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Correlation Clustering with Complete Information

Objective: nd clusteringA with fewest
Inconsistencies with input data
Complete Info: data for every pair of
objects

u Can represent data as a graph
(V;E) of \=" edges

2.5-approximation algorithm (ACNQO5)

9 > 0Os.t. no(1+ )-approx. alg. exists
unless P=NP. (CGWO05)

Qurresult 8 > 0Oa(1+ )-approx as

long as input is from a certain random
iInput model
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Noisy Input Model

Model:

n 9 unkown ground truth clusterind®
n Each edgdu;v) \lies" with probability p and \tells the
truth" otherwise, i.e.

E - E. = 1 B v with probability p
R = Y with probabilityl p
1 if u;v Iin same cluster of ground truth

whereBuy = 0 otherwise

Main Theorem a1+ O(n '=3)-approximation algorithm for this

model with0 p 3.

Previous IE;vork by (STO7), (McS01) and (BBC0O4) nds clusters
of sizeT  n) whenp=1=3
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Input Model How much noise?

Objective function
SDP

Positive p small p large
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Algorithm (1/2)
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Pf. Main Theorem

Calculation . ; i
Pf. Lemma (1/4) Find large clusters Solve semi-delnite
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n This talk: high noise regime. Analysis inspired by previous
work on hidden clique problem (FKQO).
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P . .
Dene d(E;CO =, ov]Ew C uw]
Our objective: mincyystering c d(E; C)
Claimt foranyE and X with Eyy 2f0;1gand0 X, 1

d(E;X)=E X + d(E;0)
1 ifE, =1
P 1 IfEy =0
andE X uv Euv Xy -
Proof:

whereE,, =

Case dE;X) E X d(E;0)
Ew=1 1 Xy 1 Xuv 1
Ew =0 X uv 1 Xy 0
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Semide nite Programming Relaxation

n

Correlation clustering:

miny d(E; X))
s.t. X is a clustering

Semi-de nite relaxation:

min>8 d(E; X))
< Xw=1 8u2V
st. Xuw O08uvayv
- X Is positive semi-de nite

Poly-time \solvable" by ellipsoid method.
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Positive Semi-de niteness

oo ;'thf””g n Matrix M Is positive semi-de nitei M symmetric with all
nput Mode .
Techniques eigenvalues O
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0
Algorithm (2/2) Example % 1

n Clusterings are positive semi-de nite:

|

0
0
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o
OFr F Bk

>N =
QU <
L, O
>N +
QP ©
O O0OO
>N =

1
1
1
0
0
% 1

OHHH
O O

Eigenvalues: 3 0 0 1
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Algorithm for Proof of Main Theorem (1 of 2)

Unknown ground truth

) Noisy Input E SDP Optimum X* Output clustering A
clustering B

N o.n

0 1
11 0 0 O
11 0 0 O
X = %O O 1 /1 O E
O 0 71 1 :7/1
O 0 0 /71 1

8/19



Corr. Clustering
Input Model
Techniques
Objective function

SDP
Positive
semi-de nite

Algorithm (1/2)
Pf. Main Theorem
Calculation

Pf. Lemma (1/4)
SDP Duality

Pf. Lemma(2/4)
Pf. Lemma(3/4)
Pf. Lemma(4/4)
Conclusions
Clustering Refs.
Other References

Algorithm for Proof of Main Theorem (2 of 2)

n Solve:
min>8d(E;X)
< Xy =1
st. Xw O

X Is positive semi-de nite

n Round optimal solutionX as follows: (ACNO5)

1. Pick a vertexv uniformly at random fromV

2. Output clusterA = fvg[f u2V :X,, 1729
3. V. VnA

4. IfV 6 fg goto step 1

Output A satis es
d(X ;A) Smincisteringcd(X ;C  (ACNO5)
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Rest of talk: p=1=3.
Main Lemma d(B; X )< ( n _)

Therefore:

d(E; A)

dE; X )+ d(X ;A)
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Therefore:

d(E; A)

d(E; X )+ d(X ;A) Triangle inequality

d(E; X )+5d(X ;B) (ACNO05)
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Main Lemma d(B; X )< ( n _)
Therefore:

d(E; A)

d(E; X )+ d(X ;A) Triangle inequality
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SDP is relaxation
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A calculation

el (CTEEng A fortuitous coincidence:
Input Model

Techniques h |
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uv

SDP
Positive

1 ifE, =1
1 fE,=0
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Algorithm (1/2) 1 p+( 1) 1 p) fByw=1
Algorithm (2/2) 1 p+1 (1 p) If Byy =0

Pf. Main Theorem

1 if By =1
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SDP Duality (1 2p) 1 If Byy =0
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Proof of Main Lemma (1 of 4): d(B;X )< ( nIO n)

Proof by contradiction. Assuméd(B; X ) ( npﬁ). Rewrite
as:
. P —
B X + d(B;0) (n n
B X d(B:0)+ ( n" 1)
B X B B + ( npﬁ)
where the last step used
P ' =
— 11 ifBy =1 - d(B:0)

W1 0 ifBy =0
ThereforeX Is still optimal even if we can add the following
constraint to the SDP:

h i h i D_
EE X EE B+ (n n
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Semide nite Programming Duality

Con. Clustering LetA B i1 A B is positive semi-de nite.
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SDP :
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AIgorithmEl/Z) st Ai X o 81 1 m st ViAi  C
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Proof of Main Lemma (2 of 4)

By weak duality theorem

E X max(;

E E E +
0

S.1.

where(J"); =1L (i = uandj = v).

u

h i

U‘J uu

0

P p_
(3 W+(EE B+ (n n)
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Proof of Main Lemma (3 of 4)

| h i
Corr. Clusterin
Input Model ’ E E E has independent entries with mean 0 and constant

Techniques

Objective function variance hence by (FK81) it has all eigenvalue@(p n), which

glc:))sFi)tive ImpIIeS h | p

semi-de nite —
Algorithm (1/2) E E E + I ( n) O
Algorithm (2/2)

Pf. Main Theorem wherel is the identity matrix.

Calculation -
Pf. Lemma (1/4) Choose =1 and y = ( n n). Therefore
SDP Duality h .

Pf. Lemma(2/4) I X

E EE + JW 0
Pf. Lemma(4/4)

Conclusions
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Proof of Main Lemma (4 of 4)

Dual objective:

X h i D_
E X vt(E E B+ ( n n)
Y h i
(npﬁ)+(E E B + ( npﬁ))
h i o
EE B+ ( n n

(for appropriate choice of constants)

n By optimality d(E; X ) d(E; B)
n SoE X +d(E;0)p, E B +d(%;0)

n Chermmo: E B E I‘:r: B+ ( n?logn)
|

n ThereforeE X EE B+ ( nplogn)
n Blue contradictsorangé
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Conclusions

n

n

Correlation clustering is easier when input is noisy rather

than adversarial
SDP duality is useful
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