles on intermediate vertices of the FFT graph. When thisis
not allowed, the lower bound on the I/O time is much larger. Since the lower bounds for the
standard and I/O-limited MHG on matrix multiplication are about the same, this illustrates
that the DFT and matrix multiplication make dramatically different use secondary memory.
(In the following theorem alinear straight-line program is a straight-line program in which
the operations are additions and multiplications by constants.)

THEOREM 11.5.6 LetF F T (n) beany DAG associated with the DFT onn inputs when real-
ized by a linear straight-line program. LetF F T (n) be pebbled with strategyP in theI/O-limited

MHG with resource vectorp and letsl =
! l

j =1 pj . If S = sL −1 % n, then for each pebbling
strategyP, the computation and I/O time at levell must satisfy the following bounds:

T (L )
l (p, F F T (n), P) = Ω

$
n2

S

%
for1 % l % L

Also, whenn = 2d, there is a pebblingP of the FFT graphF (d) such that the following relations
hold simultaneously whenS ' 2 log n:

T (L )
l (p, F (d), P) =

+
-

.

O
)

n 2

S + n log S
*

l = 1

O
)

n 2

S + n log S
log sl! 1

*
2 % l % L
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Proof The lower bound follows from Theorem11.3.1and Theorem10.5.5. We show that
the upper bounds can be achieved onF (d) under the I/O limitation simultaneously for
1 % l % L.

The pebbling strategy meeting the lower bounds is based on that used in the proof of
Theorem10.5.5to pebbleF (d) usingS % 2d + 1 pebbles in the red pebble game. The
number of level-1 pebble placements used in that pebbling isgiven in the statement of
Theorem10.5.5. A level-2 I/O operation occurs once on each of the 2d outputs and 2d−e

times on each of the 2d inputs of the bottom FFT subgraphs, for a total of 2d(2d−e + 1)
times.

The pebbling for theL-level MHG is patterned after the aforementioned pebbling for
the red pebble game, which is based on the decomposition of Lemma6.7.4. (See Fig.11.9.)
Let e be the largest integer such thatS ' 2e + d & e. Pebble the binary subtrees on
2d−e inputs in the 2e bottom subgraphsF (d−e)

b,m as follows: On an input vertex level-L
pebbles are replaced by pebbles at all levels down to and including the Þrst level. Then level-
1 pebbles are advanced on the subtrees in the order that minimizes the number of level-1
pebbles in the red pebble game. It may be necessary to use pebbles at all levels to make these
advances; however, each vertex in a subtree (of which there are 2d−e+1 & 1) experiences at
most two transitions at each level in the hierarchy. In addition, each vertex in a bottom
tree is pebbled once with a level-1 pebble in a computation step. Therefore, the number of
level-l transitions on vertices in the subtrees is at most 2d+1(2d−e+1 & 1) for 2 % l % L,
since this pebbling of 2e subtrees is repeated 2d−e times.

Once the inputs to a given subgraphF (e)
t ,p have been pebbled, the subgraph itself is

pebbled in the manner indicated in Theorem11.5.5, usingO(e2e/ log sl−1) pebbles at
each levell for 2 % l % L. Since this is done for each of the 2d−e subgraphsF (e)

t ,p , it
follows that on the top FFT subgraphs a total ofO(e2d/ log sl−1) level-l transitions occur,
2 % l % L. In addition, each vertex in a graphF (e)

t ,p is pebbled once with a level-1 pebble
in a computation step.

It follows that at most

T (L )
l (p, F (d), P) = O

$
2d(2d−e+1 & 1) +

e2d

log sl−1

%

level-l I/O operations occur for 2% l % L, as well as

T (L )
1 (p, F (d), P) = O(2d(2d−e+1 & 1) + e2d)

computation steps. It is left to the reader to verify that 2e < 2e+d& e % S < 2e+1+d& e&
1 % 42e whene+ 1 ' log d (this is implied byS ' 2d), from which the result follows.

11.5.4 Convolution
The convolution functionf (n ,m )

conv : Rn+m -. Rn+m−1 over a commutative ringR (see
Section6.7.4) maps ann-tuplea and anm-tupleb onto an(n + m & 1)-tuplec and is
denotedc = a 2 b. An efÞcient straight-line program for the convolution is described in
Section6.7.4 that uses the convolution theorem (Theorem6.7.2) and the FFT algorithm.
The convolution theorem in terms of the 2n-point DFT and its inverse is

a 2 b = F −1
2n (F2n (a) " F2n (b))
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Obviously, whenn = 2d the 2n-point DFT can be realized by the 2n-point FFT. The DAG
associated with this algorithm, shown in Fig.11.11for d = 4, contains three copies of the
FFT graphF (2d).

We derive bounds on the computation and I/O time in the standard and I/O-limited
memory-hierarchy game needed for the convolution functionusing this straight-line program.
For the standard MHG, we invoke the lower bounds and an efÞcient algorithm for the FFT.
For the I/O-limited MHG, we derive new lower bounds based on those for two back-to-back
FFT graphs as well as upper bounds based on the I/O-limited pebbling algorithm given in
Theorem11.5.4for FFT graphs.

THEOREM 11.5.7 LetG(n )
convolve be the graph of a straight-line program for the convolution of

twon-tuples using the convolution theorem,n = 2d. LetG(n )
convolve be pebbled in the standard

MHG with the resource vectorp. Letsl =
! l

j =1 pj and letk be the largest integer such that

sk % n. Whenp1 ' 3 there is a pebbling ofG(n )
convolve for which the following bounds hold

simultaneously:

T (L )
l (p, F (d)) =

+
,,-

,,.

Θ(n log n) l = 1

Θ
)

n log n
log sl! 1

*
2 % l % k + 1

Θ(n) k + 2 % l % L

Proof The lower bound follows from Lemma11.3.2and Theorem11.5.5. From the for-
mer, it is sufÞcient to derive lower bounds for a subgraph of agraph. SinceF (d) is contained
in G(n )

convolve, the lower bound follows.

Figure 11.11 A DAG for the graph of the convolution theorem onn = 8 inputs.
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The upper bound follows from Theorem11.5.5. We advance level-L pebbles to the
outputs of each of the two bottom FFT graphsF (2d) in Fig.11.11and then pebble the top
FFT graph. The number of I/O and computation steps used is triple that used to pebble
one such FFT graph. In addition, we performO(n) I/O and computation steps to combine
inputs to the top FFT graph.

The bounds for the I/O-limited version of the MHG for the convolution problem are
considerably larger than those for the standard MHG. They have a much stronger dependence
on S andn than do those for the FFT graph.

THEOREM 11.5.8 LetH (n )
convolve be the graph of any DAG for the convolution of twon-tuples

using the convolution theorem,n = 2d. Let H (n )
convolve be pebbled in the I/O-limited MHG

with the resource vectorp and letsl =
! l

j =1 pj . If S = sL −1 % n, then the time to pebble

H (n )
convolve at thel th level,T (L )

l (p, H (n )
convolve), satisÞes the following lower bounds simultaneously

for1 % l % L:

T (L )
l (p, H (n )

convolve) = Ω

$
n3

S2

%

whenS % n/ log n.

Proof A lower bound is derived for this problem by considering a generalization of the
graph shown in Fig.11.11in which the three copies of the FFT graphF (2d) are replaced by
an arbitrary DAG for the DFT. This could in principle yield ina smaller lower bound on the
time to pebble the graph. We then invoke Lemma11.3.2to show that a lower bound can
be derived from a reduction of this new graph, namely, that consisting of two back-to-back
DFT graphs obtained by deleting one of the bottom FFT graphs.We then derive a lower
bound on the time to pebble this graph with the red pebble gameand use it together with
Theorem11.3.1to derive the lower bounds mentioned above.

Consider pebbling two back-to-back DAGs for the DFT onn inputs,n even, in the red
pebble game. From Lemma10.5.4, then-point DFT function is(2,n, n, n/ 2)-indepen-
dent. From the deÞnition of the independence property (see DeÞnition10.4.2), we know
that during a time interval in which 2(S + 1) of then outputs of the second DFT DAG
on n-inputs are pebbled, at leastn/ 2 & 2(S + 1) of its inputs are pebbled. In a back-to-
back DFT graph these inputs are also outputs of the Þrst DFT graph. It follows that for
each group of 2(S + 1) of thesen/ 2 & 2(S + 1) outputs of the Þrst DFT DAG, at least
n/ 2 & 2(S + 1) of its inputs are pebbled. Thus, to pebble a group of 2(S + 1) outputs
of the second FFT DAG (of which there are at least0n/ (2(S + 1))1 groups), at least
0(n/ 2& 2(S + 1))/ 2(S + 1)1(n/ 2& 2(S + 1)) inputs of the Þrst DFT must be pebbled.
Thus,T (L )

l (p, H (n )
convolve) ' n3/ (64(S + 1)2), since it holds both whenS % n/ 4

#
2 and

whenS > n/ 4
#

2.
LetÕs now consider a pebbling strategy that achieves this lower bound up to a multiplica-

tive constant. The pebbling strategy of Theorem11.5.5can be used for this problem. It
represents the FFT graphF (d) as a set of FFT graphsF (e) on top and a set of FFT graphs
F (d−e) on the bottom. Outputs of one copy ofF (e) are pebbled from left to right. This
requires pebbling inputs ofF (d) from left to right once. To pebble all outputs ofF (d), 2d−e

copies ofF (e) are pebbled and the 2d inputs toF (d) are pebbled 2d−e times.



c! John E Savage 11.6 Block I/O in the MHG 555

Figure 11.12 An I/O-limited pebbling of a DAG for the convolution theoremshowing the
placement of eight pebbles.

Consider the graphG(n/ 2)
convolve consisting of three copies ofF (d), two on the bottom and

one on top, as shown in Fig.11.12. Using the above strategy, we pebble the outputs of the
two bottom copies ofF (d) from left to right in parallel a total of 2d−e times. The outputs
of these two graphs are pebbled in synchrony with the pebbling of the top copy ofF (d). It
follows that the number of I/O and computation steps used on the bottom copies ofF (d)

in G(n/ 2)
convolve is 2(2d−e) times the number on one copy, with twice as many pebbles at each

level plus the number of such steps on the top copy ofF (d). It follows thatG(n/ 2)
convolve can

be pebbled with three times the number of pebbles at each level as canF (d), with O(2d−e)
times as many steps at each level. The conclusion of the theorem follows from manipulation
of terms.

The bounds given above also apply to some permutation and merging networks. Since,
as shown in Section6.8, the graph of BatcherÕs bitonic merging network is an FFT graph,
the bounds on I/O and computation time given earlier for the FFT also apply to it. Also, as
shown in Section7.8.2, since a permutation network can be constructed of two FFT graphs
connected back-to-back, the lower bounds for convolution apply to this graph. (See the proofs
of Theorems11.5.7and11.5.8.) The same order-of-magnitude upper bounds follow from
constructions that differ only in details from those given in these theorems.

11.6 Block I/O in the MHG
Many memory units move data in large blocks, not in individual words, as generally assumed
in the above sections. (Note, however, that one pebble can carry a block of data.) Data is
moved in blocks because the time to fetch one word and a block of words is typically about the
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Controller

Disk

In Out

Sector of a
CylinderDisk Rotation

Head Movement

Figure 11.13 A disk unit with three platters and two heads per disk. Each track is divided into
four sectors and heads move in and out on a common arm. The memory of the disk controller
holds the contents of one track on one disk.

same. Figure11.13suggests why this is so. A disk spinning at 3,600 rpm that has 40 sectors
per track and 512 bits per sector (its block size) requires about 10 msec to Þnd data in the track
under the head. However, the time to read one sector of 64 bytes (512 bits) is just .42 msec.

To model this phenomenon, we assume that the time to accessk disk sectors with con-
secutive addresses is" + k! , where" is a large constant and! is a small one. (This topic is
also discussed in Section7.3.) Given the ratio of" to ! , it makes sense to move data to and
from a disk in blocks of size about equal to the number of byteson a track. Some operating
systems move data in track-sized blocks, whereas others move them in smaller units, relying
upon the fact that a disk controller typically keeps the contents of its current track in a fast
random-access memory so that successive sector accesses can be done quickly.

The gross characteristics of disks described by the above assumption hold for other storage
devices as well, although the relative values of the constants differ. For example, in the case of a
tape unit, advancing the tape head to the Þrst word in a consecutive sequence of words usually
takes a long time, but successive words can be read relatively quickly.

The situation withinterleaved random-access memory is similar, although the physi-
cal arrangement of memory is radically different. As depicted in Fig.11.14, an interleaved
random-access memory is a collection of 2r memory modules,r ' 1, each containing 2k

b-bit words. Such a memory can simulate a single 2r +k -wordb-bit random-access memory.
Words with addresses 0, 2r , 2 2r , 3 2r , . . . , 2k−12r are stored in the Þrst module, words with
addresses 1, 2r + 1, 2 2r + 1, 3 2r + 1,. . . , 2k−12r + 1 in the second module, and words with
addresses 2r & 1, 2 2r & 1, 3 2r & 1, 4 2r & 1,. . . , 2r +k & 1 in the last module.

To access a word in this memory, the high orderk bits are provided to each module. If
a set of words is to be read, the words with these common high-order bits are copied to the
registers. If a set of words is to be written, new values are copied from the registers to them.

When an interleaved memory is used to simulate a much faster random-access memory,
a CPU writes to or reads from the 2r registers serially, whereas data is transferred in parallel
between the registers and the modules. The use of two sets of registers (double buffering)
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Figure 11.14 Eight interleaved memory modules with double buffering. Addresses are supplied
in parallel while data is pipelined into and out of the memory.

allows the register sets to be alternated so that data can be moved continuously between the
CPU and the modules. This allows the interleaved memory to beabout 2r times slower than
the CPU and yet, with a small set of fast registers, appear to be as fast as the CPU. This works
only if the program accessing memory does not branch to a new set of words. If it does, the
startup time to access a new word is about 2r times the CPU speed. Thus, an interleaved
random-access memory also requires time of the form" + k! to accessk words. For example,
for a moderately fast random-access chip technology" might be 80 nanoseconds whereas!
might be 10 nanoseconds, a ratio of 8 to 1.

This discussion justiÞes assuming that the time to movek words with consecutive addresses
to and from thelth unit in the memory hierarchy is" l + k! l for positive constants" l and
! l , where" l is typically much larger than! l . If k = bl = ) " l /! l *, then" l + k! l $ 2" l

and the time to retrieve one item andbl items is about the same. Thus, efÞciency dictates that
items should be fetched in blocks, especially if all or most of the items in a block can be used if
one of them is used. This justiÞes the block-I/O model described below. Here we lett l be the
time to move a block at levell . We add the requirement that data stored together be retrieved
together to reßect physical constraints existing in practice.

DEFINITION 11.6.1 (Block-I/O Model) At thel th level in a memory hierarchy, I/O operations
are performed on blocks. The block size and the time in seconds to access a block at thel th level are
bl andtl , respectively. For eachl, bl /b l−1 is an integer. In addition, any data written as part of a
block at levell must be read into levell & 1 by reading the entire block in which it was stored.

The lower bounds on the number of I/O steps given in Section11.5can be generalized to
the block-I/O case by dividing the number of I/O operations by the sizebl of blocks moving
between levelsl & 1 andl. This lower bound can be achieved for matrix-vector and matrix-
matrix multiplication because data is always written to andread from the higher-level memory
in the same way for these problems. (See Problems11.13and11.14.)
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For the FFT graph in the standard MHG, instead of pebbling FFTsubgraphs on 2dr

inputs, we pebblebl FFT subgraphs on 2dr /b l inputs (assuming thatbl is a power of 2).
Doing so allows all the data moving back and forth in blocks between memories to be used
and accommodates the transposition mentioned at the beginning of Section11.5.3. This
provides an upper bound ofO(n log n/ (bl−1 log(sl−1/b l−1))) on the I/O time at levell .
Clearly, whenbl−1 is much smaller thansl−1, saybl−1 = O(

#
sl−1), the upper and lower

bounds match to within a multiplicative factor. (This follows because we dividen bybl−1 and
log bl−1 = O(log sl−1).) These observations apply to the FFT-based problems as well.

11.7 Simulating a Fast Memory in the MHG
In this section we revisit the discussion of Section11.1.2, taking into account that a memory
hierarchy may have many levels and that data is moved in blocks.

We ask the question, ÒHow do we assess the effectiveness of a memory hierarchy on a
particular problem?Ó For several problems we have upper andlower bounds on their number of
computation and I/O steps in memory hierarchies parameterized by block sizes and numbers of
storage locations. If we add to this mix the time to move a block between levels, we can derive
bounds on the time for all computation and I/O steps. We then ask under what conditions
this time is the best possible. Since data must typically be stored and retrieved from archival
memory, we cannot expect the performance to exceed that of a two-level hierarchy (modeled
by the red-blue pebble game) in which all the available storage locations, except for those in
the archival memory, are in Þrst-level storage. For this reason we use the two-level memory
as our reference model. We now deÞne these terms and state a condition for optimality of a
pebbling strategy.

For 1% l % L & 1 we lett l be the time to move one block ofbl words between levelsl & 1
andl of a memory hierarchy, measured as a multiple of the time to perform one computation
step. Thus, the time for one computation step ist1 = 1.

Let P be a pebbling strategy for a graphG in the L-level MHG that uses the resource
vectorp = (p1, p2, . . . , pL −1) (pl pebbles are used at thel th level) and moves data in blocks
of size speciÞed byb = (b2, b3, . . . , bL ) (bl words are moved between levels(l & 1) andl). Let
T (L )

l (p,b, G) denote the number of level-l I/O operations withP on G. We deÞne thetime
for the pebbling strategy P , T(P, G) on the graphG as

T(P, G) =
L"

l=1

t l áT (L )
l (p,b, G)

Thus,T(P, G) measures the absolute time expended to pebble a graph relative to the time
to perform one computation step under the assumption that I/O operations cannot be over-
lapped.

From the above discussion, a pebbling is efÞcient ifT(P, G) is at most some small multiple
of T (2)

1 (sL −1, G), the normalized time to pebbleG in the red-blue pebble game when all the
pebbles at levelL & 1 or less in the MHG (there aresL −1 such pebbles) are used as if they
were red pebbles.

A two-level computation exhibitslocality of reference if it is likely in the near future
to refer to words currently in its primary memory. Such computations perform fewer I/O
operations than those that donÕt meet this condition. This idea extends to multiple levels: a
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multi-level memory hierarchy exhibits locality of reference if it uses its higher-level memory
units much less often that its lower-level units. Formally,we say that a pebbling strategyP is
c-local if T(P, G) satisÞes the following inequality:

L"

l=1

t l áT (L )
l (p,b, G, P) % c T(2)

1 (sL −1, G)

The deÞnition of ac-local pebbling strategy is illustrated by the results for matrix multipli-
cation in the standard MHG when block I/O is not used. Letk be the largest integer such that
sk % 3n2. From Theorem11.5.3for matrix-matrix multiplication, we see that there existsan
optimal pebbling if

k"

l=2

t l

bl
#

sl−1
+

L"

l=k+1

t l

nbl
% c∗ (11.1)

for somec∗ > 0 sinceT (2)
1 (S, G) = Θ(n3).

We noted in Section11.1.2that the imbalance between the computation and I/O times
for matrix multiplication is becoming ever more serious with the advance of technology. We
re-examine this issue in light of the above condition. Consider the case in whichk + 1 = L;
that is, the highest-level memory is used to store the arguments and results of a computation.
In this case the second term on the left-hand side of (11.1) is a relative measure of the time
to bring data into lower-level memories from the highest-level memory. It is negligible when
nbL is large. For example, iftL = 2,000,000 andbL = 10,000, say, thenn must be at least
200, a modest-sized matrix. The Þrst term on the left-hand side reßects the number of times
data moves between the levels of the hierarchy holding the data. It is small whenbl

#
sl−1

is large by comparison witht l for 2 % l % k, a condition that is not hard to meet. For
example, ifsl−1 = 32 " 106 (about 4 Mbytes) andbl = 1,000, thentl must be less than
about 45, a condition that certainly applies to low level memories such as todayÕs random-
access memories. Problems11.15and11.16provide opportunities to explore this issue with
the FFT and convolution.

11.8 RAM-Based I/O Models
The MHG assumes that computations are done by pebbling the vertices of a directed acyclic
graph. That is, it assumes that computations are straight-line. While the best known algo-
rithms for the problems studied earlier in this chapter are straight-line, some problems are not
efÞciently done in a straight-line fashion. For example, binary search in a tree that holds a set
of keys in sorted order (see Section11.9.1) is much better suited to data-dependent compu-
tation of the kind allowed by an unrestricted RAM. Similarly, the merging of two sorted lists
can be done more efÞciently on a RAM than with a straight-lineprogram. For this reason
we consider RAM-based I/O models, speciÞcally the block-transfer model and the hierarchical
memory model.

11.8.1 The Block-Transfer Model
The block-transfer model is a two-level I/O model that generalizes the red-blue pebble game
to RAM-based computations by allowing programs that are notstraight-line.
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DEFINITION 11.8.1 Theblock-transfer model (BTM) is a serial computer in which a CPU is
attached to anM -word primary memory and to a secondary memory of unlimited size that stores
words in blocks of sizeB . Words are moved in blocks between the memories and words that leave
primary memory in one block must return in that block. AnI/O operation is the movement of a
block to or from secondary memory. TheI/O time with the BTM is the number of I/O operations.

The secondary memory in the BTM can be a main memory if the primary memory is a
cache, or can be a disk if the primary memory is a random-access memory. In fact, it can model
I/O operations between any two devices. Since a block can be viewed as the contents of one
track of a disk, the time to retrieve any word on the track is comparable to the time to retrieve
the entire track. (See Section11.6.) Since data is moved in blocks in the BTM, it makes sense
to deÞne simple I/O operations.

DEFINITION 11.8.2 An I/O operation in the BTM issimple if, after a block or word is copied
from one memory to the other, the copy in the Þrst memory is deleted.

Simple I/O operations for the pebble game are deÞned in Problem11.10. In this problem
the reader is asked to show that replacing all I/O operationswith simple I/O operations has
the effect of at most doubling the number of I/O operations. The proof of this fact applies
equally well to the BTM.

We illustrate the use of the block-transfer model by examining the sorting problem. We
derive a lower bound on the I/O time for all sorting algorithms and exhibit a sorting algorithm
that meets the lower bound, up to a constant multiplicative factor. To derive the lower bound,
we limit the range of sorting algorithms to those based on thecomparison of keys, as stated
below. (Sorting algorithms that are not comparison-based,such as the various forms ofradix
sort, assume that keys consist of individual digits and that digits are used to classify keys.)

ASSUMPTION 11.8.1 All words to be sorted are located initially in the secondarymemory. The
compare-exchange operation is the only operation available to implement sorting algorithms on
the BTM. In addition, an arbitrary permutation of the contents of the primary memory of the BTM
can be done during the time required for one I/O operation.

The assumption that the CPU can perform an arbitrary permutation on the contents of the
primary memory during one I/O operation acknowledges that I/O operations take a very long
time relative to CPU instructions.

Algorithms consistent with these assumptions are described by the multiway decision trees
discussed below. They are a generalization of thebinary decision tree, a binary tree in which
each vertex has associated with it a comparison between two variables. For example, if keysx1

andx2 are compared at the root vertex, the comparison has two outcomes, namelyx1 < x 2 or
x1 ' x2, which are associated with the subtrees to the left and rightof the root, respectively.
Similar comparisons and outcomes are possible at each vertex of these two subtrees. A sequence
of comparisons terminates on a leaf node.

Since a binary decision tree captures each of the data-dependent comparisons between keys
in comparison-based sorting algorithm, each leaf is associated with the permutation of the
original sequence of variables that puts the sequence into sorted order. Thus, a binary decision
tree for sorting must have at leastn! distinct leaves, one for every permutation ofn items. The
length of a path through a binary decision tree is the number of comparisons performed on the
particular input, and the length of the longest path is a measure of the worst-case number of
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comparisons. A binary tree withN leaves has a longest path of length at leastlog2 N because
if it were smaller, it would have fewer than 2log2 N < N leaves. Since the length of the longest
path is an integer, it must be at least) log2 N *. We summarize this result as a lemma that uses
the lower bound onn! given in Problem2.23.

LEMMA 11.8.1 The length of the longest path in a binary decision tree that sortsn inputs is at
least) log2 n!* = Θ(n log n).

Themultiway decision tree in Fig.11.15extends the above concept by permitting multi-
ple comparisons at each vertex. 2k outcomes are possible ifk comparisons of variable pairs are
associated with each vertex.

THEOREM 11.8.1 LetB divideM andM dividen. Under Assumption11.8.1on the BTM,
in the worst case the number of block I/O steps to sort a set ofn records usingM words of primary
memory and block sizeB , TBTMsort(n), satisÞes the following bounds forB % M/ 2 andM
large:

TBTMsort(n) = Θ

$
max

3
n
B

,
(n/B ) log(n/B )

log(M/B )

4%

Proof LetÕs now apply the multiway decision tree to the BTM. Since each path in such a tree
corresponds to a sequence of comparisons by the CPU, the treemust have at leastn! leaves.
To complete the lower-bound derivation we need to determinethe number of descendants
of vertices in the multiway tree.

Initially then unsorted words are stored inn/B blocks in the secondary memory. The
Þrst time one of these blocks is moved to the primary memory, up to B ! permutations
can be performed on the words in it. No more permutations are possible between these
words no matter how many times they are simultaneously in primary memory, even if they
return to the memory as members of different blocks. When a block ofB words arrives in
theM -word memory, the number of possible permutations between them (given that the
order among theM & B words originally in the memory has previously been taken into

2 > 32 % 3 2 > 32 % 3
3 > 5 3 % 5 3 > 5

x3 : x5

3 % 5

x2 : x3

x3 : x4

x2 : x4

x2 : x4

x2 : x5

x1 : x3

x3 : x4

x1 : x3

x1 : x5

Figure 11.15 A multiway decision tree in which multiple comparisons of keys are made at each
vertex.



562 Chapter 11 Memory-Hierarchy Tradeoffs Models of Computation

account, as has the order among theB words in a block) is at most# =
&M

B

'
, the binomial

coefÞcient. (To see this, observe that places for theB new (and indistinguishable) words in
the primary memory can be anyB of theM indistinguishable places.) It follows that the
multi-comparison decision tree for every BTM comparison-based sorting algorithm on the
BTM has at mostn/B vertices with at most#B ! possible outcomes (vertices corresponding
to the Þrst arrival of one of the blocks in primary memory) andthat each of the other vertices
has at most# outcomes.

It follows that if a sorting algorithm executesTBTMsort(n) block I/O steps, the function
TBTMsort(n) must satisfy the following inequality:

(B !)n/B
$

M
B

%TBTMsort(n )

' n!

Using the approximation ton! given in Lemma11.8.1, the upper bound of(M/B )B eB on&M
B

'
derived in Lemma10.12.1, and the fact thatT ' n/B , we have the desired conclusion.

An upper bound is obtained by extending the standard mergingalgorithm to blocks of
keys. The merging algorithm is divided into phases, an initialization phase and merging
phases, each of which takes(2n/B ) I/O operations. In the initialization phase, a set of
n/M sorted sublists ofM keys orM/B blocks is formed by bringing groups ofM keys into
primary memory, sorting, and then writing them out to secondary memory. In a merging
phase,M/B sorted sublists ofL blocks (L = M/B in the Þrst merging phase) are merged
into one sorted sublist ofML/B blocks, as suggested in Fig.11.16. The Þrst block of keys
(those with the smallest values) in each sublist is brought into memory and theB smallest
keys in this set is written out to the new sorted sublist that is being constructed. If any
block from an input sublist is depleted, the next block from that list is brought in. There
is always sufÞcient space in primary memory to do this. Thus,afterk phases the sorted
sublists contain(M/B )k blocks. When(M/B )k ' n/B , the merging is done. Thus,
(2n/B )) log2(n/B )/ log2(M/B )* I/O operations are performed by this algorithm.

...
Memory

B

M/B

LLPrimary L

Secondary Memory

Secondary Memory...
Figure 11.16 The state of the block merging algorithm after merging four blocks. The algo-
rithm mergesM/B sublists, each containingL blocks ofB keys.
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Similar results can be obtained for the permutation networks deÞned in Section7.8.2(see
Problem11.18), the FFT deÞned in Section6.7.3(see Problem11.19), and matrix transposi-
tion deÞned in Section6.5.4(see [9]).

11.9 The Hierarchical Memory Model
In this section we deÞne the hierarchical memory model and derive bounds on the time to do
matrix multiplication, the FFT and binary search in this model. These results provide another
opportunity to evaluate the performance of memory hierarchies, this time with a single cost
function applied to memory accesses at all levels of a hierarchy. We make use of lower bounds
derived earlier in this chapter.

DEFINITION 11.9.1 Thehierarchical memory model (HMM) is a serial computer in which a
CPU without registers is attached to a random-access memoryof unlimited size for which the time
to access locationa for reading or writing is the value of a monotone nondecreasingcost function
&(a) : -. from the integers = { 0, 1, 2, 3,. . .} to . Thecost of computing
f (n ) : A n -. A m with the HMM using the cost function&(a), K#(f ), is deÞned as

K#(f ) = max
x

T (x)"

j =1

&(aj ) (11.2)

whereaj , 1 % j % T(x), is the address accessed by the CPU on thej th computational step and
T(x) is the number of steps when the input isx.

The HMM with cost function&(a) = 1 is the standard random-access machine described
in Section3.4. While in principle the HMM can model many of the details of the MHG, it
is more difÞcult to make explicit the dependence of&(a) on the amount of memory at each
level in the hierarchy as well as the time for a memory access in seconds at that level. Even
though the HMM can model programs with branching and looping, following [7] we assume
straight-line programs when studying the FFT and matrix-matrix multiplication problems with
this model.

Let n(f ,x, a) be the number of times that addressa is accessed in the HMM forf on
input x. It follows that the costK#(f ) can be expressed as follows:

K#(f ) = max
x

"

1≤a

n(f ,x, a)&(a) (11.3)

Many cost functions have been studied in the HMM, including&(a) = ) log2 a*, &(a) =
a$ , and&(a) = Um (a), whereUm (a) is the following threshold function with thresholdm:

Um (a) =

(
1 a ' m

0 otherwise

It follows that

KUm(f ) = max
x

"

m≤a

n(f ,x, a)
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For the matrix-matrix multiplication and FFT problems, thecostKUm(f ) of computingf is
directly related to the number of I/O operations with the red-blue pebble game played with
S = m red pebbles discussed in Sections11.5.2and11.5.3. For this reason we call this cost
I/O complexity. The principal difference is that in the HMM no cost is assessed for data
stored in the Þrstm memory locations.

Let the differential cost function∆&(a) be deÞned as

∆&(a) = &(a) & &(a & 1)

As a consequence, we can write&(a) as follows if we set&(&1) = 0:

&(a) =
"

0≤b≤a

∆&(b) (11.4)

Since&(a) is a monotone nondecreasing function,∆&(m) is nonnegative.
Rewriting (11.3) using (11.4), we have

K#(f ) = max
x

"

1≤a

n(f ,x, a)
"

0≤b≤a

∆&(b)

=

5

max
x

∞"

c=0

∆&(c)
∞"

d=c

n(f ,x, d)

6

=
∞"

c=0

∆&(c)

5

max
x

∞"

d=c

n(f ,x, d)

6

(11.5)

=
∞"

c=0

∆&(c)KUc(f )

11.9.1 Lower Bounds for the HMM
Before deriving bounds on the cost to do a variety of tasks in the HMM, we introduce the
binary search problem.

A binary tree is a tree in which each vertex has either one or two descendants except leaf
vertices, which have none. (See Fig.11.17.) Also, every vertex except the root vertex has one

7 113

6 13

9

20158

17

51

Figure 11.17 A binary search tree.
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parent vertex. The length of a path in a tree is the number of edges on that path. The
left (right) subtree of a vertex is the subtree that is detached by removing the left (right)
descending edge. Abinary search tree is a binary tree that has one key at each vertex. (This
deÞnition assumes that all the keys in the tree are distinct.) The value of this one key is larger
than that of all keys in the left subtree, if any, and smaller than all keys in the right subtree, if
any. Abalanced binary search tree is a binary search tree in which all paths have lengthk or
k + 1 for some integerk.

LEMMA 11.9.1 The length of the longest path in a binary tree withn vertices is at least) log2(n+
1)/ 2*.

Proof A longest path in a binary tree withn vertices is smallest when all levels in the tree
are full except possibly for the bottom level. If such a tree has a longest path of lengthl , it
has between 2l and 2l+1 & 1 vertices. It follows that the longest path in a binary search tree
containingn keys is at least) log2(n + 1)/ 2*.

Thebinary search procedure searches a binary search tree for a key valuev. It compares
v against the root value, stopping if they are equal. If they are not equal andv is less than the
key at the root, the search resumes at the root vertex of the left subtree. Otherwise, it resumes
at the root of the right subtree. The procedure also stops when a leaf vertex is reached.

We can now state bounds on the cost on the HMM for the logarithmic cost function
&(a) = ) log2 a*. This function applies when the memory hierarchy is organized as a binary
tree in which the low-indexed memory locations are located closest to the roots and the time
to retrieve an item is proportional to the number of edges between it and the root. We use it
to illustrate the techniques developed in the previous section.

Theorem11.9.1states lower performance bounds for straight-line algorithms. Thus, the
computation time is independent of the particular argumentof the functionf provided as
input. Matching upper bounds are derived in the following section. (The logarithmic cost
function is polynomially bounded.)

THEOREM 11.9.1 The cost function&(a) = ) log2 a* on the HMM for then " n matrix
multiplication functionf (n )

A×B realized by the classical algorithm, then-point FFT associated with

the graphF (d), n = 2d, comparison-based sorting onn keysf (n )
sort, and binary search onn keys,

f (n )
BS , satisÞes the following lower bounds:

Matrix multiplication: K#(f (n )
A×B ) = Ω(n3)

Fast Fourier transform: K#(F (d)) = Ω(n log n log log n)

Comparison-based sorting: K#(f (n )
sort) = Ω(n log n log log n)

Binary search: K#(f (n )
BS ) = Ω(log2 n)

Proof The lower bounds for the logarithmic cost function&(a) = ) log2 a* use the fact
that∆&(a) = 1 whena = 2k for some integerk but is otherwise 0. It follows from (11.5)



566 Chapter 11 Memory-Hierarchy Tradeoffs Models of Computation

that

K#(f ) =
t"

k=1

KU2k (f ) (11.6)

for the task characterized byf , wheret satisÞes 2t % N andN is the space used by task.
N = 2n2 for n " n matrix multiplication,N = n for the FFT graphF (d), andN = n for
binary search.

In Theorem11.5.3it was shown that the number of I/O operations to performn " n
matrix multiplication with the classical algorithm isΩ(n3/

#
m). The model of this theorem

assumes that none of the inputs are in the primary memory, theequivalent of the Þrstm
memory locations in the HMM.

Since no charge is assessed by theUm (a) cost function for data in the Þrstm memory
locations, a lower bound on cost with this measure can be obtained from the lower bound
obtained with the red-blue pebble game by subtractingm to take into account the Þrstm
I/O operations that need not be performed.

Thus for matrix multiplication,KUm(f (n )
A×B ) = Ω

&
(n3/

#
m) & m

'
. Since

&
n3/

#
m

'
& m ' (

#
8 & 1)n3/

#
8m

whenm % n2/ 2, it follows from (11.6) thatK#(f (n )
A×B ) = Ω(n3) because

! t
k=0 n3/ 2k =

Ω(n3).
For the same reason,KUm(F (d)) = Ω ((n log n)/ log m & m) (see Theorem11.5.5)

and(n log n/ log m) & m ' n log n/ (2 log m) for m % n/ 2. It follows thatK#(F (d))
satisÞes

K#(F (d)) = Ω

7
"

k

n log n
log(2k )

8

= Ω

7
log n"

k=1

n log n
k

8

= Ω (n log n log log n)

The last equation follows from the observation that
! p

k=1 1/k is closely approximated by9p
1

1
x dx, which isln p. (See Problem11.2.)
The lower bound for comparison-based sorting uses theΩ(n log n/ log m) sorting lower

bound for the BTM with a block sizeB = 1. Since the BTM assumes that no data are res-
ident in the primary memory before a computation begins, thelower bound for the HMM
cost under theUm cost function isΩ ((n log n/ log m) & m). Thus, the FFT lower bound
applies in this case as well.

Finally, we show that the lower bound for binary search isKUm(f (n )
BS ) = Ω(log n &

log m). Each path in the balanced binary search tree has lengthd = ) log(n + 1)/ 2* or
d & 1. Choose a query path that visits the minimum number of variables located in the Þrst
m memory locations. To make this minimum number as large as possible, place the items
in the Þrstm memory locations as close to the root as possible. They will form a balanced
binary subtree of path lengthl = ) log2(m + 1)/ 2* or l & 1. Thus no full path will have
more thanl edges andl & 1 variables from the Þrstm memory locations. It follows that
there is a path containing at leastd& 1& (l & 1) = d & l = ) log(n + 1)* & ) log(m + 1)*
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variables that are not in the Þrstm memory locations. At least one I/O operation is needed
per variable to operate on them. It thus follows that

K#(f (n )
BS ) =

log n"

d=0

Ω(log n & log(2d))

=
log n"

d=0

Ω(log n & d)

= Ω(log2 n)

The last inequality is a consequence of the fact thatlog n & d is greater than(log n)/ 2 for
d % (log n)/ 2.

Lower bounds on the I/O complexity for these problems can be derived for a large variety
of cost functions. The reader is asked in Problem11.20to derive such bounds for the cost
function&(a) = a$ .

11.9.2 Upper Bounds for the HMM
A natural question in this context is whether these lower bounds can be achieved. We al-
ready know from Theorems11.5.3and11.5.5that for each allocation of memory to each
memory-hierarchy level, it is possible to match upper and lower bounds on the number of I/O
operations and computation time. As a consequence, for eachof these problems near-optimal
solutions exist for any cost function on memory accesses forthese problems.

11.10 Competitive Memory Management
The results stated above for the hierarchical memory model assume that the user has explicit
control over the location of data, an assumption that does not apply if storage is allocated by an
operating system. In this section we examinememory management by an operating system
for the HMM model, that is, algorithms that respond to memoryrequests from programs to
move stored items (instructions and data) up and down the memory hierarchy. We examine
ofßine and online memory management algorithms. Anoffline algorithm is one that has
complete knowledge of the future.Online algorithms cannot predict the future and must act
only on the data received up to the present time.

We usecompetitive analysis, a type of analysis not appearing elsewhere in this book, to
show that the two widely used online page-replacement algorithms, least recently used (LRU)
and Þrst-in, Þrst-out (FIFO), use about twice as many I/O operations as does MIN, the opti-
mal ofßine page-replacement algorithm, when these two algorithms are allowed to use about
twice as much memory as MIN. Competitive analysis bounds theperformance of an online
algorithm in terms of that of the optimum ofßine algorithm for the problem without knowing
the performance of the optimum algorithm.

Virtual memory-management systems allow the programmer to program for one large
virtual random-access memory, such as that assumed by the HMM, although in reality the
memory contains multiple physical memory units one of whichis a fast random-access unit
accessed by the CPU. In such systems the hardware and operating system cooperate to move
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data from secondary storage units to the primary storage unit in pages (a collection of items).
Each reference to a virtual memory location is checked to determine whether or not the refer-
enced item is in primary memory. If so, the virtual address isconverted to a physical one and
the item fetched by the CPU. If not (if apage fault occurs), the page containing the virtual
address is moved into primary memory and the tables used to translate virtual addresses are
updated. The item at the virtual address is then fetched. To make room for the newly fetched
page, one page in the fast memory is moved up the memory hierarchy.

A page-replacement algorithm is an algorithm that decides which page to remove from a
full primary memory to make space for a new page. We describe and analyze page-replacement
algorithms for two-level memory hierarchies both because they are important in their own right
and because they are used as building blocks for multi-levelpage-replacement algorithms. A
two-level hierarchy has primary and secondary memories. Let the primary memory containn
pages and let the secondary memory be of unlimited size.

TheFIFO (Þrst-in, Þrst-out) page-replacement algorithm is widelyused because it is sim-
ple to implement. Under this replacement policy, the page replaced is the Þrst page to have
arrived in primary memory. TheLRU (least recently used) replacement algorithm requires
keeping for each page the time it was last accessed and then choosing for replacement the page
with the earliest time, an operation that is more expensive to implement than the FIFO shift
register.

Under theoptimal two-level page-replacement algorithm, calledMIN, primary memory
is initialized with the Þrstn pages to be accessed.MIN replaces the pagepi in primary memory
whose timeti of next access is largest. If some other page,pj , were replaced instead ofpi , pj

would have to return to the primary memory beforepi is next accessed, and one more page
replacement would occur than is required by MIN.

Implementing MIN requires knowledge of the future, a completely unreasonable assump-
tion on the part of the operating system designer. Nonetheless, MIN is very useful as a standard
against which to compare the performance of other page-replacement algorithms such as FIFO
and LRU.

11.10.1 Two-Level Memory-Management Algorithms
To compare the performance of FIFO, LRU, and MIN, we characterize memory use by a
memory-address sequence s = { s1, s2, . . .} of HMM addresses accessed by a computation.
We assume that no memory entries are created or destroyed. WeletFFIFO(n,s), FLRU(n,s),
andFMIN(n,s) be the number of page faults with each page-replacement algorithm on the
memory address sequences when the primary memory holdsn pages.

We now bound the performance of the FIFO and LRU page-replacement algorithms in
terms of that of MIN. We show that if the number of pages available to FIFO and LRU
is double the number available to MIN, the number of page faults with FIFO and LRU is
at most about double the number with MIN. It follows that FIFOand LRU are very good
page-replacement algorithms, a result seen in practice.

THEOREM 11.10.1 LetnFIFO, nLRU, andnMIN be the number of primary memory pages used
by the FIFO, LRU, and MIN algorithms. LetnFIFO ' nMIN andnLRU ' nMIN. Then, for
any memory-address sequences the following inequalities hold:

FFIFO(nFIFO,s) %
nFIFO

nFIFO & nMIN + 1
FMIN(nMIN,s) + nMIN
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FLRU(nLRU,s) %
nLRU

nLRU & nMIN + 1
FMIN(nMIN,s) + nMIN

Proof We establish the result for FIFO, leaving it to the reader to show it for LRU. (See
Problem11.23.) Consider a contiguous subsequencet of s that immediately follows a page
fault under FIFO and during which FIFO makes' FIFO = f % nFIFO page faults. In the
next paragraph we show that at leastf different pages are accessed by FIFO duringt. Let
MIN make' MIN faults duringt. Because MIN hasnMIN pages,' MIN ' f & nMIN +1 '
0. Thus, the ratio of page faults by FIFO and MIN isf /' MIN % f/ (f & nMIN + 1).

Let pi be the page on which the fault occurs just before the start oft. To show that at
leastf different pages are accessed by FIFO duringt, consider the following cases: a) FIFO
faults onpi in t; b) FIFO faults on some other page at least twice int; and c) neither case
applies. In the Þrst case, FIFO accesses at leastnFIFO different pages because if it accessed
fewer, thenpi would still be in its primary memory the second time it is accessed. In the
second case, the same statement applies to the page accessedmultiple times. In the third
case, FIFO can have onlyf faults if it accesses at leastf different pages duringt.

Now subdivide the memory access sequences into subsequencest0, t1, . . . , tk such that
ti , i ' 1, starts immediately after a page fault under FIFO and containsnFIFO faults and
t0 contains at mostnFIFO page faults. This set of subsequences can be found by scannings
backwards. Since MIN makes' MIN

j ' nFIFO & nMIN +1 faults on thej th interval,j ' 1,
and' MIN

0 ' ' FIFO
0 & nMIN faults on the zeroth interval (that is,' FIFO

0 % ' MIN
0 +nMIN),

the number of faults by FIFO,FFIFO(nFIFO,s) = ' FIFO
0 + ' FIFO

1 +á á á+ ' FIFO
k satisÞes

the condition of the theorem because' FIFO
j % nFIFO' MIN

j / (nFIFO & nMIN + 1) for
j ' 1.

The upper bounds are almost best possible because, as statedin Problem11.24, for any
online algorithm A there is a memory-access sequence such that the number of page faults
FA (s) satisÞes the following lower bound:

FA (nA ,s) '
nA

nA & nMIN + 1
FMIN(nMIN,s)

The difference between this lower bound and the upper boundsgiven for FIFO and LRU
is nMIN, which takes into account for the possibility that the initial entries in the primary
memory of MIN and FIFO can be completely different.

It follows that the FIFO and LRU page-replacement strategies are very effective strategies
for two-level memory hierarchies.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Problems
MATHEMATICAL PRELIMINARIES

11.1 Leta andbbe integers satisfying 1% a % b. Show thatb/2 % a0b/a1 %b.

Hint: Consider values ofb in the rangeka % b % (k + 1)a for k an integer.

11.2 Derive a good lower bound on
! m

k=1(1/k ) of the formΩ(log m) using an approach
similar to that of Problem2.2.
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PEBBLING MODELS

11.3 Show that the graph of Fig.11.2can be completely pebbled in the three-level MHG
with resource vectorp = (2, 4) using only four third-level pebbles.

11.4 Consider pebbling a graph with the red-blue game. Suppose that each I/O operation
uses twice as much time as a computation step. Show by examplethat a red-blue
pebbling minimizing the total time to pebble a graph does notalways minimize the
number of I/O operations.

I/O TIME RELATIONSHIPS

11.5 LetSmin be the minimum number of pebbles needed to pebble the graphG = (V, E )
in the red pebble game. Show that if in the MHG a pebbling strategyP usessk pebbles
at levelk or less andsk ' Smin + k & 1, then no I/O operations at levelk + 1 or
higher are necessary except on input and output vertices ofG.

11.6 The rules of the red-blue pebble game suggest that inputs should be prefetched from
high-level memory units early enough that they arrive when needed. Devise a schedule
for delivering inputs so that the number of I/O operations for matrix multiplication is
minimized in the red-blue pebble game.

THE HONG-KUNG LOWER-BOUND METHOD

11.7 Derive an expression for theS-span#(S, G) of the binary treeG shown in Fig.11.4.

11.8 Consider the pyramid graphG onn inputs shown in Fig.11.18. Determine itsS-span
#(S, G) as a function ofS.

11.9 In Problem2.3it is shown that every binary tree withk leaves hask& 1 internal vertices.
Show that ift binary trees have a total ofp pebbles, at mostp & 1 pebbling steps are
possible on these trees from an arbitrary initial placementwithout re-pebbling inputs.
Hint: The vertices that can be pebbled from an initial placement ofpebbles form a set
of binary trees.

11.10 An I/O operation issimple if after a pebble is placed on a vertex the pebble currently
residing on that vertex is removed. Show that at most twice asmany I/O operations are
used at each level by the MHG when every I/O operation is simple.

n

Figure 11.18 The pyramid graph.
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Hint: Compare pebble placement with and without the requirement that placements
be simple, arguing that if a pebble removed by a simple I/O operation is needed later it
can be obtained by one simple I/O operation for each of the original I/O operations.

TRADEOFFS IN THE MEMORY HIERARCHIES

11.11 Using the results of Problem11.8, derive good upper and lower bounds on the I/O
time to pebble the pyramid graph of Fig.11.18in terms ofn.

11.12 Under the conditions of Problem11.4, show that any pebbling of a DAG for convolu-
tion of n-sequences with the minimal pebbling strategy whenS ' Smin andn is large
has much larger total cost than a strategy that treats blue pebbles as red pebbles.

BLOCK I/O IN THE MHG

11.13 Determine how efÞciently matrix-vector multiplication can be done in the block-I/O
model described in Section11.6.

11.14 Show that matrix-matrix multiplication can be done efÞciently in the block-I/O model
described in Section11.6.

SIMULATING FAST MEMORIES

11.15 Determine conditions on a memory hierarchy under which the FFT can be executed
efÞciently in the standard MHG. Discuss the extent to which these conditions are likely
to be met in practice.

11.16 Repeat the previous problem for convolution realizedby the algorithm stated in the
convolution theorem.

11.17 The deÞnition of a minimal pebbling stated in Section11.2assumes that it is much
more expensive to perform a high-level I/O operation than a low-level one. Determine
the extent to which the lower bound of Theorem11.4.1depends on this assumption.
Apply your insight to the problem of matrix multiplication of n " n matrices in the
three-level MHG in whichs1 < 3n2 ands2 ' 3n2. (See Theorem11.5.3.) Determine
whether increasing the number of level-3 I/O operations affects the number of level-2
I/O operations.

THE BLOCK-TRANSFER MODEL

11.18 Derive a lower bound on the time to realize a permutation network onn inputs in the
block-transfer model.
Hint: Count the number of orderings possible between then inputs. Base your argu-
ment on the number of orderings within blocks and between elements in the primary
memory, and the number of ways of choosing which block from the secondary memory
to move into the primary memory.

11.19 Derive a lower bound on the time to realize the FFT graphon n inputs in the block-
transfer model.
Hint: Use the result of Section7.8.2to argue that ann-point FFT graph cannot have
many fewer vertices than there are switches in a permutationnetwork.
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THE HIERARCHICAL MEMORY MODEL

11.20 Derive the following lower bounds on the cost of computing the following functions
when the cost function is&(a) = a$ :

Matrix multiplication: K#(f (n )
A×B ) =

+
,-

,.

Ω(n2$ +2) if " > 1/ 2

Ω(n3 log n) if " = 1/ 2

Ω(n3) if " < 1/ 2

Fast Fourier transform: K (n )
c (F (d)) = Ω(n$ +1)

Binary search: K#(f (n )
BS ) = Ω(n$ )

Hint: Use the following identity to recast expressions for the computation time:

n"

k=1

∆g(k)h(k) = &
n−1"

k=1

∆h(k)g(k + 1) + g(n + 1)h(n) & g(1)h(1)

11.21 A cost function&(a) is polynomially bounded if for someK > 1 and alla ' 1.
&(2a) % K&(a). Let the cost function&(a) be polynomially bounded. Show that
there are positive constantsc andd such that&(a) % cad.

11.22 Derive a good upper bound on the cost to sort in the HMM with the logarithmic cost
function) log a*.

COMPETITIVE MEMORY MANAGEMENT

11.23 By analogy with the proof for FIFO in the proof of Theorem 11.10.1, consider any
memory-address sequences and a contiguous subsequencet of s that immediately
follows a page fault under LRU and during which LRU makes' LRU = f % nLRU

page faults. Show that at leastf different pages are accessed by LRU duringt.

11.24 Let A be any online page-replacement algorithm that usesnA pages of primary memory.
Show that there are arbitrarily long memory-address sequencess such that the number
of page faults with A,FA (s), satisÞes the following lower bound, wherenMIN is the
number of pages used by the optimal algorithm MIN:

FA (s) '
nA

nA & nMIN + 1
FMIN(s)

Hint: Design a memory-address sequences of lengthnA with the property that the
ÞrstnA & nMIN + 1 accesses by A are to pages that are neither in AÕs or MINÕs primary
memory. LetS be thenA + 1 pages that are either in MINÕs primary memory initially
or those accessed by A during the ÞrstnA & nMIN + 1 accesses. Let the nextnMIN & 1
page accesses by A be to pages not inS.
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Chapter Notes
Hong and Kung [136] introduced the Þrst formal model for the I/O complexity of problems,
the red-blue pebble game, an extension of the pebble game introduced by Paterson and Hewitt
[238]. The analysis of Section11.1.2is due to Kung [177]. Hong and Kung derived lower
bounds on the number of I/O operations needed for speciÞc graphs for matrix multiplication
(Theorem11.5.2), the FFT (Theorem11.5.4), odd-even transposition sort and a number of
other problems. Savage [294] generalized the red-blue pebble game to the memory-hierarchy
game, simpliÞed the proof of Theorem11.4.1, and obtained Theorems11.5.3and11.5.5and
the results of Section11.3. Lemma11.5.2is implicit in the work of Hong and Kung [136];
the simpliÞed proof given here is due to Agrawal and Vitter [9]. The results of Section11.5.4
are due to Savage [294].

The two-level contiguous block-transfer model of Section11.8.1was introduced by Savage
and Vitter [295] in the context of parallel spaceÐtime tradeoffs. The analysis of sorting of
Section11.8.1is due to Agrawal and Vitter [9]. In this paper they also derive similar bounds
on the I/O time to realize the FFT, permutation networks and matrix transposition.

The hierarchical memory model of Section11.9 was introduced by Aggarwal, Alpern,
Chandra, and Snir [7]. They studied a number of problems including matrix multiplication,
the FFT, sorting and circuit simulation, and examined logarithmic, linear, and polynomial
cost functions. The two-level bounds of Section11.10are due to Sleator and Tarjan [310].
Aggarwal, Alpern, Chandra, and Snir [7] extended this modelto multiple levels. The MIN
page-replacement algorithm described in Section11.10is due to Belady [35].

Two other I/O models of interest are the BT model and the uniform memory hierarchy.
Aggarwal, Chandra, and Snir [8] introduced theBT model, an extension of the HMM model
supporting block transfers in which a block of sizeb ending at locationx is allowed to move
in time f (x) + b. They establish tight bounds on computation time for problems including
matrix transpose, FFT, and sorting using the cost functions) log x*, x, andx$ for 1 % " % 1.

Alpern, Carter, and Feig [18] introduced theuniform memory hierarchy in which the
uth memory has capacity"# 2u , block size#u , and time#u /! (u) to move a block between
levels;! (u) is a bandwidth function. They allow I/O overlap between levels and determine
conditions under which matrix transposition, matrix multiplication, and Fourier transforms
can and cannot be done efÞciently.

Vitter and Shriver [353] have examined three parallel memory systems in which the mem-
ories are disks with block transfer, of the HMM type, or of theBT type. They present a
randomized version of distribution sort that meets the lower bounds for these models of com-
putation. Nodine and Vitter [231] give an optimal deterministic sorting algorithm for these
memory models.


