Read-Modify-Write Networks *

Panagiota Fatourou' Maurice Herlihy*

Abstract

A read-modify-write register for a set of functions F' provides an
operation that atomically (1) returns the variable’s current value v,
and (2) replaces that value with f(v), where f is a function in F.

A read-modify-write network is a distributed data structure that
implements a concurrent, lock-free, low-contention read-modify-write
register. For example, counting networks ([3]) are a family of read-
modify-write networks that support atomic increments and decrements.

We consider the problem of constructing read-modify-write net-
works for particular sets of functions. Of particular interest are the
read-modify-write networks fetch&add, which add to the value an ar-
bitrary number, and fetch&mul, which multiply the value by an arbi-
trary number.

We identify a simple algebraic property of the function set F' that
requires any distributed read-modify-write implementation for F' to
have high latency. Any such network has sequential executions in which
each token traverses a number of switching elements essentially linear
in the number of processes. By contrast, there exist counting networks
([9, 18]) in which tokens traverse a logarithmic number of switches.

We provide a matching upper bound for a large class of read-
modify-write networks including fetch&add, fetch&mul, and related
networks of interest.
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1 Introduction

1.1 Motivation and Overview

A read-modify-write register [19] is characterized by a domain D (usually
the integers), and a set of functions F' from D to D. The register r pro-
vides an operation r.rmw(f), where f is a function in F. This operation
atomically (1) returns the register’s current value v and (2) replaces that
value with f(v). Many well-known synchronization primitives can be ex-
pressed as read-modify-write variables. For example, a fetch&inc register
provides an operation that atomically adds one to its value and returns its
prior value. Here F', the set of functions, is a singleton set containing only
®1(z) = x+1. Applications of fetch&inc counters include shared pools and
stacks, load balancing, and software barriers. A fetch&add register provides
an operation that adds an arbitrary number to the value. Here, the set of
functions F' is the set {®, | @y (z) =z + a, Va € Z}, where Z is the set of
integers. A fetch&mul register does the same for multiplication. In prin-
ciple, one could define read-modify-write registers over domains other than
the integers, encompassing, for example, sequences or matrix multiplication.

A counting network [3] is a class of distributed data structures used to
construct concurrent, low-contention implementations of read-modify-write
registers that can be incremented or decremented [2, 24]. Here, the function
set has two elements: ®1(z) =x+ 1 and ©1(z) =z — 1.

It is natural to ask whether counting networks can be generalized to sup-
port lock-free, highly-concurrent, low-contention implementations of other
kinds of read-modify-write registers. In this paper we show that if the set of
functions F' contains at least two elements satisfying a simple algebraic prop-
erty, then any network implementation of such a read-modify-write register
has inherently high latency, even in sequential executions in which processes
traverse the network one completely after the other. Both fetch&add and
fetch&mul registers are subject to this lower bound.

1.2 Functional Definitions

Let f: D — D be a function. Let f* denote the k-fold composition of f
(where fO = 1, the identity function); for example, f2(v) = f(f(v)). Fix
any integer n > 0. Let the n-orbit of v under f be the set

{Ua f(’U), fQ(/U)’ e afnil(v)} °

An n-orbit is aperiodic if, for all v in D, fi(v) # fi(v) for 0 < i # j < n.
We say that function f displaces function g, if, for all v in D,



e the n-orbit of v under ¢ is aperiodic, and

e the n-orbits of v and f(v) under g are disjoint.

Schematically, displacement can be illustrated by the following diagram,
where all expressions are intended to be distinct.

v —— g(v) 9" Hv)
fl) —— g(f(v)) 9" (f(w)

Let us review some examples of functions that displace one another. Fix
any arbitrary integers a and b.

Integer Addition Define @,(v) = v 4+ a. We claim that if b does not
divide a, then @, displaces ®;. Clearly, ®; has aperiodic n-orbits. For
every x in the n-orbit of v under @, * = v mod b, and for every y in the
n-orbit of v + @ under @, y = v + a mod b, which are distinct because b
does not divide a.

Integer Multiplication Define ®,(z) = a-x. We claim that if a is not a
power of b, then ®, displaces ®;. Clearly, ®; has aperiodic n-orbits. Every
x in the n-orbit of v under ®;, has the form b’-v, while every z in the n-orbit
of ®4(v) under ®j, has the form b’ - a - v. These orbits are distinct because
a is not a power of b.

Multiset Union Let D be an arbitrary set, and S a multiset of elements
of D. Define W,(S) = S W {a}, where “@” denotes multiset union. We
claim that if @ and b are distinct, then W, displaces W;. Clearly, W, has
aperiodic n-orbits. Every S’ in the n-orbit of S under W, consists of S and
some number of copies of b, while every S” in the n-orbit of W, (S) under W,
consists of .S, some number of copies of b, and an additional copy of a.

Sequences If o is a sequence of integers, define ®,(S) = S - a, where
“” denotes concatenation. We claim that if @ and b are distinct, then ©®,
displaces ®p. Clearly, ®; has aperiodic n-orbits. Every o’ in the n-orbit
of S under ® consists of ¢ followed by some number of copies of b, while
every o’ in the n-orbit of ®,(S) under ®; consists of o - a, followed by some
number of copies of b.

Similar examples exist for functions over other domains, such as vector
addition, matrix multiplication, and so on.



1.3 Summary of Switching Networks

Informally, a switching network is a generalization of a balancing network
used to construct counting networks. As discussed in detail in Section 2, a
switching network is a directed graph, where edges are called wires and nodes
are called switches. Each of the n processes shepherds a token through the
network. Switches and tokens are allowed to have internal states. A token
arrives at a switch via an input wire. In one atomic step, the switch absorbs
the token, changes its state and possibly the token’s state, and emits the
token on an output wire.

Note that switching networks are more powerful than balancing net-
works, since each switch can have arbitrary state (instead of a single bit)
and tokens also have state. Since most of this paper concerns lower bounds,
it is sensible to examine the most powerful (natural) generalization of bal-
ancing networks.

Let R be a switching network. The one-shot contention of R is the
largest number of tokens that can meet at a single switch in any execution in
which exactly n tokens enter R on distinct wires. It is natural to define a low-
contention switching network to be one with constant one-shot contention.
Indeed, it is not difficult to prove (Section 2) that the one-shot contention of
counting networks, as well as of a large class of switching networks (including
the read-modify-write network presented in Section 4) is constant. The
worst-case contention of a switching network R is the largest number of
tokens that can meet at a single switch in any execution of R.

1.4 Contribution and Significance

The principal contribution of this paper is to show that counting networks
cannot easily be generalized to support larger classes of operations. Switch-
ing networks, the natural generalization of counting networks, cannot pro-
vide satisfactory support even for such simple operations as addition or
multiplication. Counting networks are practical because they have both low
contention and latency logarithmic in the number of concurrent processes,
yielding real parallelism. By contrast, any switching network implementa-
tion of fetch&add, fetch&mul, or related read-modify-write registers that
has low contention must have latency linear in the number of concurrent
processes, thus yielding little or no parallelism.

Specifically, we show that if the family F' contains functions f and g such
that f displaces g, then in any sequential execution of any read-modify-write
network implementing F, all tokens applying function f traverse Q(n/c)



switches, where n is the number of processes and ¢ is the network’s one-
shot contention (typically a small constant). This lower bound holds for all
switching networks whose set of functions satisfies the displacement prop-
erty, independently of the topology of the network or the state of switches
and tokens Moreover, it holds for all sequential executions independently
of the number of tokens involved in the execution. Aspnes et al. [3] have
proved that the worst-case contention of any counting network is ©(n)!. We
remark that our Q(n/c) lower bound is expressed in terms of the one-shot
(and not the worst-case) contention, which implies that any low-contention
read-modify-write network must have high worst-case latency, even in the
absence of concurrency.

As an aside, we note that there are several interesting cases of read-
modify-write registers not subject to our lower bound. If F' is a singleton
set {f}, orif F = {f, f_l} is a set consisting of f and its inverse, then
the read-modify-write register can be implemented by a counting network
(extended to support decrements). The process obtaining the ith value takes
fi(xg), where g is the initial value of the register. If we augment F with
the identity function, then the resulting read-modify-write register is just a
regular counting network augmented by a pure read operation. Other read-
modify-write registers, such as swap, remain the focus of ongoing research
[16].

We give a matching upper bound for an important and useful class of
read-modify-write registers that encompasses fetch&add and fetch&mul.
A set of functions F' is commutative if, for every f and ¢ in F, and ev-
ery value v in the domain D, f(g(v)) = g(f(v)). We present a lock-free,
low-contention read-modify-write switching network, called LADDER, that
implements a read-modify-write register for any commutative F. In any
sequential execution of LADDER all tokens traverse O(n) switches, while in
the presence of concurrency tokens traverse O(n) switches on average. The
construction is lock-free, but not wait-free (meaning that individual tokens
can be overtaken arbitrarily often, but that some tokens will always emerge
from the network in a finite number of steps). LADDER is the first con-
current, lock-free, low-contention networked data structure that supports
arbitrary commutative read-modify-write operations.

An ideal switching network (like an ideal counting network [15]) is (1)
lock-free, with (2) low contention, and (3) low latency. Although this paper

'However, in order for high contention to be created, a large number of tokens must
first traverse the network at relatively little contention (yielding a low amortized con-
tention) [10].



shows that no switching network can have all three properties, any two are
possible:? a single switch is lock-free with low latency, but has high con-
tention, a combining network [12] has low contention and O(logn) latency
but requires tokens to wait for one another, and the LADDER construction
introduced here is lock-free with low contention, but has Q(n) latency.

1.5 Related Work

Counting networks were first introduced by Aspnes et al. [3]. A flurry of
research on counting networks followed (see e.g., [1, 2, 7, 8, 9, 10, 15, 18,
20, 22, 24, 26]). Counting networks are limited to support only fetch&inc
and fetch&dec operations. We generalize traditional counting networks
by introducing switching networks, which employ more powerful switches
and tokens. Our work is the first to study whether lock-free network data
structures can support even more complex operations.

A counting network is linearizable [17] if no token ¢ entering the network
after some other token ¢’ has exited the network takes a value larger than the
one taken by t'. Herlihy et al. [15] prove that there exists no ideal linearizable
counting network. It is easy to show that any network that supports, for
example, addition by two distinct integers a and b, where |a| > [b| > 0, has
linearizable executions.

The LADDER read-modify-write network has the same topology as SKEW,
the linearizable counting network presented in [15], but the behavior of LAD-
DER is significantly different. In this network, tokens accumulate state as
they traverse the network, and they use that state to determine how they in-
teract with switches. The resulting network is substantially more powerful,
and requires a substantially different analysis.

Apart from counting networks, a number of techniques and research
results for distributed counting have been presented in the literature (for
example, see [4, 12, 23, 27, 28, 29]). None of these techniques achieves all
characteristics of ideal counting, namely, lock-freedom, low contention, and
low latency. Herlihy et al. provide in [14] an experimental investigation of
the scalability of a variety of software counting techniques. Comprehensive
surveys on distributed counting are provided in [5, 6, 27].

Counting networks have been extended in a number of ways. Diffracting
trees [26], elimination pools [24], and combining funnels [25] reduce con-
tention by randomization and by exploiting the LIFO nature of certain
stack-like data structures to “short-circuit” certain operations. It remains

2NASA’s erstwhile motto “faster, cheaper, better” has been satirized as “faster,
cheaper, better: pick any two”.



to be seen whether techniques intended to reduce contention can be adapted
to extend functionality.

Giesen et al. [11] have introduced a novel alternative approach to concur-
rent data structures in which processes are not restricted to a fixed switching
network. Instead, they are restricted in that they can only access the read-
modify-write registers that they share with their neighbors. Giesen et al.
prove that tasks such as leader election, or deriving a total ordering among
the processes such that each process knows its predecessor cannot be im-
plemented in a decentralized way. Unifying this model with the switching
network model is an open research area.

1.6 Organization

This paper is organized as follows. Section 2 introduces switching networks.
Section 3 presents our lower bound, while Section 4 introduces and analyzes
the LADDER network. Section 5 concludes with a further discussion of our
results and some open problems.

2 Switching Networks

2.1 Description

A switching network, like a counting network [3], is a directed graph whose
nodes are simple computing elements called switches, and whose edges are
called wires. A wire directed from switch s to switch s’ is an output wire
for s and an input wire for s'. The network’s input wires are those input
wires not linked to an output, and similarly for the network’s output wires.
A (Win, Wout )-switching network has w;, input wires and we,; output wires.
The width of the network, denoted w, is defined to be w = max{wj,, Wyt }-
A switch is a shared data object characterized by an internal state, its set of
fin input wires, labeled 0, ..., f;, —1, and its set of f,,+ output wires, labeled
0,..., four — 1. The values f;, and f,,; are called the switch’s fan-in and
fan-out respectively. A binary switch is a switch with only two input and
two output wires. Figure 1(a) illustrates a binary switch, while Figure 1(b)
shows a switching network of width 4.

There are n processes that move (shepherd) tokens through the network.
Each process enters its token on one of the network’s w;, input wires. After
the token has traversed a sequence of switches, it leaves the network on one
of its wyyr output wires. A process shepherds only one token at a time,
but it can start shepherding a new token as soon as its previous token has
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Figure 1: (a) A binary switch. (b) A switching network of width 4.

emerged from the network. Processes work asynchronously, but they do not
fail. In contrast to counting networks, each token has a mutable state (a set
of fields), which can change as it traverses the network.

A switch acts as a router for tokens. When a token arrives on a switch’s
input wire, the following events can occur atomically: (1) the switch removes
the token from the input wire, (2) the switch changes state, (3) the token
changes state, and (4) the switch places the token on an output wire. The
wires are one-way communication channels and allow reordering. Commu-
nication is asynchronous but reliable (meaning a token does not wait on a
wire forever). For each (fin, fout)-switch, we denote by z;, 0 < i < f;, — 1,
the number of tokens that have entered on input wire i, and similarly we
denote by y;, 0 < j < four — 1, the number of tokens that have exited on
output wire j. As an example, a (k, £)-balancer is a switch with fan-in k& and
fan-out £ such that the i-th input token is routed to output wire ¢ mod /.
Counting networks are constructed from balancers and from simple (usually
two-input two-output) counting switches.

For any switching network, we denote by ¢ the maximum fan-in of
any of its switches. For any wire z of the network, the depth of z, de-
noted d(z), is defined to be 0 if z is an input wire of the network, and
max;—o, . f,—11d(x;)} + 1 for an output wire of an (fin, four)-switch with
input wires x;, 0 < i < f;;, — 1. The depth of a switching network, denoted
d, is the maximal depth of any of its wires. We remark that any path from
an input to an output wire of a switching network with depth d traverses at
most d switches.



2.2 States and Executions

It is convenient to characterize a switch’s internal state as a collection of
variables, possibly with initial values. A switch’s state is given by its internal
state and the collection of tokens on its input and output wires. Each token’s
state is also characterized by a set of variables. Notice that a token’s state
is part of the state of the process that owns it. A process may change the
state of its token while moving it through a switch. A switching network’s
state is just the collection of the states of its switches.

A switch is quiescent if the number of tokens that arrived on its input
wires equals the number that have exited on its output wires:

fin_l fout_l

dom= ) v
i=0 §=0

The safety property of a switch states that in any state,

fin*l fout*l

=0 =0

that is, a switch never creates tokens spontaneously. The liveness property
states that any switch will eventually become quiescent after handling any
finite number of input tokens. A switching network is quiescent if all its
switches are quiescent.

We denote by m = (¢, s) the state transition in which the token ¢ is moved
from an input wire to an output wire of a switch s. Although transitions
can occur concurrently, it is convenient to model them using an interleaving
semantics in the style of Lynch and Tuttle [21]. If a token ¢ is on one of the
input wires of a switch s at some network state ¢, we say that ¢ is in front of
s at state ¢ or that the transition (t,s) is enabled at state q. An execution
fragment « of the network is either a finite sequence qg, 71, q1,-- ., Tn, ¢n OF
an infinite sequence qo, 71, q1,... of alternating network states and transi-
tions such that for each (g;, i4+1, gi+1), the transition ;¢ is enabled at state
q; and carries the network to state g;+1. If m11 = (¢, s) we say that token
t takes a step at state ¢; (or that t traverses s at state ¢;). An execution
fragment beginning with an initial state is called an ezecution. If o is a
finite execution fragment of the network and o’ is any execution fragment
that begins with the last state of o, then we write - o’ to represent the
sequence obtained by concatenating o and o’ and eliminating the duplicate
occurrence of the last state of a.



For any token t, a t-solo execution fragment is an execution fragment
in which only token t takes steps. A t-complete execution fragment is an
execution fragment in which token ¢ exits the network. A finite execution is
complete if it results in a quiescent state. An execution is sequential if for
any two transitions m = (t,s) and 7’ = (t, s’), all transitions between them
also involve token t¢; that is, tokens traverse the network one completely
after the other.

2.3 Latency and Contention

The worst-case latency of a switching network is the maximum number of
switches traversed by any single token in any execution. The average latency
of a finite execution of a switching network is the total number of switches
traversed by all tokens in the execution divided by the number of tokens
involved in the execution. The average latency of an infinite execution is
the limit of the average latency of its finite prefixes. The average latency
of a switching network is the maximum of the average latency of any of its
executions.

The contention of an execution is the maximum number of tokens that
can be in front of any particular switch at any point during the execution. In
a one-shot execution, only n tokens (one per process) traverse the network
and those tokens are evenly distributed on the input wires (that is, either
|n/w] or [n/w] tokens enter each input wire). The one-shot contention
of a switching network, denoted ¢, is the maximum contention over all its
one-shot executions. The worst-case contention of a switching network is
the maximum contention of any of its executions.

The ¢-balancing property of a switch s requires that if at most ¢ tokens
reach each input wire of s then at most £ tokens exit on each of its output
wires. We say that a switching network is an ¢-balancing network if all
its switches preserve the ¢-balancing property. A straightforward induction
argument [15] shows that in any execution « of an ¢- balancing network, in
which no more than ¢ tokens enter on any input wire of the network, there
are never more than ¢ tokens on any wire of the network. This and the
definition of the one-shot contention implies that:

Lemma 2.1 Any ¢-balancing switching network, where £ > 0, has one-shot
contention O((n/w)e).

For any integer ¢ > 0, a counting network is an ¢-balancing network.
Therefore:
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Lemma 2.2 Any counting network has one-shot contention O((n/w)¢).

Recall that w is the width of the network, while ¢ is the maximum fan-in
of any of its switches. We remark that ¢ is a small constant (usually equal
to two) for all practical counting networks. Moreover, in most implementa-
tions of counting networks, the network has n input wires, and each process
is preassigned to one of them; that is, w = n. Therefore, Lemmas 2.1 and 2.2
imply that the one-shot contention c¢ of a large class of switching networks,
including conventional counting networks, is constant. As an example, con-
sider the class of switching networks with Q(n) input wires whose switches
produce any permutation of their input tokens on their output wires. A
straightforward induction argument shows that each switching network of
this class has the 1-balancing property, and thus in a one-shot execution,
the network never has more than one token on each wire. It follows that the
one-shot contention of such a network is bounded by the maximum fan-in
of any of its switches.

Read-Modify-Write Networks

For a domain D and a set of functions F', a read-modify-write network R
is a switching network that implements a read-modify-write register for F'.
More formally, let £ > 0 be any integer and consider any complete execution
« which involves ¢ tokens tq,...,ty, where token ¢; is labeled with function
fiin F. We say that t; applies f;; moreover, we say that t; takes the value
v; that the operation returns in a.

Let v be the initial register value. Let v; be the value taken by token
t; in a. The read-modify-write property for « states that there exists a
permutation i1,...,4, of 1,...,¢, called the serialization order, such that
(1) vi; = v, and (2) for each j, 1 < j </, v;;,, = fi;(vi;). The first token in
the order returns the initial value of the register, and each subsequent token
returns the result of applying the functions that precede it. There may be
more than one possible serialization orders.

An execution of a read-modify-write network is linearizable if for any two
tokens ¢t and t’ such that ¢’ entered the network after ¢ has exited it, it holds
that v; < vy, where vy, vy are the values taken by ¢ and ', respectively. A
read-modify-write network is linearizable if all its executions are linearizable.

11



3 Lower Bound

Let R be a read-modify-write network for a set of functions F', where F'
contains f and g such that f displaces g. We claim that any token applying
f which runs by itself through R, must traverse at least [(n —1)/(c — 1)]
switches, where c is the one-shot contention of the network.

Start with the network in a quiescent state gg, and assume that the value
at go of the read-modify-write register is v, so the next token to traverse the
network in isolation will take value v (independently of the function to be
applied by the token on the register). Place token ¢ applying f on one of
the input wires. Let S be the set of switches that ¢ traverses in a t-solo,
t-complete execution fragment starting from gg.

Consider n—1 tokens t1,...t,_1, each applying function g. Assume that
all n tokens t,%1,...,t,—1 are evenly placed on input wires. We construct an
execution in which each token ¢;, 1 < ¢ < n — 1, must traverse some switch

of S.

Proposition 3.1 For each i, 1 <1t <n—1, there exists a t;-solo execution
fragment a; with final state q; starting from state q;_1 such that t; is in front
of a switch s; € S at state q;.

To give the intuition for the proof, consider the special case of an adding
network with three processes (n = 3), where f = @; and g = @9; thus, token
t applies function @1, while each of the tokens t1,to applies function @9 to
the register. Assume, without loss of generality, that v is even. Consider
first an execution fragment o starting from gg in which ¢; runs solo all the
way through the network. Clearly, ¢ takes the even value v in o). Assume
that ¢ never traverses some switch of S in ). Then, if we let ¢ run solo all
the way through the network starting from the final state of o, it would
encounter the same switches in the same internal states as it would starting
from qg. Therefore, ¢t takes the even value v as well. However, one of the
tokens must take an odd value. These imply that t; traverses at least one
switch of S in o). Take «; to be the shortest prefix of ) such that ¢; is in
front of a switch of S at the final state g; of a1. Clearly, t; does not traverse
any switch of S in ay.

Consider now an execution fragment o, starting from ¢; in which ¢ runs
solo all the way through the network. Since ¢ takes no steps in g - o, to
takes an even value in of. Recall that ¢; does not traverse any switch of S
in 7. Assume that to never traverses some switch of S in of. Then, if we
let ¢ run solo all the way through the network starting from the final state

12



of o, it would encounter the same switches in the same internal states as it
would starting from ¢g. Therefore, ¢t takes the even value v. However, one
of the tokens ¢, to must take an odd value. These imply that to traverses
at least one switch of S in of,. Take g to be the shortest prefix of o such
that to is in front of a switch of S at the final state g2 of ao.

We now present the details of the formal proof, where we generalize the
above arguments for any switching network and any number of processes.

Proof: By inductionon i, 1 <i<n—1.

Basis Case

Consider the t1-solo, ti-complete execution fragment o in which ¢; enters
the network in state gy, and runs solo all the way through the network.
Clearly, when t; emerges, the network state ¢} is again quiescent, and t;
takes value v.

Assume, by way of contradiction, that ¢; never traverses a switch of S
in o). Consider now the t-solo, t-complete execution fragment «f in which
t enters the network in state ¢}, and runs solo all the way through the
network. Since t and t; traverse disjoint sets of switches, ¢ encounters the
same switches in the same internal states as it would starting from gg, so
when ¢t emerges, the network state is again quiescent, and ¢ takes value v as
well.

Because t takes value v, and v # g(v), it follows that ¢ is serialized first.
Since t; is serialized second, it must take value f(v). Because t; actually
took v # f(v), we have a contradiction,

It follows that ¢; traverses at least one switch of S in o). Let oy be the
shortest prefix of o} such that ¢; is in front of a switch s; € S at the final
state g1 of ag.

Induction Step

Assume inductively that for some i, 1 < i < n — 1, the claim holds for all 7,
1 < j < 1; that is, there exists an execution fragment «; with final state g;
starting from state ¢;j_1 such that token ¢; is in front of a switch s; € S at
state g;.

Consider the ¢;-solo, t;-complete execution fragment «/; in which ¢; enters
the network in state ¢;_1, and runs solo all the way through the network;
denote by ¢, the final state of «. Suppose that ¢; never traverses a switch
of S'in .

What value does t; take at the end of a;? Recall that ¢ has taken no
steps, and that tokens t1,...,t;—1 part-way through the network each apply
function g. If we run all the t;, 1 < j < i, starting from ¢} until they exit

13



the network, the resulting state is quiescent, so t; must take ¢g*(v), for some
k, 0 < k < i. It follows that ¢; must have taken g*(v) at the end of o.

Next consider the t-solo, t-complete execution ¢ in which ¢ enters the
network in state ¢, and runs solo all the way through the network. Since ¢
and t; traverse disjoint sets of switches, and no ¢;, 1 < j <4, has traversed
any switch in S, t encounters the same switches in the same internal states
as it would starting from ¢, so when ¢ emerges, it takes value v.

At the end of o/, t has taken v and t; has taken g¢*(v), for some £k,
0 < k < 4. If we run the remaining tokens all the way through the network,
the network state is quiescent, and the operations can be serialized. By
hypothesis, the n-orbit of v under g is aperiodic, so v is not equal to g’ (v),
for any 7, 0 < j < n. It follows that ¢ cannot be serialized after any of the
tj, so t must be serialized first. The remaining tokens must take values of
the form ¢7(f(v)), for 0 < j < n. But, as noted, t; takes g*(v), which is not
equal to ¢/(f(v)) for any j, 0 < j < n, because the n-orbits of v and f(v)
under g are disjoint by hypothesis.

It follows that token t; traverses at least one switch of S in of. Let «;
be the shortest prefix of o such that ¢; is in front of a switch s; € S at the
final state ¢; of ;. [ ]

We now use Proposition 3.1 to prove our lower bound.

Theorem 3.2 Let R be a read-modify-write network for a set of functions
F, where F contains two functions f and g such that f displaces g. In any
sequential execution of R, a token applying function f must traverse at least
[(n—1)/(c—1)] switches, where c is the one-shot contention of the network.

Proof: Proposition 3.1 implies that for each i, 1 < i < n — 1, there exists
a t;-solo execution fragment «; with final state ¢; starting from state ¢;_1
such that ¢; is in front of a switch s; € S at state ¢;. Let a=aq ...  ap_1.
Since only n tokens, one per process, are involved in «, and they are evenly
distributed on the input wires, « is a one-shot execution. Notice that all
tokens t;, 1 < i < n — 1 are in front of switches of & at the final state of
«, and that each switch in S is in the same internal state at states qo and
gn—1- Thus, in the t-solo, t-complete execution fragment starting from state
gn—1 token t traverses all switches of S. Because R has one-shot contention
¢, no more than ¢ — 1 other tokens can be in front of any switch of S in a.
Thus, S must contain at least [2=] switches. ]
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Applications

Let S be any non-empty set of integer values. An S-adding network is a
read-modify-write network with set of functions {&, | a« € S}. An adding
network is an S-adding network where S = Z.

Corollary 3.3 Let A be an S-adding network. If S contains a and b such
that b does not divide a, then every token applying b traverses at least [(n —
1)/(ec —1)] switches of A in any sequential execution.

Notice that distinct non-zero a and b divide one another only if b = —a.
This corollary states that even if the adding network can add only two
distinct non-zero numbers, then as long as one isn’t the negative of the
other, some token has high latency in sequential executions.

If S = Z then every non-zero value displaces some other value.

Corollary 3.4 Let A be an adding network. FEvery token adding a non-
zero value traverses at least [(n—1)/(c—1)| switches of A in any sequential
execution.

An S-multiplying network is a read-modify-write network with set of
functions {®, | a € S}. A multiplying network is an S-multiplying network
where S = Z.

Corollary 3.5 Let M be an S-multiplying network. If S contains a and b
such that a is not a power of b, then every token multiplying by b traverses
at least [(n —1)/(c — 1)] switches of M in any sequential execution.

If S = Z, then every value distinct from +1 or zero displaces some other
value.

Corollary 3.6 Let M be a multiplying network. Every token multiplying by
a value distinct from £1 or zero traverses at least [(n—1)/(c—1)] switches
of M in any sequential execution.

An S-union network is a read-modify-write network whose state is a
multiset of values from S, and whose set of functions is {&, | a € S}, where
We(U) = U W{a}.

Corollary 3.7 Let U be an S-union network. If S contains two distinct

elements, then every token traverses at least [(n —1)/(c —1)] switches of U
i any sequential execution.
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An S-concat network is a read-modify-write network whose state is a
sequence of values from S, and whose set of functions is {®, | a € S}, where
Oa(0) =0 - a.

Corollary 3.8 Let Q be an S-concat network. If S contains two distinct
elements, then every token traverses at least [(n—1)/(c—1)] switches of Q
in any sequential execution.

4 Upper Bound

How tight is the lower bound of Section 37 It follows from prior results [10]
that any read-modify-write network that can solve consensus for ¢ processes
has one-shot contention c¢. This observation implies, for example, that there
is no non-trivial network implementation of a compare&swap read-modify-
write register, because such a construction has an unbounded consensus
number [13].

We can, however, show that our bound is essentially tight for an im-
portant class of read-modify-write registers. A family of functions F' is
commutative if, for every f and g in F', and every value v in the domain D,
flg(v)) = g(f(v)). Read-modify-write registers with commutative functions
include fetch&inc, fetch&add, and fetch&mul. All such read-modify-write
registers have consensus number 2 [13], and they are natural candidates for
a matching upper bound.

We present a low-contention read-modify-write network, called LADDER,
such that in any of its sequential executions tokens traverse O(n) switches;
moreover, the average latency of the network is O(n). The switching network
described here has the same topology as the SKEW counting network [15],
though its behavior is substantially different.

4.1 The LADDER Read-Modify-Write Network

A Ladder layer is an unbounded-depth switching network consisting of a
sequence of binary switches s;, i > 0. For switch sg, both input wires are
input wires to the layer, while for each switch s;, ¢ > 0, the first (or north)
input wire is an output wire of switch s;_1, while the second (or south) input
wire is an input wire of the layer. The north output wire of any switch s;,
1 > 0, is an output wire of the layer, while the south output wire of s; is the
north input wire of switch s; 1 (see Figure 2(a)).

A Ladder switching network of layer depth d is a switching network
constructed by layering d Ladder layers so that the i-th output wire of the
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Figure 2: (a) A Ladder layer. (b) The Ladder switching network of layer
depth 4.

one is the ¢-th input wire to the next. Clearly, the Ladder switching network
has an infinite number of input and output wires. The LADDER read-modify-
write network consists of a conventional counting network followed by a
Ladder switching network of layer depth n. For the rest of this section, we
denote by Ladder the Ladder switching network; we use LADDER to denote
the combined network consisting of Ladder and the conventional counting
network.

Figure 2(b) illustrates a Ladder switching network of layer depth 4.
Switches are represented by fat vertical lines, while wires by horizontal ar-
rows. Wires Xg, X1, ..., are the input wires of the network, while Yy, Y7,.. .,
are its output wires. All dashed wires belong to row 1.

When writing pseudocode, we assume a reasonably compact encoding for
the function defined by any composition of functions in F'. (For example, in
an adding network implementation, we can represent +, as the integer a, the
composition of +, and +; as a+b, and so on.) We use o to denote functional
composition: (f o g)(v) = f(g(v)). We assume also that the register has a
distinguished initial value vy. For any integer k£ > 0 and for any set of k
functions {fi,..., fr}, we denote OF_fi = fio fao...o fi.

Each process moves its token through the counting network first, and
uses the result to choose an input wire to the Ladder network. The counting
network ensures that each input wire of Ladder is chosen by exactly one
token, and each switch is visited by two tokens. A fresh switch is one
that has never been visited by a token. Each switch s has the following
state: a bit s.toggle that assumes values north and south, initially north,
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and a function s.fn. The fields s.north and s.south are immutable pointers
to the switches connected to s through its north and south output wires,
respectively.

Each token t has the following state: the t.arg field is the original func-
tion applied by the token. The ¢.fn field is originally the identity function
(denoted 1). This field accumulates the composition of the functions applied
by tokens serialized before t. The t.wire field records whether the token will
enter the next switch on its north or south input wire.

Within Ladder, a token proceeds in two epochs, a north epoch followed by
a south epoch. Tokens behave differently in different epochs. A token’s north
epoch starts when the token enters Ladder, continues as long as it traverses
fresh switches, and ends as soon as it traverses a non-fresh switch. When a
north-epoch token visits a fresh switch, the following occurs atomically (1)
s.toggle flips from north to south, and (2) s.fn is set to the composition of
t.fn and t.arg. Then, t exits on the switch’s north wire.

The first time a token ¢ visits a non-fresh switch, it sets t.fn to the
composition of that switch’s function with ¢.fn, exits on the south wire,
and enters its south epoch. Once a token enters its south epoch, it never
moves up to a lower-numbered row. When a south-epoch token enters a
switch on its south wire, it simply exits on the same wire (and same row),
independently of the switch’s current state. When a south-epoch token
enters a switch on its north wire, it does the following. If the switch is fresh,
then, as before, it atomically sets the switch’s function to the composition
of its function and argument, flips the toggle bit, and exits on the north
wire (same row). If the switch is not fresh, it composes the switch’s function
with its own, and exits on the south wire (one row down). When the token
emerges from Ladder, the value it returns is constructed by applying its
function to the initial value vg.

All tokens other than the one that exits on the first output wire eventu-
ally reach a non-fresh switch. When a token ¢ encounters its first non-fresh
switch, then that switch’s function is the composition of the functions ap-
plied by all the tokens that will precede ¢ (so far) in the read-modify-write
order. Each time the token enters a non-fresh switch on its north wire, it has
been overtaken by an earlier token, so it moves down one row and composes
this other token’s function with its own.

Very informally, the token knows the set of functions applied by tokens
serialized before it. It does not know the order in which these functions were
applied. (If it did, it could solve m-consensus, which is impossible.) This
lack of ordering information is precisely why we need the commutativity
requirement.
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Figure 3 shows pseudo-code for the two epochs. For ease of presenta-
tion, the pseudo-code shows the switch complementing its toggle field and
updating its function field in one atomic operation. However, a slightly more
complicated construction can realize this state change as a simple atomic
complement operation on the toggle bit.

4.2 Correctness

In this section, we prove that Ladder is a read-modify-write network. We
start with some useful definitions.

The path of a token t in an execution «, denoted p; = 1. .. 8y, m > 0,
is the sequence of consecutive switches of Ladder traversed by ¢ in «. For
any integer i, 1 < i < m, we denote by succ(s;) the switch traversed by ¢
immediately after s; in . Moreover, for any integer 7, 1 < i < m, we denote
prev,(s;) the switch traversed by ¢ immediately before s; in . For any
state ¢ of o, we denote by p; T ¢, the prefix of p;, containing those switches
traversed by ¢ until (but not including) state q. We denote by p; | ¢ the
remaining suffix. We say that the paths of two tokens cross if there exists
a switch s contained in both paths such that the one token arrives on its
north input wire and exits on its south output wire, while the other arrives
on its south input wire and exits on its north output wire.

A token that arrives on an input wire of a switch can either access the
switch (lines 2-3 of north_traverse, and lines 7-8, 11 of south_traverse)
or ignore the switch (lines 1-3 of south_traverse). A token is diverted
south on a switch s if it accesses s and exits on the south output wire of
s. Clearly, a token can be diverted south only if another token has already
accessed s. Moreover, a token ignores a switch only through its south input
wire.

We use the following notation. We denote by ¢.fn, the value of variable
t.fn of some token ¢ at the beginning of state g. We further denote by s.fn,,
the value of variable s.fn of a switch s at the beginning of state q.

We first outline the major ideas of our proof. We prove that LADDER is
a read-modify-write network in five steps:

1. Our first goal is to prove that at most one token traverses any wire of
Ladder (Proposition 4.2). This proposition is useful in proving all our
subsequent statements.

2. In our second step, we prove in Proposition 4.4 that all tokens other
than the one that exits on the first output wire, eventually reach a
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void north_traverse(token ¢, switch s) {

(1)  if (s.toggle == NORTH) { /* fresh */
atomically {

(2) s.toggle = SOUTH;

(3) s.fn = compose(t.fn,t.arg);
}

(4) north_traverse(t, b.north);
(5) } else{ /* not-so-fresh */
(6) t.fn = compose(t.fn,s.fn);
(7) t.wire = NORTH;

(8) south_traverse(t, b.south);

void south_traverse(token ¢, switch s) {

(1)  if (t.wire == SOUTH) { /* ignore switch */
(2) t.wire = NORTH; /* toggle wire */

(3) south_traverse(t, s.south);

(4)  }else{

(5) t.wire = SOUTH; /* toggle wire */

(6) if (s.toggle == NORTH) { /* fresh */

atomically {

(7) s.toggle = SOUTH;
(8) s.fn = compose(t.fn,t.arg);
}
9) south_traverse(t, s.north);
(10) } else { /* overtaken */
(11) t.fn = compose(t.fn,s.fn);
(12) south_traverse(t, s.south);
}
}
}

Figure 3: Pseudo-Code for Ladder Traversal.
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non-fresh switch on which they are diverted south. Thus, all such
tokens execute their south epoch when exiting the network.

. We next prove in Proposition 4.7 that each time a token ¢ is diverted
south on a switch s reaching some row k, it accumulates the composi-
tion of the functions of all tokens that exit on lower-numbered output
wires than k of the Ladder layer in which s resides.

. Our next goal is to prove (Proposition 4.10) that a similar claim holds
whenever a token t exits on a south output wire of a switch by ignoring
the switch.

. In our final step, we consider a token ¢ exiting on output wire k of
the network. We use Proposition 4.4 proved in step 2 to argue that
t exits on the south output wire of the previous to the last switch it
traverses. This switch resides in the last Ladder layer and its south
output wire is on row k; recall that the output wires of this layer are the
output wires of the network (see Figure 2(b)). We then employ either
Proposition 4.7 proved in step 3 or Proposition 4.10 proved in step 4
(depending on whether ¢ is diverted south or it ignores this switch),
to prove that exactly one token exits on each of the lower-numbered
output wires than k of the network, and that token ¢ returns the
composition of the functions applied by these tokens. Since ¢ exits on
the north output wire of the last switch it traverses, these two claims
combined imply the read-modify-write property of the network. We
further conclude that all tokens exiting on lower-numbered output
wires than k& cannot enter the network after ¢ has exited it, which
implies that LADDER is additionally a linearizable read-modify-write
network.

We now present the details of our analysis. In order to prove the claim
of our first step, we first prove that Ladder is a 1-balancing network.

Lemma 4.1 Ladder is a 1-balancing switching network.

Proof: Let s be any arbitrary switch of Ladder. We prove that if at most
one token reaches each input wire of s, then at most one token exits on each
of its output wires. The only interesting case is when two tokens ¢ and '
reach the two input wires of s. Assume without loss of generality that ¢ is
the first token traversing s.
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If ¢ reaches s on its north input wire, it accesses s and exits on its north
output wire. Token ', arriving on the south input wire of s, either ignores
or accesses s. In both cases it exits on its south output wire.

Assume now that ¢ reaches s on its south input wire. Token ¢ either
ignores or accesses s. Either way, token ¢/, arriving on the north input wire,
accesses s. In case t ignores s, it exits on its south output wire, and token
t' is the first token to access s and so it exits on the north output wire of s.
If ¢ accesses s, it exits on its north output wire, while token ¢’ exits on its
south output wire. [ |

Recall that each token first traverses the conventional counting network
obtaining a unique value, and then enters on a particular input wire of
Ladder depending on this value. Therefore, exactly one token enters on
each input wire of Ladder. Recall that if at most one token enters on each
input wire of a 1-balancing network, then at most one token traverses each
of its wires. Thus, Lemma 4.1 implies that:

Proposition 4.2 For any execution o, at most one token traverses each
wire of Ladder.

The proof of the first step is complete. In order to prove the claim of
our second step, we first prove that if a token enters Ladder on input wire
¢ and exits it on output wire k, all later tokens that enter the network on
higher input wires than ¢ exit on higher output wires than k.

Lemma 4.3 Let t be any token that enters Ladder on input wire £ > 0 and
exits on output wire k > 0 at some state q,,. Then, any token t' entering
Ladder on input wire £’ > { at some later state gy, m' > m, exits the
network on some output wire k' > k.

Proof: Assume, by way of contradiction, that &’ < k. Then p; and py
must cross. Let s be the first switch on which p; and py cross. It must be
that t reaches s on its north input wire, since, otherwise, the two paths have
crossed already. Recall that ¢ is the first token to traverse s. Therefore, ¢
accesses s, and exits on its north output wire. Since ¢ reaches s on its north
input wire and exits on its north output wire, p; and py cannot cross on s.
A contradiction. n

We are now ready to prove that all tokens exited Ladder on output wires
other than zero have been diverted south at least once during their Ladder
traversal.
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Proposition 4.4 Consider a token t which exits Ladder on output wire
k > 0 at some state q,, m > 0. Then, there exists some earlier state qp,,
m/ < m, such that t is diverted south on some switch s at .

Proof: Assume, by way of contradiction, that there is no state at which
t is diverted south. Let ¢ be the input wire on which ¢ enters Ladder. If
{ < n+1,t goes north through n switches and exits on output wire 0. Recall
that k£ > 0. A contradiction.

Consider now the case that ¢ > n 4 1. Clearly, ¢ goes north through n
switches and exits on output wire k = [ —n. Since ¢ enters on input wire £, ¢
obtained value £ from the conventional counting network. For conventional
counting networks ([15, Lemma 2.1]), it holds that at any execution «, if
a token t exits the network at state g taking a value £, then for any value
¢" < ¢ which has not yet been given, there exists a token traversing the
network at ¢ which takes ¢/. Therefore, for all values less than ¢, either each
such value has already been taken by some token or it will be taken by a
token currently traversing the conventional counting network. Since there
exist n processes in the system, there exists at most n — 1 tokens such that
either they are still in the conventional network so they will obtain a value
less than £, or they have entered Ladder on lower input wires than ¢ and
have not yet exited. Thus, at least £ —n + 1 tokens have entered and exited
Ladder before t entered it. Lemma 4.3 implies that all these tokens have
exited on lower-numbered output wires than k. Proposition 4.2 implies that
at most one token has exited on each of the output wires of the network.
Therefore, there must be at least one token ¢’ which has exited the network
on a higher output wire than k = [ — n before t enters the network. Since
t enters the network on a higher-numbered input wire than ¢/, Lemma 4.3
implies that ¢ will never reach output wire k. A contradiction. [ |

We continue to the third step of our analysis. Notice that if a token ¢
is diverted south at some state q,,, reaching row k, it must either exit or it
enters its south epoch at ¢,,, and it remains there for all subsequent states.
The only way for token ¢ to move to lower-numbered rows is to reach the
south input wire of a switch and exit on its north output wire. However, ¢
ignores all switches that it reaches on their south input wires and, therefore,
it never moves to a lower-numbered wire again, as stated by the following
lemma.

Lemma 4.5 Consider a token t that is diverted south on a switch s at some
state g, m > 0, reaching row k, k > 0. Then, for all lower-numbered rows
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1, 0 <1i <k, and for all subsequent states q,,, m' > m, t is not on row i at
state Q-

Lemma 4.5 implies that if a token ¢ is on row 0 at some state g,,, then
it has never been diverted south by state g, since otherwise, it would have
never reached row 0 again. Thus, ¢t executes its north epoch at ¢,,. Recall
that as long as ¢ is in its north epoch t¢.fn remains unchanged. Therefore:

Corollary 4.6 Lett be any token that is on row 0 at some state qp,, m > 0.
Then, (1) there exists no state gy, 0 < m’ < m, at whicht is diverted south,
and (2) t.fn,, = 1.

We are now ready to prove that each time a token ¢ is diverted south on a
switch s reaching row k, it learns (and stores in variable t.fn) the composition
of the functions of all tokens that exit on lower-numbered output wires than
k of the Ladder layer in which s resides.

Proposition 4.7 Consider a token t which is diverted south on a switch s
at some state g, reaching row k, k > 0, and let s reside in Ladder layer L.
Then,

(1) for each integeri, 0 <i <k —1,

a. there exists exactly one token t; which exits on output wire i of
layer L;

b. either t; is in Ladder or it has exited the network by state qp,;
(2) it holds that t.fn,,  , = OFlt;,.arg.

Proof: By induction on k, the row number on which ¢ exits south. Clearly,
there exists no switch having its south output wire on row 0. Thus, the claim
holds vacuously for k¥ = 0. Assume inductively that for some fixed integer
k > 0, the claim holds for all tokens that are diverted south on row k — 1.
We prove that the claim holds for tokens that are diverted south on row k.

Let ¢ be any such token and let s be the switch on which ¢ is diverted
south at state q,,. Since t is diverted south on s, it must be that another
token t' has accessed s at some earlier state g¢,,s, m’ < m, and has exited
on s’s north output wire. Clearly, ¢’ = t;_1. Since g, precedes q,,, either
t' is still in Ladder at ¢, or it has exited the network by g¢,,. Since ¢
is diverted south on s, it updates its function at ¢, (that is, it executes
either line 6 of north traverse or line 11 of south_traverse); therefore,
t.fng, .. = tfng, o s.fn, . We have two cases to consider depending on
whether ¢ reaches s on its north or on its south input wire.
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1. Token t reaches s on its north input wire.

Clearly, ¢’ reaches s on its south input wire, and it exits on its north
output wire. Therefore, ¢ executes its north epoch. Proposition 4.2
implies that no token other than ¢ subsequently traverses s. Therefore,
s.fng,, = tg_1.arg (line 3 of north_traverse). We consider two cases
depending on whether k =1 or k > 1.

Assume first that ¥ = 1. Since t’ is the only token to exit on the
first output wire of £, and state g, precedes state g,, condition (1)
follows. Since ¢ reaches s on its north input wire, ¢ is on row 0 at
state ¢;,. Therefore, Corollary 4.6 implies that ¢.fn, = 1. Recall that
t.fng,., =t.fng, os.fng,, and s.fn,, = to.arg. Hence, t.fng, , =
tg.arg = sz_olti.arg, as needed by (2).

Assume next that £ > 1. Then, ¢ must have exited south on switch
s’ = prev,(s) at some state ¢n,, mo < m. Clearly, s’ is in the same
layer as s, and s’’s south output wire is on row k — 1. Thus, by the
induction hypothesis, for each ¢, 0 < ¢ < k — 2, there exists exactly
one token t; which exits on output wire ¢ of £. Moreover, either t; is
in Ladder at ¢, or it has exited the network by ¢,,. Since mg < m,
it follows that either ¢; is in Ladder at g,, or it has exited the network
by ¢mn. Since t’ is the only token to exit on output wire k — 1 of £ at
g, and m’ < m, condition (1) follows. Moreover, by the induction
hypothesis,
tf N1 = Of;gti.arg.

Since the next step taken by t is to traverse s at state ¢, it follows
that

t.fng, = Qf:_gti.arg.
Recall that
t.fng,,., =t.fng, os.fng,,

and s.fng,, = tg—1.arg- Therefore,
tf gy = Of;ozti.arg otp_s.arg = Of;olti.arg,
as needed by (2).

2. Token t reaches s on its south input wire.

Clearly, s is the first switch on which ¢ is diverted south (otherwise ¢
would ignore s). Thus, ¢ executes its north epoch at state g,,, so that
t.fng, = 1. Recall that token ¢’ has accessed s at some earlier state
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¢m'- Therefore, s. f”qm/+ L=t Ing, , o t'.arg. Since no token traverses
s until state g,,, it follows that

s.fng, = t’.fnqm, ot'.arg.

We again consider two cases depending on whether £k =1 or k > 1.

Assume first that & = 1. Then, ¢ = tg, and condition (1) follows.
Since t' reaches s on its north input wire, ¢’ is on row 0 at state g¢,,/,
and Corollary 4.6 implies that t'.fn, , = 1. Thus, s.fn,, = to.arg.
Recall that
t.fng,., =t.fng, os.fng,.

Hence,

t.fng,,, = to.arg = Of;olti.arg,
as needed by (2).
Assume now that k£ > 1. Due to the topology of Ladder, ¢ must have
exited south on switch s’ = prevy (b) at some state Il my < m' < m.
Clearly, s’ is in the same layer as s and s”’s south output wire is on row
k—1, so that by induction hypothesis, for each integer i, 0 < i < k—2,
there exists exactly one token t; that exits on output wire 7 of layer
L. Moreover, either ¢; is in Ladder at Gy, OF it has exited the network
by . Since mg < m, it follows that either ¢; is in Ladder at g, or
it has exited the network by ¢,,. Recall that ¢’ is the token exiting on
output wire k — 1 of £, and m’ < m, so that condition (1) follows.
Moreover, by induction hypothesis, ¢'. fnqm6+1 = Qf:_gti.arg. Since

the next step taken by ¢’ = t;,_1 is to traverse s at state g,,/, we have
k—2
t'.fnqm/ = t'.fnqm6+1 = O, ti-arg.

Recall that s.fn, =t'fn '.arg. Therefore,

G ©
s.fng,, = Of:_gti.arg oty_;.arg = Of;olti.arg.

Recall that ¢.fn, = t.fn, os.fng, . while ¢.fn, =1. Thus,

t.fanrl = Of;olti.arg,
as needed by (2).

At this point the proof of Proposition 4.7 is complete. [ |
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Our goal now is to prove that a similar claim holds for the case that a to-
ken t exits on the south output wire of a switch s by ignoring s. This is done
in three steps. We first prove in Lemma 4.8 that every time a token ignores
a switch exiting on its south output wire on some row k, the token must
have been diverted south at some earlier state on a switch whose output
wire is also on row k. Next, we prove in Lemma 4.9 that whenever a token ¢
is diverted south on some switch s of a layer £ reaching some row k, the “re-
maining” path of ¢ and the “remaining” path of any token exiting on a lower
than k output wire of £ never cross. Using Proposition 4.7, and Lemmas 4.8
and 4.9, it is then easy to prove the desired claim in Proposition 4.10.

Lemma 4.8 Consider any token t which ignores a switch s at some state
Gm, m > 0, and assume that the south output wire of s is on row k, k > 0.
Then,

(1) there exists some switch s', whose south output wire is on row k, on
which t is diverted south at some earlier state qn, 0 < m' < m, and

(2) for all intermediate states ¢, m’ < m” < m+1, t is on row k at
state @, and t.fnqm,, =t.fng, -

Proof: We start by proving (1). Since t ignores s at state gy, it is on row
k and executes its south epoch at ¢,,. Thus, ¢ has been diverted south at
least once by q,,. If ¢ has never reached a row other than k by g, let g,
be the last state before ¢, at which ¢ is diverted south, and condition (1)
follows.

Assume now that ¢ has reached a row other than k by g,. Let ¢n,,
my < m, be the last state preceding ¢,, such that ¢ is not on row &k at gm,.
By the topology of Ladder, t is either on row £ — 1 or on row k + 1 at gp,,.
Assume first that ¢ is on row & — 1. Let s’ be the switch traversed by ¢
at Gm,, and let m’ = my. Clearly, the south output wire of s’ is on row k.
Token t reaches s’ on its north input wire and exits on its south output wire.
Therefore, t is diverted south on s’, and condition (1) follows.

Consider finally the case that ¢ is on row k + 1 at gp,. If s is the
switch traversed by ¢ at g, t enters on its south input wire and exits on its
north output wire. Therefore, ¢ still executes its north epoch at g,,. Since
t executes its south epoch at g,,, there must exist a switch s/, on which ¢ is
diverted south (entering its south epoch) at some state g/, mo < m’ < m.
Recall that t resides on row k from state following g¢,, to gm, so that the
south output wire of s’ must be on row k, and condition (1) follows.
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We continue to prove (2). In all cases above, notice that ¢ is on row k
for all states g,,», m’" < m” < m. Since t ignores s at g,,, it enters its south
input wire and exits on its south output wire, and thus ¢ is still on row k at
Gm+1- Moreover, as long as t is on row k, it behaves as follows. If it reaches
a switch on its north input wire, it exits on its north output wire, and if
it reaches a switch on its south input wire it ignores the switch exiting on
its south output wire. In both cases, the function variable of ¢ does not
change. Therefore, for all states ¢,,», m’ < m” < m, t. fg , = tfg, .
and condition (2) follows. |

We continue with our second lemma, stating that whenever a token ¢
is diverted south on some switch s of a layer £ reaching some row k, the
“remaining” path of ¢ and the “remaining” path of any token exiting on a
lower-numbered output wire of £ never cross.

Lemma 4.9 Consider a token t which is diverted south on a switch s at
some state ¢, m > 0, reaching row k, k > 0. Assume that s resides in
layer L, and let t' be any token exited on a lower than k output wire of L.
If gy, m' >0, is the earliest state at which t' is on the output wire of L,
then paths p: | qm and py | @ never cross.

Proof: Assume by way of contradiction that p; | ¢, and py | g, cross.
Then, there exists at least one switch traversed by ¢ at some later state than
¢m which is also traversed by t' at some later state than gq,,. Let s’ be the
first such switch, and denote by g,,», m” > m, the state at which ¢ traverses
s'. Token t reaches s’ on its south input wire, since otherwise, the two paths
must have crossed on some earlier switch, and thus that switch would be the
first (instead of s) on which the two paths cross. Since t is diverted south
at ¢, and m” > m, t executes its south epoch at g,,~. Therefore, ¢t ignores
s’ exiting on its south output wire, so that the two paths cannot cross. A
contradiction. [ |

Consider a token ¢ which exits south on some row k ignoring a switch
s residing in layer £ at some state ¢,,,. Lemma 4.8 implies that ¢ has been
diverted south at some earlier state g,,, on a switch s’ residing on layer
L' whose output wire is also on row k; moreover, t. fnqm,+1 = t.fn,, . By
Proposition 4.7, there exists a set of £ — 1 tokens such that exactly one
such token exit on each of the k first output wires of £’. All these tokens
are either in Ladder or have exited Ladder by ¢, and ¢t. fnqm'+1 equals
the composition of the arguments of these tokens. Lemma 4.9 implies that
the “remaining” path of any of these tokens and p; | ¢, do not cross.
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Moreover, Lemma 4.1 implies that at least one token traverses any wire of
Ladder. Therefore, the set of these tokens is the same as the set of tokens
exiting on lower-numbered rows than k of £. We can thus conclude:

Proposition 4.10 Consider a token t which exits south on a row k, k > 0,

ignoring a switch s at some state ¢, m > 0, and let s reside in layer L.
Then,

(1) for each integeri, 0 <i <k —1,

a. there exists exactly one token t; which exits on output wire i of
layer L;

b. either t; is in Ladder or it has exited Ladder by state qp,;

(2) it holds that t.fn, . = OF i arg.

We are now ready to prove our major proposition. Proposition 4.11
states that if a token exits on an output wire k£ of the network, exactly
one token exits on each of the lower-numbered output wires of the network
(condition (1/a); moreover, token ¢ returns the composition of the arguments
of these tokens (condition (2)). The two claims combined imply the read-
modify-write property of the network. Finally, condition (1/b) states that
all tokens exiting on lower-numbered output wires than k cannot enter the
network after ¢ has exited it, which implies that Ladder is additionally a
linearizable read-modify-write network.

Proposition 4.11 Consider a token t which exits Ladder on its output wire

k, k>0, and let g, m > 0, be the state at which t traverses the last switch
in its path. Then,

(1) for each integer i, 0 <i <k —1,

a. there exists exactly one token t; which exits on output wire i of
Ladder;

b. either t; is in Ladder or it has exited Ladder by state g,
(2) it holds that t.fn, . = Qf;olti.arg.

Proof: We consider two cases depending on whether k = 0 or k& > 0.

Assume first that £ = 0, so that ¢ exits on output wire 0. Claim (1)
holds vacuously. Since t is on row 0 at state gn+1, Corollary 4.6 implies
that ¢.fn =1, as needed by (2).

qm-+1

29



Assume now that & > 0. Let s be the last switch traversed by ¢ at ¢,,. By
the topology of Ladder, t exits on the north output wire of s. Proposition 4.4
implies that t executes its south epoch at g,,, so that ¢ ignores all switches
it reaches on their south input wire. Since ¢ exits on the north output
wire of s, it follows that ¢ reaches s on its north input wire. However,
the north input wire of s is the south output wire of prev,(s). Moreover,
this wire is on row k. By the topology of Ladder, prev,(s) resides in the
last Ladder layer, whose output wires are the output wires of the network.
Depending on whether ¢ is diverted south on s or ignores s, Proposition 4.7
or Proposition 4.10, respectively, imply that for each integer ¢, 0 <1 < k—1,
there exists exactly one token t; which exits on output wire i of the network;
moreover, either t; is still in Ladder at g,, or it has exited Ladder by g,,, as
needed by condition (1).

Furthermore,

tfng, = Of;olti.arg.

At state g, token t traverses switch s and exits on its north output wire.
Therefore, no other token has ever visited s by state g, so that s.fn, = 1.
Thus,

t.fanrl = Of;olti.arg,
as needed by (2). |

Proposition 4.11 (conditions (1/a) and (2)) immediately implies that
LADDER is a read-modify-write network.

Theorem 4.12 LADDER is a read-modify-write network.

Proposition 4.11 (condition (1/b)) immediately implies that LADDER is
a linearizable read-modify-write network:

Theorem 4.13 LADDER is a linearizable read-modify-write network.

4.3 Performance Analysis

In this section we present the performance analysis of LADDER. More specif-
ically, we prove that the average latency of the network is O(n). Moreover,
we prove that in any sequential execution of LADDER, all tokens traverse
O(n) switches. The performance analysis of LADDER is similar to the one
for the SKEW network. This follows naturally from the fact that the two
networks have the same topology and they both maintain the 1-balancing
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property. We remark that by knowing just the topology of a switching net-
work, it is not always possible to analyze its performance because the way
each token moves in the network may depend on both the state of the token
and the state of any switch it traverses.

Fix any (finite or infinite) execution o of LADDER; let o be any prefix
of a involving k > 0 tokens. Denote o’ the execution that results from o’
by letting all tokens still in LADDER at the final state of o/ exit the network;
clearly, the final state of o is a quiescent state. Proposition 4.11(1) implies
that at the final state of o, all tokens have exited on the k lower output
wires. Lemma 4.5 implies that none of the k tokens ever reached any higher-
numbered row than k. Each of the k rows of Ladder traverses 2n switches,
while the depth of the conventional counting network is less than n. Thus,
the average latency of o/, and therefore also of its prefix o/ is O(n). Since
o’ is any arbitrary prefix of o, we can thus conclude:

Theorem 4.14 The average latency of LADDER is O(n).

We finally prove that in any sequential execution of LADDER, all tokens
traverse O(n) switches. We first prove the following proposition.

Proposition 4.15 In any sequential execution o of Ladder, token t that
exits the network on output wire k, k > 0, enters on input wire k and it
never moves on any row other than k during its traversal.

Proof: By induction on k. For the basis case, let ty be the first token
traversing the network; ¢y enters on input wire 0 and no other token enters
the network before t( exits it. Thus, g moves always north and never moves
on a row other than 0, as needed. Assume, inductively, that the claim holds
for some fixed integer k > 0. We prove that the claim holds for token tx11
that exits the network on output wire k+41. Since « is a sequential execution,
tr11 enters on input wire k 4+ 1 of Ladder. By induction hypothesis and by
the topology of Ladder all switches reached by tr41 through their south
input wire have been traversed by token t;. Therefore, t; 11 exits on their
south output wire. Moreover, all switches reached by txy; through their
north input wire have not yet been traversed by any other token. Thus,
tr41 exits on their north output wire. We conclude that ¢;; never reaches
some row other than k + 1, as needed.

|

Recall that each row of Ladder traverses 2n switches. Thus, Proposi-
tion 4.15 implies that each token traverses 2n switches during its Ladder
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traversal. Since the depth of the conventional counting network is less than
n, we thus conclude:

Theorem 4.16 In any sequential execution of LADDER, all tokens traverse
O(n) switches.

By Proposition 4.2, at most one token traverses each wire of Ladder
in any execution. Since the fan-in of any of its switches is two, it follows
that the worst-case contention of Ladder, and therefore also its one-shot
contention, is O(1). Thus, both the worst-case contention and the one-shot
contention of LADDER is bounded by the worst-case contention and the one-
shot contention, respectively, of the employed traditional counting network.
Lemma 2.2 implies that the one-shot contention of any counting network
with w = n and constant ¢ is constant. If we choose such a counting
network (see e.g., [3]) as the traditional counting network of LADDER, it
follows that the one-shot contention of LADDER is constant?.

5 Discussion

LADDER has the same topology as SKEW which is linearizable. We remark
that most read-modify-write networks whose set of functions satisfies the dis-
placement property have executions that must be linearizable; however, this
is not the case for all their executions®. On the other hand, given a lineariz-
able counting network, it is not clear whether one can derive a corresponding
switching network supporting commutative or any other kind of interesting
read-modify-write operations (beyond fetch-and-inc and fetch-and-dec). It is
an interesting open problem to investigate whether any linearizable count-
ing network has a corresponding switching network of the same topology
supporting some kind of interesting read-modify-write operations, and vice
versa.

Even though Ladder has an unbounded number of switches, it can be
implemented as a finite network by “folding” the network so that each folded
switch simulates an unbounded number of primitive switches. A similar
folding construction appears in [15] for SKEW. The state of any switch of
folded LADDER is infinite, because an infinite number of function variables

3 Aspnes et al. [3] have proved that the worst-case contention of any finite counting
network is ©(n). Thus, the worst-case contention of LADDER is O(n) as well.

4As an example, an execution of an adding network in which tokens add to the register
different powers of two must be linearizable, while an execution of the same network in
which all tokens add to the register the same value is not necessarily linearizable.
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should be simulated by each switch, but only a finite number of them are
“active” at any time.

LADDER is not wait-free and supports only commutative read-modify-
write operations. However, our lower bound proves that LADDER, as well
as all switching networks supporting a large class of read-modify-write op-
erations have limited practical appeal. Nevertheless, there is some theo-
retical interest to know whether there exist lock-free and low-contention
read-modify-write networks for other interesting classes of functions, and
wait-free networks for any interesting class.

To conclude, counting networks exhibit three desirable characteristics:
they are lock-free, they have low contention, and low latency. They are
therefore considered attractive distributed data structures for implementing
the restricted set of fetch&inc and fetch&dec read-modify-write opera-
tions. It was natural to expect that appropriate generalizations of counting
networks would be good candidates for equally attractive distributed data
structures for other read-modify-write operations. This work proves that
this is not the case. It may yet be possible to construct a lock-free, low-
latency, and low-contention distributed data structure for these operations,
but it will require a radically new approach.
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