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Correlation Clustering with Complete Information
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n Objective: �nd clusteringA with fewest
inconsistencies with input data

n Complete Info: data for every pair of
objects

u Can represent data as a graph
(V; E) of \ = " edges

n 2.5-approximation algorithm (ACN05)
n 9� > 0 s.t. no(1+ � )-approx. alg. exists

unless P=NP. (CGW05)
n Our result: 8� > 0 a (1 + � )-approx as

long as input is from a certain random
input model
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Model:

n 9 unkown ground truth clusteringB
n Each edge(u; v) \lies" with probability p and \tells the

truth" otherwise, i.e.

Evu = Euv =
�

1 � B uv with probability p
Buv with probability 1 � p

whereBuv =
�

1 if u; v in same cluster of ground truth
0 otherwise

Main Theorem: a 1 + O(n� 1=3)-approximation algorithm for this
model with0 � p � 1

2 .

Previous work by (ST07), (McS01) and (BBC04) �nds clusters
of size ~
(

p
n) whenp = 1=3
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p small p large

Find large clusters

Approximate 
small clusters Round solution

How much noise?

Solve semi-de!nite 
program

n This talk: high noise regime. Analysis inspired by previous
work on hidden clique problem (FK00).
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n De�ne d(E; C) =
P

u;v2 V jEuv � C uv j
n Our objective:minClustering C d(E; C)
n Claim: for any E and X with Euv 2 f 0; 1g and 0 � X uv � 1

d(E; X ) = ~E � X + d(E; 0)

where ~Euv =
�

� 1 if Euv = 1
1 if Euv = 0

and ~E � X �
P

u;v
~Euv X uv .

n Proof:

Case d(E; X ) ~E � X d(E; 0)
Euv = 1 1 � X uv � 1 � X uv 1
Euv = 0 X uv 1 � X uv 0
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n Correlation clustering:

minX d(E; X )
s.t. X is a clustering

n Semi-de�nite relaxation:

minX d(E; X )

s.t.

8
<

:

X uu = 1 8u 2 V
X uv � 0 8u; v 2 V
X is positive semi-de�nite

n Poly-time \solvable" by ellipsoid method.
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n Matrix M is positive semi-de�nitei� M symmetric with all
eigenvalues� 0

n Clusterings are positive semi-de�nite:

Example
clustering:
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Algorithm for Proof of Main Theorem (1 of 2)
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n Solve:
minX d(E; X )

s.t.

8
<

:

X uu = 1
X uv � 0
X is positive semi-de�nite

n Round optimal solutionX � as follows: (ACN05)

1. Pick a vertexv uniformly at random fromV
2. Output clusterA = f vg [ f u 2 V : X �

uv � 1=2g
3. V  V n A
4. If V 6= fg goto step 1

Output A satis�es
d(X � ; A ) � 5 minClustering C d(X � ; C) (ACN05)
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n Rest of talk: p = 1=3.
n Main Lemma: d(B; X � ) < �( n

p
n)

n Therefore:

d(E; A ) � d(E; X � ) + d(X � ; A )
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n Rest of talk: p = 1=3.
n Main Lemma: d(B; X � ) < �( n

p
n)

n Therefore:

d(E; A ) � d(E; X � ) + d(X � ; A ) Triangle inequality
� d(E; X � ) + 5 d(X � ; B) (ACN05)
� OPT + 5d(X � ; B) SDP is relaxation
� OPT + �( n

p
n) Main Lemma

� (1 + O(n� 1=2))OPT OPT = 
( n2)

n Rest of talk: proof of main lemma.
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A fortuitous coincidence:

E
h

~Euv

i
= E

��
� 1 if Euv = 1
1 if Euv = 0

�

=
�

1 � p + ( � 1) � (1 � p) if Buv = 1
� 1 � p + 1 � (1 � p) if Buv = 0

= (1 � 2p)
�

� 1 if Buv = 1
1 if Buv = 0

= �( ~Buv )



Proof of Main Lemma (1 of 4): d(B; X � ) < �( n
p

n)
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Proof by contradiction. Assumed(B; X � ) � �( n
p

n). Rewrite
as:

~B � X � + d(B; 0) � �( n
p

n)
~B � X � � � d(B; 0) + �( n

p
n)

~B � X � � ~B � B + �( n
p

n)

where the last step used

~B � B =
P

u;v

�
� 1 � 1 if Buv = 1
1 � 0 if Buv = 0

= d(B; 0)

ThereforeX � is still optimal even if we can add the following
constraint to the SDP:

E
h

~E
i

� X � E
h

~E
i

� B + �( n
p

n)
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Let A � B i� A � B is positive semi-de�nite.

Primal Dual
minX C � X maxy bT y

s.t.
�

A i � X � bi 81 � i � m
X � 0 (P.S.D.)

s.t.
� P

i yi A i � C
yi � 0

Weak duality theorem: for feasibleX and y, C � X � bT y
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By weak duality theorem

~E � X � � max�;�
P

v(� 1 � � v) + ( E
h

~E
i

� B + �( n
p

n)) �

s.t.

(
~E � � E

h
~E

i
+

P
u � uJ uu � 0

� � 0

where(J uv ) ij = 11 ( i = u and j = v).
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~E � E
h

~E
i

has independent entries with mean 0 and constant

variance hence by (FK81) it has all eigenvalues� O(
p

n), which
implies

~E � E
h

~E
i

+ I �(
p

n) � 0

whereI is the identity matrix.
Choose� = 1 and � v = �( n

p
n). Therefore

~E � � E
h

~E
i

+
X

u

� uJ uu � 0

so this �; � is feasible.
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Dual objective:

~E � X � � �
X

v

� v + ( E
h

~E
i

� B + �( n
p

n)) �

= � �( n
p

n) + ( E
h

~E
i

� B + �( n
p

n))

= E
h

~E
i

� B + �( n
p

n)

(for appropriate choice of constants)

n By optimality d(E; X � ) � d(E; B)
n So ~E � X � + d(E; 0) � ~E � B + d(E; 0)

n Cherno�: ~E � B � E
h

~E
i

� B + �(
p

n2 logn)

n Therefore ~E � X � � E
h

~E
i

� B + �( n
p

logn)
n Blue contradictsorange!
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n Correlation clustering is easier when input is noisy rather
than adversarial

n SDP duality is useful
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