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ABSTRACT

It is widely hoped that variation in the human genome
will provide a means of predicting risk of a variety of com-
plex, chronic diseases. A major stumbling block to the suc-
cessful identification of association between human DNA
polymorphisms (SNPs) and variability in risk of complex
diseases is the enormous number of SNPs in the human
genome (4,9). The large number of SNPs results in unac-
ceptably high costs for exhaustive genotyping, and so there
is a broad effort to determine ways to select SNPs so as to
maximize the informativeness of a subset.

In this paper we contrast two methods for reducing the
complexity of SNP variation: haplotype tagging, i.e. typ-
ing a subset of SNPs to identify segments of the genome
that appear to be nearly unrecombined (haplotype blocks),
and a new block-free model that we develop in this report.
‘We present a statistic for comparing haplotype blocks and
show that while the concept of haplotype blocks is reason-
ably robust there is substantial variability among block
partitions. We develop a measure for selecting an infor-
mative subset of SNPs in a block free model. We show
that the general version of this problem is NP-hard and
give efficient algorithms for two important special cases of
this problem.
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1. INTRODUCTION

In anticipation of cost-effective SNP genotyping technol-
ogy and the availability of a large number of SNPs, many
investigators are seriously considering genome-wide SNP
scans with the hope of performing association tests. While
the cost of SNP genotyping may be rapidly decreasing, it
is still infeasible to genotype all available SNPs [5]. This
paper deals with the challenging problem of choosing an
optimal subset of SNPs to be used in such a study. This
subset of SNPs is referred to as the ”minimal informative
subset”. The end objective is to be able to identify DNA
variation within the population that is associated with el-
evated risk of diseases, but there are many unknowns re-
garding the nature of that variation. We do not know how
many genes will be involved, what the frequency of the
alleles causing disease is, nor do we know the magnitude
of the increased risk associated with those alleles. In the
absence of this information, the best we can do is to try
to identify SNPs that at least allow us to reconstruct the
haplotypes of all the other observed SNPs. In this sense,
the problem is like a data compression problem: We have
the full pattern of all SNPs for a small sample, and want
to devise an algorithm to select SNPs that will allow us to
reconstruct the full data set. We hope that even though
only a subset of all SNPs would be genotyped, that the
statistical power for identifying disease associations would
not be seriously compromised.

‘We note that each SNP defines a partition of the popula-
tion sample. If a pair of SNPs defines precisely the same
partition, they are said to be in absolute linkage disequi-

librium (LD), and the information they carry is totally
redundant. In this trivial case, it is easy to see that the
minimal informative subset would not include both SNPs.
Now consider the question of whether the partitioning of
any given SNP x can be reconstructed from the partition-
ing of some set of other SNPs. If we can reconstruct this

personalor classroonmuseis grantedwithout fee provided that copiesare
not madeor distributedfor profit or commercialadvantageandthatcopies
bearthis noticeandthefull citationonthefirst page.To copy otherwiseto
republish o poston senersor to redistrituteto lists, requiresprior specific
permissiorand/ora fee.

RECOMB' 03, April 10-13,2003,Berlin, Germayy.

Copyright 2003ACM 1-58113-635-8/03/0004.$5.00.



partition from other SNPs, then it would not be neces-
sary to genotype SNP x. The state of SNP x could be
predicted from the states of the other SNPs. For any one
SNP the identification of this partitioning is not challeng-
ing, but the task of finding a global solution to minimizing
the number of SNPs needed to predict all the others is.
The following method for selecting informative SNPs has
been widely suggested [2, 16, 21, ?]: partition a chro-
mosome into contiguous segments called haplotype blocks
and select, within each block, a subset of “haplotype tag-
ging” SNPs sufficient to reconstruct the diversity within
that block. Haplotype blocks are intuitively defined as a
contiguous series of SNPs exhibiting low diversity across
individuals that appear to have little evidence for recombi-
nation within the sample. Due to the low diversity within a
given haplotype block, the SNPs are highly correlated and
the value of one SNP can be used to predict the value of
another. Despite rough agreement on this intuitive under-
standing, no consensus has been reached in the community
over how they are best practically defined.

In this paper, we consider the problem of defining hap-
lotype tagging SNPs and that problem’s relationship to
haplotype blocks. We study the nature of haplotype block
patterns and use results about potential limitations of the
blocks to suggest methods for haplotype tagging that are
independent of the block problem. We then present theo-
retical formalisms and practical algorithms for two variants
of the SNP selection problem, one based on a restricted no-
tion of blocks and one on block-free selection.

In Section 2 we statistically assess the concept of haplo-
type blocks by examining the concordance of block struc-
tures derived through different blocking methods. We pro-
vide a paradigm for comparing different block definitions;
we demonstrate that an optimal haplotype block partition
can be calculated efficiently using a randomized dynamic
programming algorithm and we give a statistic for compar-
ing two partitions. We apply this statistic to three hap-
lotype blocking methods representing the major principles
used to date for block assignment in the literature: four
gamete [14], diversity based [21] and an LD based defini-
tion [10]. Our results suggest that the concept of haplotype
blocks is reasonably robust, and we show that the different
block definitions exhibit a high degree of concordance. It is
important to note, however, that the concordance is high-
est for common haplotype blocks, and that there is sub-
stantial variability among block partitions, especially for
those that are of low frequency in the population. It does
not appear to be possible to unambiguously and uniquely
infer the ”true” block partitioning.

In Section 3 we specifically address the problem of deriving
informative subsets of SNPs, defining a measure for how
one SNP can be used to predict another, setting up the
basic algorithmic problem, and showing that it is NP-hard
in the general case. The informativeness measure is intro-
duced for how well one SNP predicts another and for how
well a set of SNPs predicts a single SNP and a set of SNP.
This measure is closely related to the haplotype diversity
measure [6] commonly use. Given this measure, we can
state the minimum informative SNPs problem (MIS) and
we show that the general problem is NP-complete.

In Section 4 we give efficient algorithms for two important
special cases of the MIS problem. In practice, the full MIS

problem is often overly general, as we only want to select a
SNP to be used in the prediction of another SNP if the two
SNPs are in strong LD (the SNPs are highly correlated).
‘We consider two such cases: when SNPs are predicted only
on recombination-free blocks and when a SNP is only used
in the prediction of another if they are in close proximity
to each other. We show that this approach leads to sub-
stantial improvements over a representative block method
in capturing a large fraction of the information in a set of
sequences using only a subset of the SNPs.

2. EVALUATING HAPLOTYPE BLOCKS

Many studies (confer [7, 9, 15, 21]) suggest that human
haplotypes can be characterized by long stretches of se-
quence, or blocks within which there is high LD across
common SNPs, but between which recombination has left
little LD. Because of the high LD, there is redundant in-
formation within a block, and only a few SNPs might be
sufficient to characterize the block. Other studies [24],
while not disputing the existence of blocks, critique the
value obtained from such sparse maps. We tackle a differ-
ent question in the paper, regarding the necessity of block
selection as a prelude to selecting a set of informative SNPs
characterizing haplotypes.

There are many computational approaches to predicting
block boundaries. We compare three different methods,
representing three basic blocking paradigms in common
use: recombination-based, diversity-based, and LD-based.
The simplest example of a recombination-based test is due
to Hudson and Kaplan [14]. Using the infinite sites as-
sumption (each site mutates at most once) and the as-
sumption of no recombination within a block, no block
should exhibit all four possible gametes for any pair of
sites. Efficient algorithms to predict blocks satisfying the
no-four-gamete criteria are known. For a diversity-based
test, we use a generalization of the test presented by Patil
et al. [21]. In their test a region is a block if at least 80% of
the sequences occur in more than one chromosomes. This
test is developed for a sample of only 20 chromosomes and
does not scale well to larger sample sizes as it will tend
to yield larger blocks as more chromosomes are studied.
‘We generalized this test by defining a region as a potential
block if sequences within that region (haplotypes) account-
ing for at least 80% of the sampled population each occur
in at least 10% of the sample. We were also unable to find
an LD-based test in the literature that would scale well
with depth of coverage over the range of datasets avail-
able to us, and therefore developed a test based on the D’
statistic, similar to that used by Gabriel et al. [10] but with
the test of significance tuned to produce more meaningful
results on small population samples. By this measure, a
region is defined to be a block if the D’ value of every pair
of SNPs within the block shows significant LD given the
individual SNP allele frequencies with a P-value of 0.001.
Following Zhang et al. [?], we consider two optimization
criteria for any given block definition. The first criterion
is minimum test cover, in which for each block the number
of SNPs required for haplotype tagging is computed as a
minimum test cover problem [12, 5, 4] and sum of the num-
ber of SNPs over all the blocks is minimized. The second is
minimum block, in which the number of predicted blocks is
minimized among all partitions that minimize the number



of SNPs. We use a randomized variant of Zhang et al.’s
dynamic programming algorithm that samples uniformly
at random among all optimal solutions to locate optimal
block partitions using all three block definitions and both
optimization criteria.

2.1 Statistic for Comparing Block Partitions

We can use the number of shared block boundaries as a
statistic for the similarity of two block partitions. We give
a simple formula to test whether this number of shared
boundaries might have occurred by random chance. Let
Bi1, B> be the number of boundaries in the two partitions,
m be the number of boundaries shared by the partitions
and S be the total number of SNPs. If the partitions are
independent of one another, the probability that they share
exactly m boundaries can be calculated as follows:

B1\(S—1-B
() Coym?)
(5,)
Bs
The P-value for the intersection of the two partitions being
random can then be calculated as follows:

min(B1,B2) (B S—1-B
27 () ()
51 (1)
i=m ( Bo )
This measure thus allows us to test the hypothesis that
two partitions are related.

2.2 Computational Results

For evaluation, we rely on two publicly available datasets.
The first is the Perlegen chromosome 21 dataset [21], which
consists of 24,047 SNPs typed on 20 phased chromosomes.
This dataset contains a large contiguous set of SNPs pro-
viding an excellent test of blocking algorithms. We also use
a dataset derived from 71 individuals typed at 88 polymor-
phic sites in the human lipoprotein lipase (LPL) gene [20],
from which we ignored one multi-allelic site to simplify
our analysis. The fewer SNPs in the LPL dataset makes it
more manageable for illustrative purposes. In addition, its
greater depth of coverage allows us to draw more confident
predictions and provides enough individuals to compare re-
sults from distinct subsets of the population sample.

We specifically asked whether the concept of blocks is ro-
bust to the various block measures. We conducted com-
parisons by running the available algorithms on the two
datasets and comparing the outcomes using the shared
boundary statistic described above. Table 1 presents the
results when run on the chromosome 21 data of Patil et
al. [21] minimizing the total number of blocks consistent
with each block definition. Table 2 shows the analogous
results when choosing blocks so as to minimize the total
number of SNPs needed to type the blocks for each defini-
tion. Although the percent similarities are stronger than
can be explained by chance, there is a fair amount of dis-
crepancy between different measures. The 4-gamete test
appears much closer to the diversity- and LD-based tests
than either of those is to the other. Furthermore, mini-
mum SNP solutions appear to have more in common with
one another than minimum block solutions.

For purposes of illustration, we provide visual comparisons
of block assignments for the LPL dataset of Nickerson et
al.[20]. Due to the much smaller number of SNPs in the

| | diversity-based | LD-based

4-gamete 15.7%/3.02 x 10~ '°*
diversity-based -/-

7.19%/3.89 x 1075

12.3%/1.70 x 10~ '®

Table 1: Comparisons of block definitions on the chro-
mosome 21 dataset of Patil et al. minimizing blocks.
Each element of the matrix gives the percentage of
block boundaries assigned by either method that are
shared by both, followed by the p-value of the overlap.

| | diversity-based | LD-based

4-gamete 22.6%/5.30 x 10~ 3%°
diversity-based -/-

16.0%/1.03~5*

9.70%/6.14 x 10723

Table 2: Comparisons of block definitions on the chro-
mosome 21 dataset of Patil et al. minimizing SNPs.

LPL dataset compared to the chromosome 21 dataset, the
LPL comparisons do not generally yield statistically sig-
nificant results, although they show comparable percent
agreement to the chromosome 21 comparisons. Figure 1
illustrates the correspondence between the different block
measures by showing side-by-side comparisons of block
boundaries for each. The results appear to show generally
poor yet significant agreement between block boundaries
derived from distinct measures. From these results, we
conclude that the blocks are capturing general regions of
low diversity, but that the boundaries between them are
not rigorously defined.

3. THE SNPSELECTION PROBLEM

Our primary concern in the present work is defining sub-
sets of “haplotype tagging” SNPs that characterize the
overall genetic diversity of a region. Many common ex-
isting methods for SNP selection are based on measures of
LD, or diversity applied to a block at a time. Minimizing
the number of SNPs under these measures is computation-
ally hard in the general case, but practical in most cases
of interest, as the blocks are typically not very large, and
have only a few haplotypes. In the following, we describe
a new measure of informativeness of a SNP that is related
to measures of Haplotype Diversity [6], but provides a di-
rect measure of how a SNP, or a set of SNPs can be used
to characterize another SNP, or a set of SNPs. Our mea-
sure is also NP-hard in the general case, but is tractable in
many cases of practical interest. We also describe the use
of this measure to select a minimum informative subset of
SNPs, without partitioning the SNPs into blocks.

3.1 Defining Informativeness

A set S of m SNPs over a population of n haplotypes can
be denoted by an nxm matrix Ms. The columns of M cor-
respond to SNPs in the population, and rows correspond to
haplotypes. For a SNP s = Mg], j], denote s; = Ms|i, j].
We assume for simplicity that all SNPs are diallelic (tak-
ing on only two values); consequently Ms][i, j] € {0, 1}V3, j.
Let a 'target’ SNP ¢ be associated with a disease of inter-
est. If ¢ is not typed, its value is predicted using proximal
SNPs. We would like to define a measure of ’'informative-
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Figure 1: Pairwise comparison of block boundaries for
the different block definitions for the LPL dataset of
Nickerson et al. Each image shows the block boundaries
as vertical lines, with boundaries above the horizontal
line coming from the first method and those below the
horizontal line coming from the second method. Shared
boundaries are drawn as thicker lines and unshared
boundaries as thinner lines. The comparisons shown
are A: 4-gamete vs. diversity-based minimizing blocks
B: 4-gamete minimum blocks vs. LD-based minimiz-
ing blocks C: diversity-based vs. LD-based minimiz-
ing blocks D: 4-gamete vs. diversity-based minimizing
SNPs E: 4-gamete vs. LD-based minimizing SNPs F:
diversity-based vs. LD-based minimizing SNPs

ness’ of a SNP s w.r.t ¢t to quantify the confidence with
which we can make this prediction.

For a SNP s and haplotypes i, j, let D; ; be the event that
that M[i, s] # M[j,s]. We define the Informativeness of
SNP s w.r.t a SNP ¢ as

I(s,t) = Probiz; (D;|D; ;) (2)

where 7, j are drawn uniformly at random from the set of all
distinct haplotype pairs. Observe that I(s,t) = 1 implies
complete predictability, and I(s,t) = 0 when there is no
predictability. I(s,t) is estimated easily from a sample
as follows: Consider the complete graph Gg on m nodes
labeled 1,2,...,m. Each SNP s defines a subgraph which
is a bipartite clique with m nodes. The edge set E(s) is
defined by the rule (3, j) € E(s) iff s; # s;. Then

|E(s) N E()|

T t) = =)

as the informativeness of s w.r.t t. The definition is easily
extended to a subset of SNPs. For §’ C S, let DZ—S,j be the
event that M[i, s] # M][j, s] for some s € S’. Likewise, let
E(S") = Ugesr E(s). Then,

|E(S") N E(t)]

I(S',t) = Probiz;(DS;| DL ;) ~ 3
( ) #J( ,Jl :J) |E(t)| ( )

and, for all ', T C S
1(8',7)=>_I(S',t)

teT

3.2 Basicalgorithmic problem

Based on the definition above, a subset of SNPs S’ is said
to be informative w.r.t a subset of SNPs T'if I(S', T') = |T'|.

MIS: Minimum Informative SNPs
Input: A set of n SNPs S, with subset T C S, 0 < k < n.

Output: Does there exist a subset S’ C S\ T such that
I(S',T) =|T|, and |S'| < k.

The MIS problem is closely related to the problem where
we can only type k SNPs, and we need to select the £ SNPs
that are most informative.

k-MIS: k Most Informative SNPs
Input: A set of n SNPs S, subset SNP T C S,0< k < n.

Output: Find the subset S’ C S\ T such that I(S',T) =
maxs,cs, sq|<k (S, T)

We first show that the MIS, and k-MIS problems are NP-
complete in the general case.

3.3 Tractability

LEMMA 3.1. The Minimum Informative SNPs problem
is NP-complete.

PRrOOF. We reduce the set cover problem to MIS. Recall

the definition of set cover: Given a collection C of subsets
of a finite set X, and positive integer k < |C|, does there
exist ¢’ C C with |C’| < k such that every element of X
belongs to at least one member of C'.
We construct a SNP matrix Mg with |X| 4+ 1 haplotypes,
and |C|+1 SNPs. Label the elements of X arbitrarily from
1 to |X|. For each subset C; € C, define a SNP M|x, j]
such that

Lo 0 ifi§|X|andXiECj
M, 51 = { 1 otherwise

SNP t = M[*, |C|+1] is defined by the vector [0,0,...,0,1]
with exactly |X| zeros and a single one. It is not hard to
see that C' C C covers X if and only if the corresponding
subset of SNPs S’ are informative w.r.t t. [J

As the M 1S problem is a restriction of the k-MIS problem,
we have

COROLLARY 3.1. The k-MIS problem is NP-hard.

4. SNPSELECTION ALGORITHMS

While the general MIS problem is NP-hard, we show that
it is tractable in two special cases that are of practical
interest. In Section 4.1 we give an efficient algorithm for
the case when the SNPs are to be selected on blocks in
which there is no recombination. In Section 4.2 we give an
efficient algorithm for the case when predictive SNPs are
in close proximity to their target.

4.1 Block-basedselection

In this section, we give an efficient algorithm for the case
when SNPs are selected on blocks which are defined on the
basis that there is no evidence of recombination. Consider
two diallelic SNPs s and ¢. Under the infinite-sites model
of evolution and the assumption that no recombination
has occurred between these two sites, it can be shown [14]
that all four allele pairs will not be observed (the four
gamete property). We define such a pair of SNPs to be in
complete LD. This condition is fairly restrictive. Observe
however, that the MIS haplotype problem remains NP-
complete even if we restrict our selection to SNPs that are
in complete LD with the target SNP ¢.

Consider the case of a complete LD block, defined as a
set of SNPs S such that every pair in S is in complete



LD. The resulting SNP matrix Ms has a lot of structure.
Specifically, a perfect phylogeny can be constructed of the
set of haplotypes (rows in Mg) (See for example, [11]).

bIMIS Minimum informative SNPs on a block in com-
plete LD

Input: A set of n SNPs S that define a complete LD block,
subset T C S, 0< k <n.

Output: Does there exist a subset S’ C S\ T such that
I(S',T) =|T|, and |S'| < k.

k-bIMIS k Most Informative SNPs on a block in complete
LD

Input: A set of n SNPs S that define a complete LD block,
subset SNP T C S, 0 < k <n.

Output: Find the subset S’ C S\ T such that I(S',T) =
maxs,cs, sr|<k 1(St, T)

LEMMA 4.1. The bIMIS problem is solved in O(mn)
time, when |T| = 1.

Proor. For SNP j, let H) be the set of rows (haplo-
types) 4, such that M[i,j] = 0. Correspondingly, let H;
be the set of rows ¢ with M[i,j] = 1. We need to find a
set of SNPs that are informative w.r.t t. As a consequence
of the 'no-four-gamete’ condition, note that for each SNP
s with alleles a, and b, that either H2 C H?, or H® C H},
or H* C H}, or H® C HY.

For each SNP s, relabel a, and b to 0, and 1 so that ei-
ther H? C HY, or H! C Hj. Consequently, any set S’
of SNPs that is informative w.r.t ¢t has the property that
Uses' H? = HY, or UgsegrHY = H}. To compute MIS, we
find a minimum set Sp such that UsesoH = HY, and a
minimum set Si, such that Uses, HY = Hj, and choose
the smaller of the two sets.

To compute Sp, we employ a greedy strategy. At each step,
we pick a SNP s such that H? C Hy, and H? covers the
maximum number of haplotypes not covered by previously
chosen SNPs. To see that Sp is minimal, observe for two
sets H§, H¢ that either one is contained in the other or
the two set are non-overlapping, due to the four gamete
property.

O

We note that the k-bIMIS problem also has the same time
complexity when |T| = 1. For every [,0 < < k find a set
Sot, |Soi| = I such that Uses,, HY C HY and Uses,, HY has
maximum cardinality, using the greedy algorithm. Define
S1: similarily. An optimal solution for the £-bIMIS can be
found by finding the So; U S1(x—;) with maximum informa-
tiveness.

The complexity of the general bIMIS and k-bIMIS prob-
lems remains open.

4.2 Bounded-width algorithm

While significant LD can occur between SNPs physically
distant on the genome, such distant relationships are likely
to reflect selection bias or random chance, rather than re-
cent common ancestry. In practice, measured high LD
occurring at greater distances than a fixed constant, such

as 50 kb, is commonly ignored [10] and is considered to be
an artifact of a small sample size. Our primary concern
in locating SNPs in LD with one another is finding those
sets of SNPs that are predictive not only of other SNPs
of which we are aware, but also of those SNPs that were
not typed in our sample population. We therefore wish
primarily to discover those SNPs that characterize regions
of common recent ancestry (conserved haplotypes) rather
than those that characterize isolated distant SNPs due to
selection bias or random chance. SNPs of recent common
ancestry are likely to be those that are sufficiently close
that recombination has not occurred frequently between
them. We therefore believe it reasonable to restrict our
search for predictive SNPs to those that are in relatively
close proximity to the targets for which they might be pre-
dictive.

Consider again the informativeness of a subset S’ w.r.t
a SNP t. For simplicity, we define the distance between
SNPs s and t simply by the number of SNPs in between s
and t. Informally, we would like to find a most informative
subset of SNPs given that only SNPS that are a distance
w apart can be used in the prediction. The abstraction de-
scribed here is used only for ease of exposition. In practice,
important efficiency gains are made by a proper choice of
useful SNPs, and the general approach will be described
in the following subsection.

Given a positive integer w, the w-bounded informativeness
of § w.r.t t, denoted by I(w, S’,t), is defined as follows:

| Usesracs,n< 1) E(s) N E(t)]
|E(2)]
The w bounded informativeness w.r.t. a set of SNPs T we

define is the sum of the informativeness w.r.t. the individ-
ual SNPs:

I(w,S',t) = (4)

I(w,8',T) =) I(w,S',t) (5)

teT
The problem of finding a bounded width informative sub-
set is defined as follows:

(k,w)-MIS The k most informative SNPs with bounded
width w

Input: A SNP matrix Mg
Output: A set of k SNPs Sj that maximizes I(w, Sk, S)

‘We need to set out some notation to show how the (k, w)-
MIS can be solved efficiently. Number the n SNPs from 1
ton. Suppose a subset S’ of SNPs within distance |2 ] of s
are used to predict s. Define the corresponding assignment
A, as follows

Adli] = { h 6)

Correspondingly, define a the subset of SNPs S(A;) to
contain all SNPs s’ such that A[s' + 2] —s] = 1.

if SNP s — L%J+i€5"
otherwise

THEOREM 4.1. The (k,w)-MIS problem can be solved
O(nk2"¥) time, and O(k2¥) space.

PROOF. A solution to the (k,w)-MIS problem can be
described by an O(n) size bit-vector, such that B[{] =1 if
SNP i is selected, and 0 otherwise. At most k entries are



For s from 1 to n
For | from 1 to k
Forall assignments A,
Al A >>1
Right shift by 1
Al Ag>>1 427!
Right shift and assign 1 to the leftmost bit
Ly(s,1, As) < I(S(As), )+
max(Iy(s — 1,1 — Ag[w], A), I, (s — 1,1 — As[w], AL)

Figure 2:

problem

An O(nk2%) algorithm for the (k,w)-MIS

1 in any solution. The solution also implies an assignment
A, for each SNP s as Asfi] = B[s — | ¥ ] +1].

Let A2(= A, >> 1) be the vector obtained by right shift-
ing As. Note that in any solution As[i] = B[s— | % | +1] =
Bl(s—1) = |%] + (i +1)] = As—1[é + 1]. Therefore, de-
pending on whether the A;_1[0] is 0 or 1, A;_1 = A2, or
Ag g = A2 2wt

Let I.,(s,l, As) be the score of most informative subset
of I SNPs chosen from SNPs 1 through s, such that A,
described the assignment for SNP s. The score obtained
for informing SNP s is exactly I(S(As), s), and I,,(s,1, As)
is given by I(S(As), s) plus score of the best assignment
for SNPs 1 through s — 1 that is consistent with A,.

By the argument above, there are only two possibilities for
the assignment to SNP s — 1, described by A2, or AL_,.
Finally, the assignment to SNPs 1 through s—1 cannot use
SNP s+ | % ]. Therefore, the number of SNPs available to
SNPs 1 through s—1 are I—1if A;[w] = 1, and ! otherwise.
Thus

Iw(sal:AS) = I(S(AS)JS)+
max(Ly (s — 1,1 — As[w], A2), Ly, (s — 1,1 — As[w], Al)

Figure 2 describes the algorithm for computing this re-
currence using dynamic programming. The space saving
trick of Hirschberg [13] can be used to reduce the space
requirements to O(k2v).

O
4.3 SNPNeighborhoodselection

In practice, it is neither efficient nor desirable to have a
fixed neighborhood in which to look for SNPs. Due to
variability in SNP density and recombination rate, we note
that for most SNPs, the neighborhood of SNPs that are
in LD with it, or are otherwise informative for it is highly
variable. We exploit this by making a neighborhood graph
with SNP sites as vertices. Two vertices are connected by
an edge only if they are in high LD w.r.t each other. For
any SNP s, the computation is then performed only on
subsets of neighboring SNPs that are connected to s, and
are proximal to it.

Even in the modified approach, the large memory required
for modest values of w makes this approach hard to imple-
ment. An interesting open problem is to use a Hirschberg
like trick on the larger dimension (2*). In our formulation,
the problem reduces to finding a minimum Bandwidth lay-
out for a De Bruijn graph on 2* nodes. As the Bandwidth

is known to be greater than %, this is unlikely to offer
great improvement. However, we can reduce the memory
demands further by not considering SNPs whose addition
improves the informativeness marginally.

4.4 Computational Results

We now compare the number of SNPs that need to be
typed to capture a% of the information based for the block
a block based method and for our block free method. We
follow Zhang et al. [?] for the block method and require
that a% of the diversity of each individual block be cap-
tured. For the block free method we require that a% of
the sum of the informativeness of the SNPs be captured.
For a judicial comparison between the block and block free
methods, in the block free method we will only allow a
SNP i to be used in the prediction of the informativeness
of SNP j if ¢ and j are in a putative block. We note that
this restriction is in addition to the restriction that only
SNPs within a fixed window size be used in prediction.
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Figure 3: The x-axis shows the number of SNPs typed
and on the y-axis informativeness attained. The dot-
ted lines represent the block free method and the solid
the block method. The upper picture shows results for
the Perlegen dataset where an LD based method was
used for block determination (and determining predic-
tive SNPs). The lower shows results for the first 1000
SNPs of the Perlegen dataset where blocks where de-
termined using the method presented in Patil et al.

Figure 3 shows the informativeness attained as a function
of the number of SNPs typed using the Perlegen data set
and both a conservative LD block detection method and
the less conservative diversity based method of Patil et
al. [21]. We see in both cases that the block free method
requires fewer SNPs to be typed.

Figure 4 shows the information attained as a function of
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Figure 4: The x-axis shows SNPs typed and the y-axis
the information attained for the LPL data set, using the
diversity based block definition of Patil et al. The dot-
ted line represent the block free method with w limited
to 21, the solid line the block free method with w lim-
ited to 13 and the dashed line shows the block method.

the number of SNPs typed using the LPL data set and the
Cox block detection method. As the Cox method allows for
large putative blocks we considered the effect of increasing
the maximum w for the block free method. Again, our
results show that the block free SNP detection can produce
similar informativeness with fewer SNPs as we can take
advantage of informative SNPs in neighboring ’blocks’.

5. DISCUSSION

‘We show two things in this paper. First, while the concept
of block as a region with low-recombination is robust, the
notion of block boundaries is not. This conclusion is con-
sistent with the observation of Gabriel et al. [10] that there
can be significant LD between blocks even when they are
chosen by an LD-based measure. Therefore, in selecting
a subset of SNPs to characterize a large fraction of haplo-
types, it is not essential to limit the analysis to computed
blocks.

‘We also present a new measure for the identification of sub-
sets of SNPs that are predictive of other SNPs in a common
population. As we argue above (and in the appendix), this
measure avoids some of the difficulties traditional linkage
disequilibrium measures have experienced when applied to
SNP selection, particularly when dealing with small pop-
ulation samples. The concept of pairwise LD does not re-
liably captures the higher-order dependencies implied by
observed haplotype structures, while the extension to 3-
way LD and in general k-ary LD would be tremendously
complex analytically. Our notion of informativeness pro-
vides a practical framework for formalizing the problem of
SNP selection suitable for generalized structures of higher-
order local dependency. We have characterized this mea-
sure theoretically and discussed the hardness of general op-
timization problems based on the measure. We have also
presented algorithms for efficiently solving two practical
variants of the informative SNP selection problem: block-
based and bounded-width SNP selection. The block-based
method provides a new basis for performing SNP selection
using the block paradigm. The bounded-width method
provides a means of solving the problem without resorting

to a block decomposition, which may be an important ad-
vantage given the uncertainty about the validity and utility
of haplotype blocks.

There are a number of avenues for future work in this area.
The informativeness measure remains to be characterized
as a statistic, which would be expected to yield more rigor-
ous measures and algorithms for dealing with uncertainty
in small population samples. We note that our basic algo-
rithms can be extended to alternate measures. In fact, the
algorithm for (k,w)-MIS problem can be used for any mea-
sure that grows monotonically in the predictive set (i.e. if
more data gives a better prediction).

Additional work with empirical data is also required to
establish practical window sizes, w, and assess the effec-
tiveness of the methods in reducing assay sizes and char-
acterizing SNPs unknown at the time of the selection of
informative subsets. In particular, the dynamic program
presented above requires large memory making it imprac-
tical for larger values of w. Cutting the memory require-
ments of this method is an active area for further research.
We can also consider extensions of the above methods to
noisy or incomplete data, where techniques that we have
developed in [18, 19, 22] may be of use.

Furthermore, we have not considered how to deal with
genotype data. One way this could be done is to con-
struct haplotypes from genotypes computationally [1, 3].
Computationally phasing the genotype data however, in-
herently adds a level of indirection to the problem. An
alternate method, of greater interest to us, is to avoid this
phasing step and define the algorithm in the space of all
possible phasings of the genotype data and optimize over
a probability distribution. Preliminary work in this di-
rection has been done in a concurrent paper analyzing the
genetic diversity in human chromosomes 6,21,22 [23], writ-
ten partially by the same set of authors. In that paper, we
assume that for any pair of SNPs there is equal probability
of the two different phasings of heterozygous pairs.
Finally, these methods must be applied to real problems
in assay design and disease inference to characterize their
true potential to contribute to the effective application of
genome polymorphism data to the diagnosis and treatment
of human disease.
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8. APPENDIX A

Connecting Informativeness with measures of LD,
and Diversity
Zhang et al. [?] also consider the problem of minimizing SNPs
based on linkage with other SNPs. They limit their prediction
to blocks, or regions of low recombination. They formulate the
problem as one of predicting ’common’ haplotypes (haplotypes
that occur at least twice), a measure clearly related to ours.
Recall our formula for informativeness of set S’ in predicting
the set T’ ,
1! 7y — VES) N BT)|
|B(T)]

Let S be the set of SNPs in a haplotype block described by the
matrix Mg after eliminating all haplotypes that occur exactly
once. The rows of this matrix form the set of common haplo-
types H. Observe that E(S) = H x H, the complete graph on
the vertex set H. Zhang et al. [?] define an informative set of



SNPs S’ C S, such that

vl
|H|

Note that if 8 = 1, the problem would be identical to picking
S’ C S such that E(S’) = H x H = E(S). Thus the two
measures of informativeness of SNPs are expressed on the same
graph, one based on vertices, and the other based on edges. One
advantage of our method is that it can be used with respect to
a single SNP, or a predetermined group of SNPs, which makes
it comparable to other measures in population genetics.

In the population genetics community, various measures for
Linkage Disequilibrium and association also measure the infor-
mativeness of a SNP with respect to another. A commonly
employed measure of linkage disequilibrium between allele A;
and B; (at loci A and B, respectively) is D;; defined as

W CSst. B(S)=VxVand — =8>08  (7)

Dij = pij — pi.D.j (8)

Where p;. is the probability of seeing allele A; at loci A, p_;
is the probability of seeing allele B; at loci B and p;; is the
probability of seeing allele A; at loci A and allele B; at loci B.
Measures related to this are

Z D}; (9)
%,

D = Doo/min(po.p.1,p.0p1.) Doo >0 (10)
Doo/min(po.p.o,p.1p1.) Doo <0

D2

While these measures are useful in measuring linkage between
SNPs, they are less useful in measuring informativeness, which
is the extent to which one SNP can help predict the other.
Observe for example that |D’| = 1, its maximum value whenever
any of the four possible alleles is not present. Assuming the
infinite-sites model of evolution, this implies that |D’| = 1 when
there is no recombination between the two loci. This is not,
however, enough for a SNP to predict the other. A more useful
measure of LD that also describes informativeness is the d?
measure [8, 17]. Following Kruglyak [17] denote the variant
allele in the target SNP ¢ as v, and the normal allele as 4.
Then the d?> measure for a SNP s containing alleles 0, and 1
with respect to ¢ is estimated as

2

(@ _ "_+0> (11)

Ny n4

This measure is 1 exactly when s can completely predict ¢, and
0 when s provides no information w.r.t to ¢ (7;"0 = % =
0.5). The d? measure does not, however, extend easily to the
informativeness of a set of SNPs S’ w.r.t t. Let |S’| = k so
that 2% haplotypes are possible. For each haplotype H, its

2
informativeness w.r.t ¢t can be denoted by (n”H - n:—f) . The

d? measure for S’ w.r.t t is given by

2
max ("_H _ ”+_H) (12)
H Ny n4

However, it is easy to see that this measure is actually quite
restrictive. A small subset of SNPs S’ could easily provide com-
plete information about t even though the d? measure for any
one pair of SNPs is quite low. The measure we propose is thus
a better measure of informativeness, and also provides insight
into linkage between two arbitrary sets of SNPs.



